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PREFACE 


The  Second  AFOSR  International  Conference  on  Direct  Numerical  Simulation 
(DNS)  and  Large  Eddy  Simulation  (LES)  was  held  at  Rutgers  University  on 
June  7-9,  1999.  The  conference  was  sponsored  by  the  Air  Force  Office  of  Sci¬ 
entific  Research  (AFOSR)  and  Rutgers  -  The  State  University  of  New  Jersey. 
The  conference  continued  the  tradition  established  at  the  First  AFOSR  Interna¬ 
tional  Conference  on  DNS  and  LES  organized  by  Prof.  Chaoqun  Liu  of  Louisiana 
Tech  University  at  Ruston,  Louisiana,  in  August  1997.  Six  invited  papers  and 
thirty-nine  contributed  papers  were  presented  during  the  two  and  one-half  day 
conference.  The  program  covered  a  broad  range  of  topics  in  DNS  and  LES,  and 
provided  a  state-of-the  art  assessment  of  this  exciting  field  to  the  seventy-four 
attendees. 

I  would  like  to  thank  Dr.  Len  Sakell  (AFOSR)  for  his  continued  support  of  the 
conference.  I  wish  to  thank  the  members  of  the  Scientific  Organizing  Committee 
which  selected  the  invited  speakers  and  reviewed  the  contributed  papers.  I  also 
wish  to  express  my  sincere  appreciation  to  the  Local  Organizing  Committee  who 
assisted  in  the  multiplicity  of  tasks  associated  with  the  conduct  of  the  conference. 
Finally,  I  would  like  to  thank  Rutgers  University  for  its  hospitality  and  support  of 
the  conference. 


Doyle  Knight 
Conference  Chairperson 
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LARGE-EDDY  SIMULATIONS  OF  COMPRESSIBLE  SHEAR 
FLOWS 


P.  COMTE 

LEGI/IMG,  BP  53,  F38041  Grenoble  cedex  9,  FRANCE 
e-mail:  Pierre.Comte@hmg.inpg.fr 
IMF,  2  rue  Boussingault,  F67000  Strasbourg,  FRANCE 
(as  from  September  1999) 


Abstract.  LES  of  compressible  boundary  layers  performed  with  a  variable- 
density  extension  of  the  filtered  and  selective  structure-function  models  pre¬ 
sented  in  Lesieur  &  Metais,  1996,  Ann.  Rev.  Fluid  Mech.,  28,  45-82).  Quasi- 
incompressible  transitional  boundary  layers  show  the  establishement  of  a 
streak  system  of  spanwise  spacing  ~  lOOw.u.  well  upstream  of  the  peak  of 
skin  friction,  which  bolsters  up  the  expanations  in  terms  of  algebraic  ins¬ 
tabilities  (e.g.  Landahl,  1980,  J.  Fluid  Mech.,  98,  243-251).  A  supersonic 
compression-ramp  flow  is  found  to  develop  Dean-Gortler  vortices  with  in¬ 
tense  and  quasi-steady  spanwise  fluctuations  of  wall  heat-flux. 


1.  Introduction 

Large-Eddy  Simulations  can  be  seen  as  an  approximative  way  of  reaching 
larger  Reynolds  numbers  than  in  DNS  with  the  aid  of  simple  SubGrid  Scale 
turbulence  models,  namely,  eddy-viscosity  and  eddy-diffusivity  models.  A 
straightforward  variable-density  extension  of  these  models  for  compressible 
flows  is  advocated,  in  section  2,  in  the  framework  of  the  Navier-Stokes  equa¬ 
tions  in  their  conservation  form,  in  cartesian  or  curvilinear  co-ordinates.  On 
the  other  hand,  it  has  been  known  since  Kraichnan  (1976)  that  two-point  sto¬ 
chastic  closures  in  the  spectral  space  show  a  wavenumber  dependence  due  to 
the  absence  of  separation  of  scales  in  developed  turbulent  energy  spectra,  a 
feature  which  is  ignored  by  most  SGS  models  in  the  physical  space.  It  can  be 
shown  that  this  “cusp”  behaviour,  as  coined  by  Kraichnan,  can  be  approxi¬ 
mated  by  combining  a  regular  eddy-viscosity  model  with  a  hyperviscosity 
model  This  yields  a  class  of  structure-function  and  generalized  hyperviscosity 
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models  formulated  either  in  the  spectral  and  the  physical  space,  fully  descri¬ 
bed  in  Lesieur  &  Metais  (1996)  and  briefly  recalled  in  section  3.  Section  4 
shows  results  of  a  spatially-growing  transitional  boundary  layer  at  Mach  0.3 
performed  with  the  filtered  structure-function  model.  Finally,  a  supersonic 
isothermal  ramp-flow  LES  performed  with  the  selective  structure-function 
model  is  presented  in  section  5. 

2.  Compressible  Filtering  Procedure 

As  in  the  incompressible  regime,  and  whatever  the  numerical  method  used, 
the  discretization  of  the  Navier-Stokes  equations  introduces  a  cut-off  scale  Ax 
which  is,  in  Large-Eddy  Simulation,  larger  than  the  Kolmogorov  scale.  This 
can  be  accounted  for  by  an  implicit  low-pass  filter  of  width  Ax,  characterized 
by  its  convolution  kernel  G&x(x)  and  denoted  .  This  operator  commutes 
with  the  space  and  time  derivatives  in  the  case  of  uniform  cubic  meshes  of 
side  Ax.  For  an  ideal  gas,  the  filtered  Navier-Stokes  equations  read,  in  their 
conservation  form, 


du  m  m.  m 

dt  dx\  dx2  dx3 
with  the  resolved  total  energy  per  unit  volume 

pe  =  pCvT  +  +  u\  +  u\) 

and  the  fitered  equation  of  state 


(1) 

(2) 


p  —  p  R  T 


(3) 


At  this  level,  it  is  convenient  to  introduce  the  density-weighted  (or  Favre, 
1965)  filter  defined,  for  a  given  variable  <f>,  by  $  =  p<p/j>-  We  then  have 


U  =  T  (p,  P^i,  pu2,  puz,pe) 
and  the  resolved  total  energy 


pe  =  pe  =  p  Cv  T  +  \p(u\  -I-  u\  +  u\) 
The  resolved  fluxes  F,  read 


F,= 


(  PUi  _ 

pUiUi  +pSn-  pSil 

pufui  4-  p  S{2  -  pS,2 
putu3  +  p  Si3  -  pSl3 
V  {pe  +  p)u. 


dT 


pSijUj  k  ) 


(4) 

(5) 


(6) 
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with  the  filtered  equation  of  state 

p  =  pRT  .  (7) 


2.1.  THE  SIMPLEST  POSSIBLE  CLOSURE 
The  usual  subgrid-stress  tensor  T  of  components 


Tij  —  pUfUj  ]  pU^Uj 


(8) 


is  introduced  and  split  into  its  isotropic  and  deviatoric  parts,  the  latter  being 
noted  T: 

Tij  =  Tij  -  -TuSij  +-Tu&ij  .  (9) 


Equations  (6)  and  (5)  then  read 


Ft  = 


l  _  _ 

puiui  +  (p-  bTu)  Sir  -  T.i  -  pSj i 
PUiU 2  +  (p-  ITu)  Si2  -  Ti 2  -  pSi2 
PUjU3  +  (p  -  \Tll)  Si3  -  Ti 3  -  pSi3 
\  ( pe  +  p)ui 


pSijUj  ^  Qx.  ) 


and 


pe  =  p  CVT  +  ^ p  (ui2  +  U2  +  u32)  ~\Tu 


(10) 


(11) 


There  are  two  options  for  the  treatment  of  the  uncomputable  term  77/: 

—  simply  neglect  it,  arguing  as  in  Erlebacher  et  a 1.  (1992)  that  it  can  be 
re-written  as  77/  =  T^flggp,  in  which  the  subgrid  Mach  number  Ms gs 
can  be  expected  to  be  small  when  is  small. 

—  model  it,  as  proposed  by  Yoshizawa  (1986)  in  a  way  which  is  consistent 
with  the  model  chosen  for  T  (see  e.g.  Moin  et  a/.,  1991).  Note  that  this 
was  the  initial  choice  of  Erlebacher  et  al.  (1987). 

We  will  here  choose  the  first  option,  as  in  Normand  &  Lesieur  (1992),  brin¬ 
ging  another  argument:  the  incompressible  LES  formalism  often  involves  the 
macro-pressure 

™  =  p-\Tu  .  (12) 

It  thus  seems  a  good  idea  to  re-write  equation  (11)  as 

pe  =  pCv  (f1  —  —  _Tiij  +  -  p  (ui2  +  ti22  +  «32)  (13) 
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and  introduce  a  macro-temperature 


ti  =  T- 


(14) 


computable  out  of  U  thanks  to  equation  (13).  The  filtered  equation  of  state 
(7)  then  reads 


*  -  'w+(£-5)r* 

=  TSM+  77/  •  (15) 

Thus,  if  7  =  5/3  (monoatomic  gases  like  argon  or  helium),  Tu  does  not 
contribute  to  equation  (15)  and  tu  is  computable  for  all  Mach  numbers  .  For 
the  other  gases,  the  approximation 


tu  ~  pRd  (16) 

is  justified  when  [(3*y  —  5)/6]  7-M|gS  <C  1,  which  is  significantly  less  stringent 
than  7M|gS  <C  1.  For  diatomic  gases  and  air  (7  =  7/5),  the  gain  in  Ms gs 
exceeds  a  factor  of  2. 

Considering  from  now  on  tu  computable,  it  is  sensible  to  involve  it  in  the 
definition  of  a  subgrid  heat-flux  vector,  noted  Q ,  of  components 

Qi  =  ~(pe  +  p)ui  +  (pe  +  tu)v,i  .  (17) 


Provided  acceptable  models  are  proposed  for  T  and  Q,  the  resolved  fluxes 
already  look  more  tractable: 


Fi  = 


pUi^ 

pUiUi  +  tu 
pti,U2  +  tu 
pUiUi  -I-  tu 
(pe  +  tu)ui 


<S,'l  T,J  pSji 

S{2  7j2  —  pSj2 
&i3  ~  Ti3  -  pSj3 

—  Qi  —  pSijUj 


\ 


k 


dT_  I 
dxi  ' 


(18) 


The  remaining  non-computable  terms  are  viscous  terms,  which  can  be  con¬ 
sidered  of  less  importance  when  the  Reynolds  number  is  sufficiently  large. 
We  therefore  simply  replace  (18)  by 


pui  ^ 

pUiU[  +  tU  8n-  TU  -  (iSii 

PUiUi  +  cp  <$.2  -  Til  -  pSi2 
pUiUi  +  tu  Si3  -  Ti 3  -  pSj3 

(pe  +  tu)ui  -  Qi  -  pSijUj  ~  ) 


(19) 
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in  which  fi  and  k  are  linked  to  t?  through  the  Sutherland  relation  and  the 
constant  Prandtl  number  assumption  Pr  —  Cp^(#)/ifc(f?)  =  0.7  for  air. 

The  system  is  finally  closed  with  the  aid  of  variable-density  eddy- viscosity 
and  diffusivity  models,  in  the  form 


■t*  ■  • 

TtJ  — 


Qi 


pvtSij 

_  vt  dd 
P  Prt  dxi 


(20) 

(21) 


in  which  vt(u)  and  Prt  are  given  by  the  incompressible  models  presented  in 
Lesieur  (1997)  (see  also  Lesieur  &  Metais,  1996,  for  a  review).  The  following 
LES  make  use  of  the  filtered  and  selective  structure-function  models,  whose 
definitions  are  briefly  recalled  in  section  3. 


2.2.  EXTENSION  TO  CURVILINEAR  CO-ORDINATES 

When  the  domain  is  no  longer  cubic  or  parallelepipedic,  it  is  still  convenient 
to  use  body-fitted  co-ordinates,  that  is,  co-ordinates  (<fi,  £2;  £3)  such  that 
each  boundary  of  the  domain  corresponds  either  to  constant  £1,  £2  or  £3.  An 
appropriate  grid  generator  can  provide  a  set  of  vectors  (  which  are  the  co¬ 
ordinates  of  the  cell  vertices  or  centres.  Assume  that  the  domain  (hereafter 
referred  to  as  “physical  domain”)  can  be  remapped  onto  a  cubic  domain 
(called  “computational”)  meshed  with  a  uniform  grid  of  spacing  A  as  in  the 
above  sections.  Let  x  be  the  co-ordinates  of  the  cell  vertices  or  centres  of 
these  cubic  meshes.  There  exists  a  mapping  function  h  such  that  £  =  h(x) 
and  x  =  h~l(£).  It  is  characterized  by  its  Jacobian  J  which  satisfies 
=  J  dx  1  dx^dx-i- 

To  each  nodal  variable  4>(x)  of  the  “computational”  (i.e.  cubic)  domain 
corresponds  a  nodal  variablej0(£)  of  “physical”  domain,  such  that  ^(£)  = 
<f>{x).  Afterwards,  the  filter  is  applied  onto  <f>.  It  can  then  be  proved  that 
this  new  operator  ,  defined  in  the  “physical”  domain,  commutes  with  the 
partial  derivatives  with  respect  to  £,•  up  to  second  order  (see  e.g.  Ghosal  and 
Moin,  1995,  who  coinded  the  expression  Second-Order  Commuting  Filter). 
Straightforward  application  of  the  chain  rule  to  (1)  yields,  after  some  mani¬ 
pulations  (Viviand,  1974) 


with 

U  =  U/J  ; 


dU  dFi  dFi  dF3 
dt  +  <9£i  +  d&  +  d&  ~ 


(22) 


(23) 
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The  chain  rule  has  to  be  used  again  to  express  all  the  derivatives  which  arise 
in  the  fluxes  F,  as  functions  of  the  curvilinear  co-ordinates  £,  only.  Note  also 
that  vector  U  is  still  a  function  of  the  cartesian  co-ordinates  x ,•  and  time  t. 

In  practice,  we  solve  the  system  (22)  by  means  of  a  (2,4)  extension  of 
the  fully-explicit  McCormack  scheme  devised  by  Gottlieb  and  Turkel  (1976). 
The  reader  is  referred  to  Comte  &  Lesieur  (1998)  for  a  presentation  of  the 
multi-block  implementation  and  its  non-reflective  boundary  conditions  used 
here). 

3.  Structure-Function  and  Generalized  Hyperviscosity  Models 

The  shortcomings  of  the  eddy-viscosity  and  eddy-diffusivity  assumptions  in 
the  physical  space  have  clearly  been  identified,  in  particular  in  incompres¬ 
sible  plane  channel  flows.  However,  all  cures  proposed  so  far  involve  a  consi¬ 
derable  increase  in  complexity  and  computational  cost  which  is  detrimental 
to  rapid  progress  of  LES  in  the  industrial  community.  On  the  other  hand, 
all  the  implications  of  these  assuptions  have  not  been  fully  exploited  yet, 
in  particular  the  near-cut-off  wavenumber  dependence  (cusp)  of  the  spectral 
eddy-viscosity  in  incompressible  isotropic  turbulence,  which  was  discovered 
by  Kraichnan  (1976)  and  retrieved  in  DNS  by  Domaradzki  et  a 1.  (1987) 
Making  use  of  isotropic  EDQNM  expansions  assuming  spectra  E(k )  a 
k~m  for  all  wavenumbers  k  larger  than  the  cut-off  wavenumber  kc  =  n/Ax, 
Metais  and  Lesieur  (1992)  proposed  spectral  models  of  the  form 

f  °‘31  ^TTT  ^3_m  CK3/2  vt(k/kc)  .  for  m  <  3, 

MM)  =  <  V  c  (24) 

1  0  for  to  >  3, 

Kt(k,t)  =  i/t(k,t)/Prt  with  Prt  =  0.18(5  -  to)  ,  (25) 

in  which  Ck  denotes  Kolmogorov’s  constant  and  v*(k/kc)  a  normalized 
function  that  can  be  approximated  by  |V*0  +  v*n  (jr'j  j  with  2 n  ~  3.7, 

K>  =  0-441  C~K/2  and  fa  +  3^2+I^n)  =  3  CK/2  for  m  =  5/3- 

In  the  case  of  plane  turbulent  channel  flows  (with  and  without  rotation) 
up  to  ~  400,  Lamballais  et  a/.  (1998)  obtained  correct  statistics  with  this 
model  and  a  dynamic  determination  of  m(y,  t)  obtained  by  computing,  every 
timestep,  energy  spectra  in  planes  parallel  to  the  wall  and  evaluating  their 
slopes  between  kc  and  kc/ 2  by  means  of  least-square  fits.  This  model  has  also 
given  excellent  results  in  the  case  of  temporal  mixing  layers  (Silvestrini  et 
a  J.,  1998). 

When  spectral  methods  cannot  be  used,  we  strive  to  determine  eddy- 
viscosities  out  of  a  measure  of  the  kinetic  energy  at  the  smallest  resolved 
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scale.  One  of  these  local  spectra  is  F2AX(X  ,  t ) ,  the  second-order  structure  fun¬ 
ction  of  the  resolved  velocity  field,  evaluated  by  averaging  over  the  closest 
neighbours  of  point  a,  either  in  all  3  directions  of  space  (6-neighbour  formu¬ 
lation)  or  on  planes  normal  to  the  wall  or  mean  shear  (4-neighbour  formula¬ 
tion).  In  the  case  of  infinite  Kolmogorov  spectra,  energy-conservation  argu¬ 
ments  (Leslie  &  Quarini,  1979)  yield  the  Structure- Function  model  (Metais 
and  Lesieur,  1992),  defined  by 

v?F(x,t)  =  0.105  cjf12  A  .  (26) 

consistent  with  the  spectral  model  (25)  without  cusp. 

This  SF  model  appears  to  be  slightly  less  dissipative  than  the  Smago- 
rinsky  model  with  the  constant  0.18  given  by  the  same  assumptions  (infinite 
Kolmogorov  cascade,  see  e.g.  Comte  et  a I.,  1994).  As  it  involves  velocity 
increments  instead  of  derivatives,  it  also  has  the  advantage  of  being  defi¬ 
ned  independently  of  the  numerical  scheme  used.  It  is  nevertheless  not  much 
better  for  transition  than  the  Smagorinsky  model:  low-wavenumber  velocity 
fluctuations  corresponding  to  unstable  modes  yield  iVs  large  enough  to  af¬ 
fect  the  growth  rate  of  weak  unstabilities  like  Tollmien-Schlichting  waves.  So 
far,  we  have  found  two  ways  of  remedying  this: 

-  apply  a  high-pass  filter  onto  the  resolved  velocity  field  before  computing 
its  structure  function.  With  a  triply-iterated  second-order  finite-difference 
Laplacian  filter  denoted  w  ,  one  finds  E(k)/E(k)  «  403  ( k/kc )9  for  all  al¬ 
most  independently  of  the  velocity  field  and  resolution.  With  the  same  argu¬ 
ments  as  for  the  structure-function  model,  this  yields  the  Filtered  Structure- 
Function  model ,  proposed  by  Ducros  et  a I.  (1996)  in  the  form 

v(SF{x,  t)  =  0.0014  C£3/2  A  •  (27) 

This  model  enabled  them  to  perform  the  LES  of  a  spatially-growing  transi¬ 
tional  boundary  layer  over  an  adiabatic  flat  plate  up  to  the  fully-turbulent 
regime. 

-  switch  the  original  structure-function  model  off  when  the  flow  is  not 
three-dimensional  enough  in  the  small  scales. In  practice,  an  average  vorti- 
city  vector  u>(x,t)  is  computed  over  x  and  its  (4  or  6)  closest  neighbours. 
The  Structure-Function  model  (26)  is  applied  only  if  the  magnitude  of  the 
angle  a  =  (io(x,t),u>(x,t))  exceeds  a  certain  threshold  ao.  Simulations  of 
incompressible  isotropic  turbulence  at  resolutions  ranging  between  323  and 
643  gave  pdf’s  of  |a|  peaking  around  20°.  Having  found  the  choice  of  cto 
not  critical  between  10  and  45°,  we  finally  retained  ao  =  20°.  The  model’s 
constant  was  finally  multiplied  by  1.56,  a  least-square  fit  between  our  test- 
simulations  yielding  the  average  dissipation  over  the  domain  closest  to  the 
values  given  by  the  SF-model.  Dispersion  was  found  small  enough  to  justify 
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this  in  first  approximation,  but  work  is  in  progress  in  order  to  reduce  the  ar¬ 
bitrariness  in  this  model.  In  any  case,  the  most  surprising  conclusion  about 
the  filtered  and  selective  structure-function  models  (hereafter  FSF  and  SSF, 
respectively)  is  that  they  can  be  interchanged  without  much  difference  in 
the  results  (Comte  et  ah,  1994).  This  comes  from  the  fact  that  they  both 
considerably  shrink  the  support  of  Vt  (with  respect  to  that  of  the  original  SF 
model),  and  that  both  supports  are  almost  the  same  (Figure  1,  middle  and 
right  plots).  In  any  case,  they  do  not  react  to  A- vortices,  whereas  the  SF 
model  does  (left  plot  in  Figure  1). 


Figure  1.  From  left  to  right:  isosurfaces  vt  =  2/3  v  given  by  the  SF,  FSF  and  SFS 
models,  respectively,  in  the  transitioned  portion  of  the  spatially-growing  boundary  layer 
presented  in  Ducros  et  al.  (1996).  The  same  velocity  field  was  used  for  the  three  plots  (a 
priori  test).  Courtesy  F.  Ducros. 


4.  Quasi-incompressible  transitional  boundary  layer 

Still  with  the  FSF  model,  this  is  the  follow-up  of  Ducros  et  al.  (1996)  at  lower 
Mach  number  (M0 0  =  0.3),  with  upstream  perturbations  that  are  solutions  of 
(weakly)  non-linear  Parabolized  Stability  Equations  (Herbert  &  Bertolotti, 
1991,  Airiau,  1994),  either  in  the  harmonic  case  (K  mode,  after  Klebanoff  et 
al .,  1962)  or  the  sub-harmonic  case  (H  mode,  after  Herbert,  1982).  In  both 
cases,  the  upstream  Reynolds  number  is  Resl  =  1000  and  two  grids  have 
been  used,  with  resolutions  (Ax*,  Ax*,  Ax* )  =  (20,2,12)  and  (20,1,8) 
in  the  streamwise,  wall-normal  and  spanwise  directions,  respectively,  at  the 
beginning  of  the  fully-turbulent  region. 

Figure  2  shows  the  emergence  of  the  streak  system  downstream  of  the 
transitional  A-vortices,  which  are  aligned  in  the  K  case  and  staggered  in  the 
H  case.  In  both  cases,  the  A  vortices  travel  at  the  group  velocity  c  =  0.5  Uoo. 
Arch  vortices,  well  materialized  by  isosurfaces  Q  =  -  S,jS,j)/2  >  0, 

are  shed  at  their  tips  and  travel  downstream  at  c  =  0.8  U0 0,  which  creates 
high-speed  streaks  on  both  sides.  In  the  K  case,  the  A  vortices  also  are 
flanked  by  elongated  high-speed  regions  and  the  resulting  transitional  high¬ 
speed  streaks  are  more  intense  than  in  the  H  case.  This  might  be  the  reason 
why  transition  occurs  sooner  in  the  K  case:  with  the  same  amplitude  of  the 
upstream  perturbations,  the  peak  skin  friction  is  reached  at  Xi  =  490  5,  in 
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the  K  case  and  at  Xi  =  550  S{  in  the  H  case  (left  plot  in  Figure  3,  in  which  the 
solid  and  dashed  lines  correspond  to  the  fine  and  coarse  grids,  respectively) . 
In  both  cases,  the  spanwise  velocity  correlations  show  a  preferential  spanwise 
spacing  of  about  100  wall  units,  significantly  upstream  of  the  peak  skin 
friction  (right  plot  in  Figure  3,  in  the  K-case  only). 


Figure  2.  Zoom  upstream  of  the  peak  skin-friction  coefficient,  showing  the  isosurfaces 
tij  =  ±0.2  Uoo  (positive  in  dark,  negative  in  pale)  and  Q  =  0.1  Uoo/Si  (medium  grey). 
Courtesy  E.  Briand . 


ef  i 
ef  1 

cf  feoranMrtt 


Figure  3 .  K-type  transition:  downstream  evolution  of  the  mean  skin  friction  coefficient 
for  both  grids  (left,  with  the  theoretical  prediction  of  Barenblatt,  1993)  and  the  spanwise 
correlations  at  =  15  (right).  Courtesy  E.  Briand. 


5.  Supersonic  compression-ramp  flow 

Let  us  now  illustrate  the  potentialities  of  the  formalism  presented  in  sec¬ 
tion  2  in  the  case  of  the  detached  boundary  layer  over  a  curved  isothermal 
compression  ramp  at  Mach  2.6,  which  corresponds  to  the  wind-side  region 
of  a  1/90  model  of  the  late  European  space  shuttle  HERMES  with  its  body 
flap  extended  at  ao  =  20°.  The  inflow  conditions  come  from  a  RANS  cal¬ 
culation  performed  by  Dassault- Aviation  on  the  full  model  at  Mach  10  and 
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angle  of  attack  30°.  They  were  found  to  be  transitional,  that  is,  with  la¬ 
minar  profiles  and  a  low  level  of  fluctuations  that  we  represented  by  white 
noise  of  amplitude  2  10-3  [/<*,  superimposed  onto  the  3  components  of  the 
velocity  at  each  time  step.  The  external  conditions  of  the  LES  correspond 
to  post-bow-shock  conditions,  namely,  M  =  2.6  and  T, 'oo  =  460 K.  The  wall 
temperature  is  Tw  =  290 K,  which  yields  an  adiabatic  recovery  temperature 
Tad  =  Too  (l  +  y/~Pr  M to )  =  1050/f  and  a  cooling  ratio  Tw/Tad  =  0.28 

close  to  the  true-flight  ratio  expected  from  radiative  balance. 

The  left  plot  in  Figure  4  corresponds  to  a  2D  calculation  at  an  upstream 
Reynolds  number  Res1  =  280  on  a  220  x  140  point  grid.  It  shows  the  A-shock 
which  focalizes  near  the  domain’s  outlet,  with  unsteadiness  due  to  the  large 
vortices  in  the  recirculation  zone  around  the  hinge.  The  remaining  wiggles 
disappear  in  LES  with  the  SSF  model  and  only  25  points  in  the  spanwise 
direction,  as  can  be  seen  in  the  right  plot  of  the  figure.  The  isobaric  surface 
plotted  also  shows  a  streamwise  tube  which  corresponds  to  the  strongest 
of  the  two  couples  of  counter-rotating  Dean-Gortler  vortices  shown  in  Fi¬ 
gure  5.  The  strong  correlation  between  skin-friction  and  heat  flux  is  evident, 
with  an  average  analogy  factor  (St)/2(Cj)  of  about  0.5,  which  is  lower  than 
the  commonly  accepted  value  s  =  1.24  for  high-Reynolds  number  flat- plate 
boundary  layers.  The  same  trend  (s  =  0.8)  was  also  observed  on  a  strongly 
heated  wedge  ( Tw/Tad  =  2.9)  at  Mach  0.5,  see  Comte  et  a 1.  (1994). 


Figure  4-  Ramp  flow.  Instantaneous  temperature  map  obtained  from  a  preliminary  2D 
simulation  (left),  and  isobraric  surface  in  LES  (right)  showing  the  shock,  one  branch  of 
the  trailing-edge  expansion  fan  and  one  of  the  couples  of  Gortler  vortices.  Courtesy  E. 
David. 


6.  Conclusion 

The  filtered  and  selective  structure-function  models  were  applied  to  weakly- 
and  highly-compressible  transitional  and  fully-turbulent  shear  flows  through 
a  simple  variable-density  extension  of  the  incompressible  LES  formalism  in¬ 
volving  a  macro-temperature.  In  the  case  of  quasi-incompressible  boundary 
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Figure  5.  Ramp  flow.  Zoom  on  the  hinge  and  body- flap  region  showing  an  isosurface 
of  the  vorticity  magnitude  shaded  by  temperature  (left  plot).  Colour  animations  clearly 
show  hot  fluid  in  the  outer  part  of  the  boundary  layer  being  downwashed  to  the  wall, 
which  brings  about  wall-heat-flux  fluctuations.  The  right  plot  is  a  cross  section  of  the  cor¬ 
responding  temperature  field,  with  spanwise  duplication,  together  with  spanwise  profiles 
of  the  skin-friction  coefficient  and  Stanton  number.  Courtesy  E.  David. 


layers,  new  information  (to  the  best  of  our  knowledge)  about  the  forma¬ 
tion  of  the  streak  system  was  found:  a  preferential  spanwise  scale  of  about 
100  local  wall  units  was  found  in  the  transitional  region,  as  soon  as  the  A- 
vortices  became  identifyable,  that  is,  even  before  they  shed  arch  vortices  at 
their  tips.  This  strongly  suggests  that  this  spacing  is  due  to  a  streamwise- 
independent  instability,  as  proposed  by  Landahl  (1980).  On  the  other  hand, 
the  same  modelling  and  numerical  techniques  were  applied  at  lower  resolu¬ 
tion  to  a  supersonic  compression  ramp  flow,  showing  couples  of  quasi-steady 
Dean-Gortler  vortices  donwstream  of  the  (unsteady)  shock.  These  vortices 
were  found  to  induce  severe  thermal  loads  at  the  ramp’s  wall  that  EANS 
calculations  proved  unable  to  reproduce.  A  high  level  of  correlation  was 
found  between  skin  friction  and  wall  heat  flux,  but  with  an  analogy  factor 
s  =  St/2Cf  significantly  lower  than  the  values  found  in  textbooks  in  the 
case  of  high-Reynolds  number  flat  plate  boundary  layers.  The  clarification 
of  this  point  is  in  progress,  in  the  case  of  plane  channel  flows  over  isothermal 
walls,  with  comparisons  against  the  DNS  data  of  Coleman  et  a 1.  (1995). 
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1.  Introduction 

Active  research  in  turbulent  compressible  flow  dates  back  to  the  fifties  and 
was  mainly  driven  by  the  aim  to  make  flight  at  supersonic  speeds  possi¬ 
ble.  Considerable  progress  in  measuring  such  flows  and  in  predicting  them 
numerically  was  achieved  since  then.  Yet,  a  lot  more  has  to  be  understood 
about  the  physics  of  compressible  turbulence,  especially  what  effects  of  com¬ 
pressibility  due  to  turbulent  fluctuations  (intrinsic  compressibility  effects) 
is  concerned.  During  the  last  decade  direct  numerical  simulation  (DNS)  has 
made  valuable  contributions  in  this  direction. 

Progress  started  with  the  fundamental  work  of  Blaisdell  et  al.  (1991, 
1993)  and  Sarkar  et  al.  (1991),  Sarkar  (1992)  on  homogeneous  shear  tur¬ 
bulence.  Blaisdell  et  al.  showed  this  flow  to  be  independent  of  initial  con¬ 
ditions  and  thus  suitable  for  model  testing,  to  exhibit  a  reduced  growth 
rate  of  turbulent  kinetic  energy  (TKE)  compared  to  incompressible  flow 
and  a  completely  different  structure  of  the  solenoidal  and  dilatational  parts 
of  both  the  Reynolds  stress  and  the  dissipation  rate  tensors.  Sarkar  (1992) 
derived  a  statistical  model  for  the  pressure  dilatation  and  used  DNS  to 
demonstrate  that  only  the  correlation  between  an  incompressible  part  of 
the  pressure  fluctuation  and  the  dilatation  fluctuation  is  statistically  rele¬ 
vant.  Sarkar  (1995)  finally  clarified  that  the  stabilizing  long-time  effect  of 
compressibility  results  from  the  reduction  in  the  Reynolds  shear  stress  and 
not  from  explicit  compressibility  terms  like  pressure-dilatation  and  scalar 
compressible  dissipation  rate.  While  these  latter  terms  contribute  to  the 
TKE  budget  and  have  to  be  taken  into  account  in  statistical  predictions, 
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see  Speziale  et  al.  (1995),  they  play  a  negligible  role  in  wall-bounded  flows. 
Investigation  of  compressibility  effects  in  channel  flow  was  the  aim  of  Cole¬ 
man  et  al.’s  (1995)  work.  Their  DNS  of  supersonic  channel  flow  and  the 
data  analysis  with  respect  to  modelling  issues  by  Huang  et  al.  (1995)  show 
that  rms  pressure,  density  and  temperature  fluctuations  are  small  compared 
to  their  local  mean  values.  Although  the  turbulent  Mach  number  reaches 
values  of  0.25  (at  M  =  3),  pressure-dilatation  and  compressible  dissipation 
rate  of  TKE  are  negligibly  small  compared  to  the  solenoidal  rate  of  dissi¬ 
pation.  It  also  turned  out  that  any  turbulence  model  strongly  overpredicts 
these  quantities.  At  present,  it  is  not  at  all  clear  which  mechanism  keeps 
the  level  of  intrinsic  compressibility  so  low  in  wall-bounded  flows  and  what 
makes  it  increase  with  the  global  Mach  number  while  it  decreases  with 
the  gradient  Mach  number  in  homogeneous  shear  turbulence.  Questions 
of  this  kind  motivated  us  to  start  investigating  compressible  wall-bounded 
turbulence. 

Our  motivation  to  study  incompressible  turbulence  in  coiled  pipes  stems 
from  the  fact  that  curvature  and  torsion  can  have  a  strong  effect  on  the 
turbulence  structure  providing  a  challenge  for  statistical  modelling.  Flow 
in  coiled  pipes  is  of  great  practical  importance.  In  many  industrial  applica¬ 
tions,  pipe  curvature  and  torsion  are  only  required  for  geometrical  reasons, 
in  others  they  are  e.g.  used  to  generate  swirl.  In  any  case,  the  engineer  is  in¬ 
terested  in  the  change  in  mixing  properties  of  the  flow  and  in  the  increase  in 
flow  resistance  or  volume  rate  reduction  for  a  given  pressure  gradient.  While 
laminar  flow  in  coiled  pipes  has  been  investigated  both  theoretically  and 
numerically  in  the  past,  little  work  has  been  done  to  achieve  a  better  un¬ 
derstanding  of  how  curvature  and  torsion  affect  fully  developed  turbulence. 
Lai  et  al.  (1991)  use  a  Reynolds  stress  model  and  the  parabolized  Reynolds 
equations  to  investigate  the  secondary  flow  in  a  curved  pipe.  Since  stronger 
secondary  motions  are  of  elliptic  nature,  their  results  are  restricted  to  large 
radii  of  curvature.  Boersma  and  Nieuwstadt  (1995,  1997)  have  performed 
large-eddy  simulations  with  the  Smagorinsky  model  and  direct  simulations 
of  turbulent  flow  in  curved  pipes.  The  Reynolds  number  of  the  DNS  was 
230,  based  on  the  surface  averaged  friction  velocity  and  the  pipe  radius  R . 
The  radius  of  curvature  was  10i£.  It  turned  out  that  different  initial  con¬ 
ditions  lead  to  different  statistical  data.  This  surprising  result  can  only  be 
explained  by  the  fact  that  the  flow  partly  ‘relaminarizes’. 


2.  A  pressure-velocity-entropy  formulation  of  the  compressible 
Navier-Stokes  equations 

Loosely  spoken,  vorticity,  pressure  and  entropy  are  the  ‘modes’  of  com¬ 
pressible  turbulence.  Trying  to  compute  these  ‘modes’  as  directly  as  pos- 
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sible,  one  conveniently  starts  from  a  (p,  u,-,  s)-,  i.e.  a  pressure-,  velocity-, 
entropy-formulation  of  the  Navier-Stokes  equations. 

For  cartesian  coordinates,  a  special  form  of  these  equations  for  thermally 
and  calorically  perfect  gas  is  (cf.  Sesterhenn  (1999)): 


dp 

dt 


du 

m 

dv 

di 

dw 

~dt 

ds 

dt 


- J  (( X+  +  X- )  +  (F+  +  y-)  +  (z+  +  z~)) 


+£(l+*'+y'+z') 

(1) 

-G(*+-x~)+y”+z'Kt; 

(2) 

-(x*+l(y-o +*•)  +  !£ 

(3) 

-(x.  +  y+  !<*♦ -*-))  +  !£. 

(4) 

-(x*+y  +  n  +  f(-g  +  #) 

(5) 

with  the  following  abbreviations: 


Xv  :=  up-;  X «  :=  up;  X*  :=  «|i;  (7) 

<s) 


YW--^ 


(9) 


(ii) 


Z3  :=  to 


to 
02 5 


The  pressure  transport  equation  (1)  has  been  obtained  from  the  con¬ 
tinuity  equation  by  replacing  the  material  density  derivative  by  material 
derivatives  of  pressure  and  entropy.  The  first  bracket  on  the  r.h.s  of  (1)  ex¬ 
presses  the  interaction  of  (acoustic)  waves  travelling  in  the  three  cartesian 
coordinate  directions  ( x,y,z )  <-*•  (*i,*2,*3).  The  momentum  transport  in 
x, -direction  depends  on  wave  interactions  in  this  direction  and  on  convec¬ 
tive  transport  in  the  remaining  two  directions  besides  molecular  transport. 
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T{j,  qj  and  4>  are  the  viscous  stress  tensor,  the  conductive  heat  flux  vector 
and  the  rate  of  energy  dissipation,  p,  c,  R,  cv  are  the  density,  the  speed  of 
sound,  the  specific  gas  constant  and  the  specific  heat  at  constant  volume. 
The  shear  viscosity  and  heat  conductivity  vary  as  the  0.7th  power  of  the 
temperature.  The  Prandtl  number  Pr  =  cpp/ A  is  assumed  equal  to  0.72 
for  air.  One  advantage  of  this  form  of  the  Navier-Stokes  equations  lies  in 
the  fact  that  wall  boundary  conditions  can  be  formulated  consistently.  In 
contrast  to  Poinsot  and  Lele  (1992)  no  ‘local  associated  one- dimensional 
inviscid  approximations’  are  needed  and  all  terms  can  be  retained.  In  par¬ 
allel  computations,  domain  decomposition  and  data  exchange  are  straight¬ 
forward  tasks. 

Boundary  conditions  for  a  solid,  isothermal  wall: 

Assume  the  ^-coordinate  to  coincide  with  the  stationary  wall  and  the 
^-coordinate  to  be  perpendicular  to  it.  Then,  the  kinematic  and  thermal 
boundary  conditions 


u  =  v  =  w  =  0 

can  be  written  as: 

du  __  dw 

dt  dt  dt 


T  =  const  at  z  =  0 


at  z  =  0 


(12) 


(13) 


Equations  (1-5)  are  used  along  with  these  conditions  to  derive  bound¬ 
ary  conditions  which  allow  for  accurate  wave  reflection  at  the  wall.  Figure 
1  illustrates  the  situation. 


The  momentum  balance  in  ^-direction,  (4),  allows  to  compute  the  un¬ 
known  ‘wave’  Z+  at  the  wall: 
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Z+ =  Z"  + -OpL  atz  =  0  .  (14) 

p  dxj 

From  (1)  we  get: 


dp 

~dt 


pc 

2 


(z+  +  z-)  +  ^-| - 

Cy  C/t 


at  2  =  0 


(15) 


Using  Gibbs’  fundamental  relation,  the  temperature  boundary  condition 
(13)  leads  to  an  expression  relating  pressure  and  entropy: 


ds  _  Rdp 
dt  p  dt 


at  2  =  0 


(16) 


Combining  (15)  and  (16)  finally  provides  the  entropy  and  pressure  wall 
boundary  conditions: 


ds 

dt 


!<**+*-> 


atz  =  0 


(17) 


dp 

dt 


-£(z+  +  z-) 


at  z  =  0 


(18) 


Space/time  discretization 

The  equations  and  boundary  conditions  above  have  been  discretized  in 
space  by  a  pseudo-spectral  method  using  Fourier  series  in  the  homogeneous 
x-  and  y-directions  and  Chebyshev  polynomials  in  the  wall  normal  direc¬ 
tion.  The  time  advancement  scheme  is  a  third  order  explicit  Runge-Kutta 
scheme  in  a  low  storage  formulation  (Williamson  (1980)). 


3.  Results  for  supersonic  channel  flow 

We  use  Coleman  et  al.’s  (1995)  DNS  of  fully  developed  turbulent 
isothermal- wall  channel  flow  as  a  test  case  for  code  validation,  before  we 
proceed  to  the  investigation  of  intrinsic  compressibility  effects  in  other  wall- 
bounded  flows  in  the  near  future.  The  Mach  number  based  on  bulk  velocity 
um  and  sound  speed  at  wall  temperature,  cw,  is  M  =  1.5.  The  Reynolds 
number  based  on  bulk  mass  flux,  pmum ,  channel  half  width  h  and  viscosity 
at  wall  temperature,  pw,  is  Re  =  3000.  The  Prandtl  number  is  0.7,  the 
ratio  of  specific  heats  7  =  1.4  and  the  viscosity  varies  with  temperature  as 
p  ~  T0'7.  The  mean  centerline-to-wall  temperature  ratio  achieves  the  value 
1.38  in  the  computation.  Supersonic  flow  needs  wall  cooling.  The  driving 
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Figure  2.  Mean  density  and  temperature. 


tions. 


Figure  3.  Van  Driest  transformed  mean 
velocity.  —  —  -  ,  2.44/n  z+  +  5.2. 


Figure  5.  RMS  velocity  fluctuations  in  wall 
units. 


zjh 


Figure  7.  Ratio  of  pressure- dilatation  cor¬ 
relation  to  solenoid al  dissipation  rate. 


force  of  the  flow,  the  mean  axial  pressure  gradient,  is  replaced  by  a  body 
force  which  is  assumed  homogeneous  in  planes  parallel  to  the  wall.  Thus, 
the  computed  flow  turns  out  to  be  homogeneous  in  axial  direction,  but  has 
an  effective  axial  pressure  gradient  which  varies  in  wall-normal  direction. 
As  Huang  et  al.  (1995)  point  out,  this  artificial  effect  has  no  real  impact 
on  conclusions  drawn  with  respect  to  intrinsic  compressibility  in  supersonic 
channel  flow. 
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The  computational  domain,  measured  in  units  of  /i,  is  4i r  long  and  4tt/3 
wide.  The  number  of  collocation  points  in  streamwise,  spanwise  and  wall 
normal  directions  (z,  y,  z)  is  128  X  64  x  129.  Thus  the  grid  is  only  marginally 
coarser  in  (a;,  ^-directions,  but  finer  in  wall  normal  direction  than  that  of 
Coleman  et  al.  The  first  collocation  point  has  the  distance  «  0.07  from 
the  wall  and  the  first  ten  points  are  within  z+  «  6.64.  The  simulation  has 
been  started  from  an  instantaneous  fully  developed  flow  field  provided  by  G. 
Coleman  (1998)  and  ran  over  two  problem  times  h/uT  (ur  =  (Tw/pw)W2)). 
The  preliminary  results  presented  below  were  obtained  from  averaging  in 
planes  parallel  to  the  walls  and  over  nearly  two  problem  times. 

Figures  2-5  show  profiles  of  the  mean  density,  temperature,  the  Van 
Driest  transformed  mean  velocity,  the  Reynolds  shear  stress  and  the  rms- 
velocity  fluctuations.  Solid/dashed  lines  correspond  to  Coleman  et  al.’s/ 
present  results.  Ignoring  the  lack  of  statistical  sampling,  our  results  show 
close  agreement  with  those  of  Coleman  et  al.  Greater  differences  are  ob¬ 
served  in  the  rms  fluctuations  of  the  total  vorticity  (wJota()TOS  =  (u;^)1/2 
in  Figure  6  and  in  the  ratio  of  compressible  to  solenoidal  dissipation  rate 
(not  shown).  We  believe  that  these  differences  can  be  removed  by  a  higher 
resolution  in  streamwise  and  spanwise  directions.  The  ratio  of  pressure  di¬ 
latation  correlation  to  solenoidal  dissipation  rate,  Figure  7,  attains  very 
small  values  and  thus  demonstrates  the  fact  that  intrinsic  compressibility 
effects  are  negligibly  small  in  supersonic  channel  flow. 


4.  DNS  of  incompressible  turbulent  flow  in  coiled  pipes 

The  geometry  of  a  helical  pipe  can  be  viewed  as  a  pipe  of  radius  R  coiled 
around  a  cylinder  of  constant  radius  (ra  —  R ),  see  Figure  8.  With  the  pitch 
ps ,  defined  by  the  increase  in  elevation  per  revolution  of  coils  2irps,  we  ob¬ 
tain  the  curvature  k  =  ra/  (r2  +  p2)  and  the  torsion  r  =  ps/  (r2  +  pi)  of 
the  helical  pipe  axis.  As  suggested  by  Germano  (1982,  1989),  an  orthogo¬ 
nal  helical  coordinate  system  can  be  established  with  respect  to  the  master 
cartesian  coordinate  system,  see  Figure  9.  The  Navier-Stokes  equations  in 
helical  coordinates  have  been  derived  in  Hiittl  and  Friedrich  (1998a)  using 
the  helical  coordinates  s  for  the  axial,  r  the  radial  and  6  the  circumferential 
directions.  A  finite  volume  method  on  staggered  grids  is  used  to  discretize 
these  equations  leading  to  central  differences  of  second  order  accuracy  for 
the  mass  and  momentum  fluxes  across  the  cell  faces.  A  semi-implicit  time- 
integration  scheme  treats  all  those  convection  and  diffusion  terms  implicitly 
and  with  2nd  order  accuracy  which  contain  derivatives  in  the  ^-direction. 
The  remaining  convection  terms  are  integrated  in  time  with  a  second  order 
accurate  leapfrog-step.  An  averaging  step  at  each  50th  time  step  avoids  pos¬ 
sible  2At-oscillations.  Diffusive  terms  with  derivatives  in  s-  and  r-directions 
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Figure  8.  Helically  coiled  pipe.  Figure  9.  Helical  (a,  r,  ^-coordinates. 


are  treated  with  a  first-order  Euler  backward  step.  The  size  of  the  time  step 
is  selected  according  to  a  linear  stability  argument.  The  use  of  a  projection 
step  leads  to  a  3D  Poisson  problem  for  the  pressure  correction,  which  is 
solved  by  a  Conjugate  Gradient  method  for  unsymmetric  matrices,  with 
J  acobi-preconditioning. 

At  the  walls  impermeability  and  no-slip  boundary  conditions  are  real¬ 
ized.  Velocity  components  needed  on  the  pipe  axis  are  obtained  by  inter¬ 
polation  across  the  axis.  In  the  circumferential  direction  all  variables  are 
periodic  by  definition.  In  the  main  flow  direction  periodic  boundary  condi¬ 
tions  are  used,  too.  For  helically  coiled  pipes  this  means  that  the  rotation  of 
the  coordinate  system  along  the  s-axis  must  be  taken  into  account  and  the 
perfect  matching  of  the  cells  at  corresponding  in-  and  out-flow  boundaries, 
achieved  by  choosing  a  suitable  combination  of  axial  length  and  number 
of  grid  points  in  the  ^-direction,  avoids  data  interpolation  (see  Hiittl  et  al. 
(1997)).  The  Navier- Stokes  code  for  helical  coordinates  has  been  validated 
in  different  ways.  Laminar  flows  through  coiled  pipes  were  computed  and 
compared  with  published  experimental  and  numerical  data  (Hiittl  (1999)). 
Computations  of  turbulent  flow  in  the  straight  pipe  have  finally  been  val¬ 
idated  against  results  of  Eggels  et  al.  (1994),  proving  the  reliability  of  the 
present  method. 

DNS  results  of  fully  developed  flow  in  a  curved  pipe  (case  DT,  kR  = 
0.1,  tR  —  0)  and  a  helically  coiled  pipe  (case  DXXH,  kR  =  0.1,  tR  = 
0.165)  are  presented  and  compared  with  DNS  results  of  flow  in  straight 
pipes  (case  DSP  at  ReT  =  230).  Further  results  are  discussed  by  Hiittl 
and  Friedrich  (1998a,  1998b,  1999a,  1999b,  1999c).  The  Reynolds  number 
ReT  based  on  the  surface  averaged  friction  velocity  uT  and  pipe  radius  R 
has  been  taken  as  230  for  all  cases  of  coiled  pipes.  The  averaged  friction 
velocity  is  related  to  the  mean  pressure  gradient  on  the  axis  by  pv%  =  —R/ 2* 


DNS  OF  TURBULENT  WALL-BOUNDED  SHEAR  FLOWS 


9 


d(p)  /ds.  The  Reynolds  number  Re &  =  2 u^R/i/,  based  on  bulk  velocity 
and  pipe  diameter  2 R,  results  from  the  simulation  and  varies  between  5576 
and  6926.  For  all  simulations  the  same  computational  domain  (15.272  long) 
and  the  same  number  of  grid  points  ( ns  =  256 ,n$  =  180,  nr  =  70)  have 
been  taken.  In  the  wall-normal  direction,  close  to  the  wall  a  clustering  of 
grid  points  is  provided.  The  first  grid  point  is  at  =  0.5  and  the  first 
ten  points  lie  within  j/+  «  11.6.  The  statistical  results  discussed  below 
are  based  on  200  statistically  independent  time  samples  and  on  averaging 
in  main  flow  direction.  Computations  were  run  on  1  CPU  of  the  Fujitsu 
VPP700.  The  computational  cost  per  flow  was  close  to  3000  CPU  hours  for 
cases  DT  and  DXXH. 


DSP,  - DT, . DXXH. 


Figure  11.  Mean  horizontal  velocity.  Sym¬ 
bols  as  in  Fig.  10. 


Figure  12.  Turbulent  kinetic  energy.  Sym¬ 
bols  as  in  Fig.  10. 


-1  + - , - i 

-1  0  y/R  l 

Figure  13.  Reynolds  shear  stress  { usu$ ). 
Symbols  as  in  Fig.  10. 


5,  Effects  of  curvature  and  torsion 

Pipe  curvature  and  torsion  can  have  remarkable  effects  on  the  turbulent 
flow.  With  increasing  curvature,  the  maximum  of  the  mean  axial  velocity 
component  moves  from  the  axis  to  the  outer  wall  as  a  consequence  of  cen¬ 
trifugal  effects,  Figure  10.  A  mean  secondary  motion  is  induced  consisting 
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Symbols  as  in  Fig.  10. 


Figure  15.  Reynolds  shear  stress  (ueur). 
Symbols  as  in  Fig.  10. 


DSP 


4.0  J 


Figure  16.  Time  series  of  axial  velocity  component  at  position  ( R  —  r)+  =  14,  6  =  0 
(near  upper  wall).  Ten  dimensionless  times  tp  =  R/ur  are  shown  for  each  case. 


Figure  17.  Frequency  spectra  Saa  of  the 
three  velocity  fluctuations  of  case  DT  at 
(R  -  r)+  =  14,  6  =  0:  -  Su.»„  - 


Judue  i 


- Su 


Figure  18.  Frequency  spectra  Saa  of  the 
three  velocity  fluctuations  of  case  DXXH  at 

(■R-r)+  =  14,0  =  O:  - Su.u,, - 

~  Sueut,  Silr ur- 
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Figure  19.  Contour  lines  of  axial  velocity  fluctuations  u"  in  pipe  cross  sections  (left) 
and  (s,  0)-surfaces  at  a  distance  of  (R  —  r)+  =  14  from  the  wall  (right)  for  simulations 
DSP,  DT  and  DXXH: - values  >0, . values  <  0. 


in  two  counter-rotating  Dean-cells  which  are  symmetric  with  respect  to  the 
horizontal  x-axis.  The  effect  of  torsion  on  the  (ua)-component  is  weak.  It 
is  much  stronger  on  the  mean  circumferential  velocity.  In  fact,  this  com¬ 
ponent  indicates  clockwise  swirling  motion  in  case  DXXH,  in  most  of  the 
pipe  cross  section  except  for  a  thin  layer  close  to  the  upper  wall.  This  is 
shown  in  Figure  11,  in  terms  of  profiles  of  the  mean  horizontal  velocity 
( ux )  along  a  vertical  y-axis  crossing  the  pipe  centre.  Close  to  the  lower 
wall  (y/R  ~  -0.95)  the  circumferential  velocity  (or  (ux))  reaches  ampli- 
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tudes  up  to  20%  of  the  maximum  axial  velocity.  Curvature  and  torsion 
also  affect  the  turbulence  fluctuations  in  different  ways,  Figure  12  contains 
turbulent  kinetic  energy  profiles  along  the  y- axis.  It  turns  out  that  a  ra¬ 
dius  of  curvature  as  small  as  10#  strongly  inhibits  the  turbulence  activity 
whereas  the  addition  of  torsion  enhances  it  nearly  everywhere.  While  fully 
developed  turbulent  flow  through  straight  pipes  is  characterized  by  four 
non-zero  components  of  the  Reynolds  stress  tensor,  there  are  six  non-zero 
components  in  coiled  pipes.  Their  amplitudes  sometimes  reach  values  of  the 
order  of  u2  locally.  Figures  13-15  show  profiles  of  the  three  shear  stresses 
along  the  t/-axis.  Near  the  pipe  axis  these  profiles  reveal  some  lack  of  sta¬ 
tistical  sampling.  Close  to  the  wall,  however,  they  are  quite  stable.  Note 
that  profiles  of  case  DT  should  be  symmetric  with  respect  to  the  pipe  axis 
(y/R  =  0),  those  of  case  DXXH,  of  course,  not.  Again,  torsion  enhances 
the  turbulence  activity  and  causes  remarkable  structural  changes  in  these 
components.  Further  insight  into  the  complexity  of  flow  in  coiled  pipes  is 
provided  by  time  series  of  the  instantaneous  axial  velocity  and  of  contour 
lines  of  the  axial  velocity  fluctuation.  Figure  16  compares  time  series  of  us 
taken  at  a  distance  of  14  wall  units  from  the  upper  wall  during  10  problem 
times  R/ut,  the  total  simulation  time  ranging  from  (60  -j-  90 )R/uT.  In  case 
DT  the  frequency  spectrum  of  the  three  velocity  fluctuations  becomes  very 
narrow-banded  and  shows  a  peak  at  a  frequency  of  13 uT/R,  cf.  Figure  17. 
Case  DXXH  reveals  an  intermittent  character  in  the  sense  that  time  inter¬ 
vals  of  different  length  with  weak  fluctuations  are  followed  by  periods  with 
strong  fluctuations.  Consequently,  the  frequency  spectrum  is  much  broader 
than  in  case  DT,  see  Figure  18. 


For  simulations  DSP,  DT  and  DXXH  Figure  19  shows  contour  lines  of 
the  axial  velocity  fluctuations  u "  in  a  cross  section  and  in  (s,  0)-surfaces  at 
a  distance  of  (R  —  r)+  =  14  from  the  wall.  For  straight  pipe  flow  (DSP) 
the  streaky  structures  can  clearly  be  seen.  Completely  different  structures 
appear  in  case  DT,  where  curvature  is  high.  An  almost  regular  pattern  of 
flow  structures  is  observed  near  the  upper  ( 8  =  0)  and  lower  wall  (6  =  *■). 
In  these  structures  high  speed  fluid  is  transported  to  the  wall  and  low  speed 
fluid  away  from  the  wall.  They  are  also  the  reason  for  the  oscillations,  shown 
in  the  autocorrelation  functions.  The  fact  that  no  such  pattern  occurs  near 
the  inner  and  outer  wall  confirms  that  the  turbulence  activity  is  low  at 
these  positions.  The  cross  section  shows  an  almost  symmetric  pattern  of  the 
contour  lines  and  the  influence  of  the  secondary  flow  on  the  structures  is 
evident.  In  case  DXXH  only  the  lower  wall  produces  remarkable  structures 
of  alternating  positive  and  negative  axial  velocity  fluctuations.  The  pattern 
is,  however,  not  as  regular  as  that  in  case  DT. 


DNS  OF  TURBULENT  WALL-BOUNDED  SHEAR  FLOWS 


13 


6.  Summary  and  Conclusions 

A  special  pressure- velocity-entropy  formulation  of  the  compressible  Navier- 
Stokes  equations  which  allows  to  specify  boundary  conditions  in  a  natural 
and  consistent  way  is  used  for  DNS  of  supersonic  turbulent  channel  flow 
with  a  Fourier- Chebyshev  pseudo- spectral  space  discretization  and  a  third- 
order  accurate  low-storage  Runge-Kutta  time-advance  scheme.  Mach  and 
Reynolds  numbers  of  the  bulk  flow  are  1.5  and  3000,  in  agreement  with 
Coleman  et  al.’s  (1995)  DNS.  The  present  results  are  in  close  agreement 
with  those  of  Coleman  et  al.,  indicating  the  suitability  of  the  special  form 
of  the  Navier-Stokes  equations  for  DNS  of  compressible  turbulence. 

Incompressible  turbulent  flow  in  coiled  pipes  is  investigated  with  second 
order  central  schemes  and  a  semi-implicit  time  discretization  of  second  or¬ 
der  accuracy.  The  Reynolds  number  based  on  the  surface  averaged  friction 
velocity  and  the  pipe  radius  is  230  in  all  cases.  As  the  radius  of  curvature 
of  the  pipe  decreases,  the  secondary  flow  gets  stronger  and  the  near-wall 
coherent  structures  disappear  from  the  outer  and  inner  regions  while  they 
turn  into  very  regular  structures  on  the  upper  and  lower  sides.  At  the  same 
time  the  turbulence  activity  is  greatly  reduced.  The  addition  of  torsion 
(while  curvature  is  kept  constant)  increases  the  turbulence  level  again  and 
causes  further  structural  changes  in  the  Reynolds  stress  components.  For 
strong  curvature  and  torsion  the  flow  reveals  an  intermittent  character. 
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Abstract.  Flow  fields  generated  by  the  interactions  between  a  shock  wave 
and  vortices  and  between  two  vortex  rings  are  simulated  numerically,  and 
the  generation  and  propagation  mechanisms  of  sounds  are  studied.  The 
unsteady,  compressible  Navier-Stokes  equations  me  solved  by  a  finite  dif¬ 
ference  method  over  the  entire  acoustic  field  from  near  to  far  fields.  The 
sixth-order-accurate  compact  Pade  scheme  is  used  for  spatial  derivatives, 
together  with  the  fourth-order- accurate  Runge-Kutta  scheme  for  time  in¬ 
tegration.  The  results  show  that  the  basic  nature  of  the  sounds  depends 
strongly  on  the  generation  of  reflected  shock  waves  and  expansion  waves 
for  shock-vortex  interaction  problems,  and  on  the  vortex  motions  induced 
by  mutual  interaction  for  vortex- vortex  interaction  problems.  The  results 
also  show  that  the  pressure  peaks  of  the  sounds  decay  in  inverse  propor¬ 
tion  to  the  distance  from  the  sound  source  for  three-dimensioned  flows  and 
to  the  square  root  of  the  distance  for  two-dimensional  flows,  in  agreement 
with  theory. 


1.  Introduction 

Direct  numerical  simulations  of  sounds  have  become  feasible  in  the  recent 
years  (Tam  1995;  Lele  1997;  Wells  and  Renaut  1997;  Moin  and  Mahesh 
1998;  Inoue  and  Hattori  1998,  1999).  In  these  simulations,  the  Navier- 
Stokes/Euler  equations  me  solved  by  using  highly  accurate  schemes  both 
for  space  and  time  in  order  to  precisely  capture  the  sound  pressure  in 
the  far  field,  which  is  much  smaller  than  the  pressure  in  the  near-field 
fluid  flow.  In  this  paper,  we  simulate  the  entire  acoustic  fields  produced 
by  shock-vortex/vortex-vortex  interactions,  by  solving  the  compressible 
Navier-Stokes  equations.  The  purpose  of  this  paper  is  to  increase  our  un- 
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derstanding  of  the  generation  and  propagation  mechanisms  of  the  sounds 
in  these  flow  fields.  We  consider  the  following  interactions: 

[1]  shock- vortex  interactions: 

(1.1)  two-dimensional  shock-single  vortex  interaction, 

(1.2)  axisymmetric  shock-vortex  ring  interaction, 

[2]  axisymmetric  vortex-vortex  interactions: 

(2.1)  head-on  collision  of  two  vortex  rings, 

(2.2)  leapfrogging  and  merging  of  two  vortex  rings. 

In  all  cases,  the  compressible  Navier-Stokes  equations  are  solved  by  a  fi¬ 
nite  difference  method.  For  spatial  derivatives,  a  sixth-order- accurate  com¬ 
pact  Pade  scheme  (third-order-accurate  at  the  boundaries)  proposed  by 
Lele  (1992)  is  adopted.  The  fourth-order  Runge-Kutta  scheme  is  used  for 
time-integration.  A  non-uniform  mesh  system  is  applied.  At  the  bound¬ 
aries,  either  non-reflecting  conditions  (Poinsot  and  Lele  1992)  or  periodic 
conditions  are  used. 

2 .  Shock- Vortex  Interactions 

2.1.  2D  SHOCK  WAVE-SINGLE  VORTEX  INTERACTIONS 

The  flow  model  and  the  numerical  method  used  in  this  computation  are 
essentially  the  same  as  in  Inoue  and  Hattori  (1999).  The  Mach  number 
of  a  shock  wave  ( Ma )  is  prescribed  to  be  either  1.05  or  1.2.  Through  the 
interaction  with  a  vortex,  the  shock  wave  shows  a  Mach  reflection  when 
Ms  =  1.2  and  a  regular  reflection  when  M8  =  1.05.  The  Mach  number  of 
the  vortex  (Afv),  defined  by  Mv  =  u^nax/^oo?  is  prescribed  to  be  0.25  or  0.5. 
Here  is  the  maximum  tangential  velocity  and  is  the  sound  speed. 

The  Reynolds  number  is  based  on  the  vortex  core  radius  R  and  the  sound 
velocity  and  is  prescribed  to  be  800.  For  more  details  on  the  numerical 
method,  readers  are  referred  to  Inoue  and  Hattori  (1999). 

As  a  typical  example,  a  flow  field  for  the  case  of  Af,=1.05,  Afv=0.25 
and  Re  —  800,  at  a  time  sufficiently  after  the  biginning  of  the  interaction, 
is  presented  in  terms  of  the  sound  pressure  in  Fig.  1.  The  sound  pressure 
A p  is  defined  as  A p  =  (p  —  ps)/pg  where  ps  is  the  pressure  behind  the 
shock  wave.  As  shown  by  Inoue  and  Hattori  (1999),  through  the  shock- 
vortex  interaction,  the  precursor  appears  first,  and  then  the  two  reflected 
shock  waves  are  generated.  The  sound  pressure  field  in  Fig.  1  shows  that 
the  sounds  are  generated  three  times  (the  precursor,  the  second  and  the 
third  sounds),  and  each  sound  has  a  quadrupolar  nature. 

The  radial  distributions  of  the  sound  pressure,  measured  at  6  =  45°,  are 
plotted  in  Fig.  2  for  the  same  case  as  in  Fig.  1.  The  numerics  1  to  3  in  Fig. 
2  denote  the  precursor,  the  second  sound  and  the  third  sound,  respectively. 
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We  can  see  from  Fig.  2  that  the  three  sounds  propagate  radially  from  the 
vortex  center  with  time,  and  that  the  peak  values  of  the  sound  pressure 
decay  with  the  radial  distance  r  from  the  vortex  center.  After  the  third 
sound,  any  appreciable  pressure  waves  are  not  observed;  the  sounds  are 
generated  three  times,  as  expected  by  Inoue  and  Hattori  (1999).  This  result 
suggests  that  the  generation  and  the  nature  of  the  sounds  are  closely  related 
to  the  generation  of  the  reflected  shock  waves. 

The  sound  pressure  peaks  of  the  three  sounds  are  plotted  against  the 
radial  distance  r  in  Fig.  3  for  the  same  case  as  in  Figs.  1  and  2.  It  is  known 
that  the  decay  of  the  sound  pressure  in  two-dimensional  flows  is  inversely 
proportioned  to  r1/2  in  the  far  field  (Landau  and  Lifshitz  1984).  The  results 
in  Fig.  3  show  that  all  three  sounds  decay  in  proportion  to  the  r-1/2  in  the 
far  field,  in  agreement  with  the  theory. 

2.2.  AXISYMMETRIC  SHOCK-VORTEX  RING  INTERACTIONS 

In  this  case,  a  vortex  ring  moves,  by  its  self-induced  velocity,  either  in  the 
same  direction  to  the  shock  wave  (passing  type)  or  in  the  opposite  direction 
to  it  (collision  type).  The  flow  situation  is  quite  similar  to  that  for  the  case 
of  2D  vortex  pair  considered  in  Inoue  and  Hattori  (1999). 

As  an  example  of  the  collision  type  interaction,  a  flow  field  for  the  case 
of  Mt= 1.2,  Mv=Q.l  and  Re  =  800,  at  a  time  sufficiently  after  the  biginning 
of  the  interaction,  is  presented  in  terms  of  a  computational  shadowgraph  in 
Fig.  4  and  in  terms  of  the  sound  pressure  in  Fig.  5.  In  Fig.  5,  the  solid  lines 
denote  the  compression  region  (A p  >  0),  and  the  dashed  lines  denote  the 
rarefaction  region  (Ap  <  0).  The  Reynolds  number  is  based  on  the  vortex 
ring  radius  and  the  sound  speed.  Through  the  interaction,  the  precursor 
appears  first.  Then,  two  sets  of  reflected  shock  waves  are  generated;  each 
set  has  two  reflected  shock  waves  with  different  strengths.  The  stronger 
reflected  shock  wave  of  one  set  catches  up  with  the  weaker  reflected  shock 
wave  of  another  set  and  eventually  two  reflected  shock  waves  merge  into  a 
single  structure;  in  Figs.  4  and  5,  the  precursor  and  two  merged  reflected 
shock  waves  are  observed.  In  Fig.  4  we  can  also  see  two  slip  lines  emanated 
from  the  triple  points.  The  qualitative  features  shown  in  Figs.  4  and  5  are 
quite  similar  to  those  of  the  mild  collision  interaction  of  the  2D  vortex  pair 
(Inoue  and  Hattori  1999),  and  through  the  interaction  acoustic  waves  are 
observed  three  times,  basically.  The  pressure  peaks  of  the  sounds  decay  in 
inverse  proportion  to  the  distance  r  from  the  vortex  ring  center. 

It  should  be  mentioned  that  the  flow  features  and  the  generation  mecha¬ 
nisms  of  the  sounds  are  strongly  dependent  on  the  vortex  Mach  number  Mv; 
for  a  large  Mv,  shock  wave  fucusing  occurs  and  additional  shock  waves  and 
expansion  waves  appears,  leading  to  the  generation  of  additional  sounds. 
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3.  Axisymmetric  Vortex- Vortex  Interactions 

In  this  section,  we  examine  the  basic  nature  of  the  sounds  generated  by  the 
interactions  of  two  vortex  rings  with  an  equal  strength.  The  vortex  rings 
are  set  initially  to  move  along  the  z-axis.  The  radial  coordinate  is  expressed 
by  y.  The  vortex  rings  are  assumed  to  have  a  Gaussian  distribution  of  the 
vorticity  initially.  The  Mach  number  M  of  the  vortex  rings  is  prescribed  to 
be  M  =  0.075  to  0.3.  The  Reynolds  number  is  based  on  the  ring  radius  and 
the  initial  translational  velocity  and  is  prescribed  to  be  Re  =  500  to  2000. 
The  ratio  rc  of  the  core  radius  to  the  ring  radius  is  prescribed  to  be  rc  = 
0.1  to  0.3. 

3.1.  HEAD-ON  COLLISION  OF  TWO  VORTEX  RINGS 

The  two  vortex  rings  are  assumed  to  have  the  opposite  sense  of  rotation 
and  move  along  the  z-axis  in  the  opposite  direction  to  each  other.  With 
increased  time,  the  two  vortex  rings  approach  along  the  z-axis  and  then 
stretch  along  the  direction  perpendicular  to  the  z-axis;  the  vortex  cores 
move  outward  from  the  z-axis,  and  the  radii  of  the  vortex  rings  grow  with 
time. 

Instantaneous  sound  pressure  fields  at  times  after  the  beginning  of  the 
stretching  are  presented  in  Fig.  6  for  the  case  of  M  —  0.15,  rc  =  0.15  and 
Re  =  500.  The  sound  pressure  A p  is  defined  as  A p  =  p  —  pw.  Figure  6 
shows  that  sounds  are  generated  twice  (the  first  and  the  second  sounds). 
Each  sound  has  a  quadrupolar  nature  but  opposite  alternating  signs  of 
circumferential  pressure  variation  to  each  other. 

Radial  distributions  of  the  sound  pressure,  A p,  for  the  same  flow  as 
in  Fig.  6  jure  plotted  against  the  distance  r  from  the  origin  in  Fig.  7  for 
0  =  0°  (along  the  z-axis).  As  seen  from  Fig.  7,  both  the  first  and  the 
second  sounds  propagate  radially  with  time.  The  propagation  velocity  of 
the  sounds  is  equal  to  the  sound  speed.  If  we  assume  that  the  sounds  are 
radiated  from  the  origin  (r  =  0),  the  estimated  time  of  sound  radiation  is 
approximately  equal  to  the  starting  time  of  stretching. 

It  is  also  seen  from  Fig.  7  that  the  peak  values  of  A p  of  both  the  first 
and  the  second  sounds  decay  with  r.  The  peak  values  of  the  sound  pressure 
of  the  first  sound  measured  along  the  0  =  0°  and  90°  lines  are  plotted  in 
Fig.  8  for  the  two  vortex  core  sizes:  rc  =  0.15  and  rc  =  0.3.  In  the  figure, 
the  solid  line  denotes  the  inverse  proportion  to  r.  We  can  see  from  Fig.  8 
that  in  the  far-field  the  sound  pressure  decays  in  inverse  proportion  to  the 
distance  r,  in  agreement  with  the  theoretical  prediction  (Landau  &  Lifshitz 
1987) 
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3.2.  LEAPFROGGING  AND  MERGING  OF  TWO  VORTEX  RINGS 

The  two  vortex  rings  are  assumed  to  have  the  same  sense  of  rotation  and 
move  along  the  sc-axis  towards  the  positive  s-direction.  With  increased  time, 
mutual  interaction  between  them  leads  to  the  so-called  leapfrogging. 

Instantaneous  vorticity  and  sound  pressure  fields  for  the  case  of  M  — 
0.15,  rc  =  0.15  and  Re  =  800  are  presented  in  Figs.  9(a)  and  9(b),  respec¬ 
tively.  In  this  case,  the  rear  vortex  ring  undergoes  the  first  slip-through 
and  emerge  ahead  of  the  front  ring  (Fig.  9a).  Then,  the  front  ring  try  to 
undergo  the  second  slip-through,  but  before  completing  the  slip-through 
the  two  rings  merge  into  a  single  ring.  The  merging  has  already  completed 
by  t  —  80,  and  in  Fig.  9(b)  the  resulting  single  ring  exists  around  x  =  13.5. 
We  can  see  from  Fig.  9(b)  that  the  slip-through  process  and  the  merging 
process  respectively  produce  sounds.  Due  to  the  Doppler  effect,  stronger 
sounds  with  higher  frequencies  are  generated  in  the  front  side  (x  >  0)  of 
the  vortex  ring  than  in  the  rear  side. 

4.  Concluding  Remarks 

Entire  acoustic  fields  from  near  to  far  fields  produced  by  the  interactions 
of  shock- vortex  and  of  two  vortex  rings  were  simulated  by  solving  the  un¬ 
steady,  compressible  Navier-Stokes  equations.  The  generation  mechanisms 
of  the  sounds  through  the  interactions  and  the  basic  nature  of  the  sounds 
generated  were  examined. 

For  the  case  of  shock- vortex  interaction,  the  sound  generation  and  the 
basic  nature  of  the  generated  sounds  are  closely  related  to  the  generation 
of  the  reflected  shock  waves.  For  the  case  of  vortex-vortex  interaction,  the 
vortex  motions  induced  by  mutual  interaction  strongly  affect  the  generation 
mechanisms  of  the  sounds.  The  sound  pressure  has  been  confirmed  to  decay 
in  the  far  field  in  proportion  to  the  distance  r-1  for  3D  flows  and  to  r~x/2 
for  2D  flows,  in  agreement  with  theory. 

The  present  results  show  that  the  direct  Navier-Stokes  simulation  is  a 
very  powerful  tool  to  analize  the  generation  mechanisms  of  sounds  at  least 
for  such  simple  flows  as  those  treated  in  this  work.  With  an  improved  per¬ 
formance  of  supercomputers,  the  application  of  DNS  to  more  complicated 
flows  may  be  promising. 

The  author  expresses  his  sincere  gratitude  to  Asako  Inoue  for  her  con¬ 
tinuous  encouragement.  Thanks  are  also  given  to  Dr.  Y.  Hattori,  Kyushu 
Institute  of  Technology,  and  to  Mr.  S.  Onuma,  Institute  of  Fluid  Science 
(IFS),  Tohoku  University,  for  their  useful  discussion  and  technical  assis¬ 
tance.  Computations  were  performed  with  the  CRAY  C916  at  IFS. 
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Figure  1.  Isobars  of  the  sound  pressure.  2D  shock- vortex  interaction.  M»  =  1.05, 
Mv  =  0.25.  t  =  40.0. 
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Figure  2 .  Radial  distributions  of  the  sound  pressure.  0  —  45°.  Mm  =  1.05,  Mv  =  0.25. 
- :  t  =  10.0, - :  t  =  20.0, - :  t  =  30.0, . :  t  =  40.0. 


Figure  3 .  Decay  of  the  sound  pressure.  0  =  —45°.  O  :  precursor,  +  :  second  sound,  □  : 
third  sound, - :  A pm  oc  r-1^2. 
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Figure  4. 
Mv  =  0.1. 


Figure  5. 
Mr  =  0.1. 


Computational  shadowgraph.  Shock- vortex  ring  interaction.  Jlf, 
t  =  15.0. 


X 


Isobars  of  the  sound  pressure.  Shock- vortex  ring  interaction.  Ma 
=  15.0. 
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Figure  8.  Decay  of  the  peaks  of  the  sound  pressure.  M  =  0.15,  Re  =  500.  First  sound. 
□  :  rc  =  0.3, 0  =  0°.  *  :  rc  =  0.3, 0  =  90°.  +  :  rc  =  0.15,8  =  0°.  A  :  rc  =  0.15, 8  =  90°. 
- ( x  r-’ , 
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Figure  9 .  Leapfrogging  and  merging  of  two  vortex  rings.  M  =  0.15,  rc  =  0.15,  Re  =  800. 
(a)  Vortidty  contours,  t  =  32.  (b)  Isobars  of  the  sound  pressure,  t  =  80. 


OPTIMAL  LES:  HOW  GOOD  CAN  AN  LES  BE? 


R.  D.  MOSER,  J.  A.  LANGFORD  AND  S.  VOLKER 
Dept,  of  Theoretical  and  Applied  Mechanics 
Univeristy  of  Illinois  at  Urbana- Champaign 
Urbana,  IL  61801 


Abstract. 

In  this  paper,  we  approach  Large  Eddy  Simulation  (LES)  by  asking: 
How  good  is  it  possible  for  an  LES  to  be?  Taking  a  probabilistic  approach, 
it  is  shown  that  by  formally  minimizing  the  rms  error  in  the  time  derivative 
of  the  large  scales,  one  can  guarantee  that  the  LES  will  reproduce  the  large 
scale  statistics  exactly.  The  LES  model  that  minimizes  the  rms  error  in  the 
time  derivative  is  written  as  a  conditional  average,  and  we  consider  this  to 
be  the  ideal  LES  model.  Unfortunately,  we  do  not  know,  nor  can  we  practi¬ 
cally  compute  this  conditional  average.  The  problem  of  LES  modeling  can 
therefore  be  considered  to  be  a  problem  of  finding  a  good  approximation 
to  the  conditional  average.  Using  direct  numerical  simulation  data  from  a 
forced  isotropic  turbulence  and  a  turbulent  channel,  estimates  of  the  con¬ 
ditional  average  have  been  obtained,  and  the  results  are  very  instructive. 
Using  the  results,  the  nature  of  good  LES  models,  the  effects  of  filter  def¬ 
inition,  and  the  impact  of  inhomogeneity  are  explored.  Also  discussed  is  a 
program  for  developing  practical  LES  models  based  on  these  ideas. 


1.  Introduction 

Large-eddy  simulation  of  turbulence  (LES)  is  a  promising  technique  for  pre¬ 
dicting  the  effects  of  turbulence  in  flows  of  technological  interest  (Rogallo 
and  Moin,  1984;  Lesieur  and  Metais,  1996).  Because  of  its  great  promise, 
much  recent  research  has  been  aimed  at  developing  robust  and  accurate 
LES  models.  The  dynamic  Smagorinsky  model  (Germano  et  al.,  1991; 
Lilly,  1992),  new  variants  of  the  scale  similarity  model  (Liu  et  al.,  1994), 
the  structure  function  model  (Metais  and  Lesieur,  1992)  and  the  stretched 
vortex  model  (Misra  and  Pullin,  1997)  have  all  been  developed  over  the 
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last  10  years.  These  models  have  allowed  LES  to  be  applied  in  a  variety  of 
flows,  and  have  greatly  improved  the  veracity  of  LES  simulations. 

All  of  these  LES  models  are  derived  based  on  restrictive  assumptions 
about  the  nature  of  the  sub-grid  turbulence.  For  example,  both  the  dynamic 
model  and  the  scale  similarity  model  are  predicated  on  the  assumption  that 
the  filter  width  is  well  into  an  inertial  range.  Further,  the  Smagorinsky 
model  underlies  the  most  common  implementation  of  the  dynamic  model, 
and  it  is  derived  assuming  homogeneity  and  isotropy.  However,  these  as¬ 
sumptions  are  violated  in  flow  situations  of  common  interest  such  as  near 
walls.  Development  of  wall  models  that  will  not  require  the  refinement  of 
the  near  wall  grid  with  increasing  Reynolds  number  is  considered  by  many 
to  be  the  most  pressing  challenge  in  LES  research. 

Current  LES  models  also  suffer  from  a  range  of  less  commonly  recog¬ 
nized  difficulties.  These  include:  an  inadequately  formulated  dependence  of 
the  model  on  the  characteristics  of  the  filter;  unaccounted  for  numerical 
errors;  and  poor  treatment  of  “commutation”  errors  that  arise  when  filters 
are  inhomogeneous;  further  details  are  available  in  (Langford  and  Moser, 
1999). 

All  of  these  difficulties  could  be  addressed  if  there  were  a  well-defined 
procedure  by  which  LES  models  could  be  constructed  in  general.  In  this 
paper  we  describe  such  a  procedure  that  is  based  on  the  requirement  that 
the  LES  model  be  “as  good  as  possible.”  This  leads  to  the  question  posed 
in  the  title:  “How  good  can  an  LES  be?”  which  is  answered  in  §2.  The 
application  of  these  ideas  to  isotropic  turbulence  and  turbulent  channel 
flow  is  discussed  in  §3  and  §4  respectively.  A  strategy  for  translating  this 
procedure  into  LES  models  for  practical  applications  is  presented  in  §5,  and 
concluding  remarks  are  given  in  §6. 


2.  Ideal  and  Optimal  LES 

For  any  LES  field  w,  there  is  a  unique  evolution  dw/dt  that  produces  exact 
single-time  spatial  statistics  and  that  minimizes  the  error  of  the  short-time 
large-scale  dynamics  (Langford  and  Moser,  1999).  These  two  properties  are 
all  that  one  can  ask  for  in  an  LES,  so  this  evolution  will  be  called  an  ideal 
LES.  The  ideal  evolution  is  given  by  the  conditional  average 


dw 
d t 


(1) 


where  u  is  an  unfiltered  turbulent  field  from  the  real  system,  and  over-bar 
indicates  the  filter.  The  result  on  accuracy  of  single-time  statistics  comes 
from  consideration  of  the  pdf  evolutions  of  the  real  and  LES  systems  (Pope, 
1997;  Langford  and  Moser,  1999).  In  fact,  all  single  point  statistics  of  an 
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LES  will  match  the  statistics  of  a  real  turbulence  if  and  only  if  the  LES 
evolves  according  to  (1).  The  accuracy  of  short-time  large-scale  dynamics 
comes  from  the  observation  that  the  conditional  average  minimizes  error 
measured  on  du/dt  (Papoulis,  1965)  and  that  du/dt  is  the  leading  order 
term  in  a  prediction  of  the  filtered  field  at  a  future  time  (Adrian,  1990).  Note 
that  the  conditional  average  in  the  ideal  evolution  equation  is  conditioned 
on  the  entire  large-scale  field,  so  that  as  a  matter  of  practice  the  ideal  evo¬ 
lution  can  never  be  found.  However,  one  can  approximate  the  conditional 
average  using  standard  stochastic  estimation  techniques  (Adrian,  1977; 
Adrian  and  Moin,  1988;  Adrian  et  al.,  1989;  Langford  and  Moser,  1999). 
These  approximations  will  be  referred  to  as  optimal  estimates ,  and  are  used 
to  investigate  properties  of  the  ideal  model,  as  well  as  to  construct  com¬ 
putable  LES  models. 

An  integral  part  of  any  LES  is  the  filter  that  is  used  to  define  the 
large  scale  turbulence  to  be  simulated.  To  be  useful  for  LES,  the  filter 
must  be  a  non-invertible  operator;  that  is,  it  must  discard  information.  If 
one  were  to  use  an  invertible  filter,  the  ideal  evolution  (1)  would  be  the 
exact  evolution,  and  the  LES  would  be  a  DNS,  with  the  same  resolution 
requirements  as  a  DNS.  Since  a  useful  LES  filter  is  non-invertible,  there  are 
many  real  turbulence  fields  that  produce  the  same  filtered  (LES)  field.  The 
conditional  average  in  (1)  is  then  an  average  over  all  the  turbulence  fields 
that  map  to  a  single  LES  field.  However,  some  commonly  used  filters  for 
LES  (e.g.  Gaussian  and  top-hat  filters)  are  formally  invertible.  When  such 
filters  are  used,  it  is  the  numerical  discretization,  such  as  sampling  on  a 
grid,  that  introduces  the  non-invertibility.  In  these  cases,  the  discretization 
that  causes  the  loss  of  information  can  be  considered  to  be  part  of  the  filter, 
so  the  analysis  here  applies. 

The  incompressible  LES  equations  are  usually  written  as  the  Navier- 
Stokes  operator  acting  on  the  filtered  field  plus  a  model  term: 


dwi  dwiWj  _  1  dp  d2Wi 

dt  dxj  p  dxi  U  dxjdxj  m*’ 


(2) 


where  the  model  term  mi  is  an  approximation  to  an  exact  sub-grid  force 
term  M,  that  depends  on  the  unresolved  scales.  The  exact  term  Mi  includes 
the  usual  sub-grid  stress  term  (uiUj  —  uiuj),  as  well  as  terms  that  arise 
when  inhomogeneous  filters  do  not  commute  with  differentiation,  and  from 
the  imposition  of  the  divergence-free  condition.  To  recover  the  ideal  LES 
evolution  equations  (1),  one  should  use  the  ideal  sub-grid  model  mi(w)  = 
(. Mi(u)\u  =  w).  The  use  of  such  a  model  guarantees  that  the  statistical  and 
dynamical  properties  of  ideal  LES  are  obtained. 

The  ideal  model  is  constructed  as  an  average  of  the  sub-grid  forcing 
terms  over  all  possible  turbulent  fields  that  match  in  the  large  scales.  The 
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ideal  model  is  thus  the  deterministic  part  of  the  sub-grid  force — the  part 
of  the  sub-grid  force  that  is  common  to  all  turbulent  states  with  a  given 
large-scale  field.  The  component  of  instantaneous  sub-grid  force  that  does 
not  contribute  to  the  ideal  model  is  associated  with  the  stochastic  nature 
of  the  sub-grid  field.  This  stochastic  nature  can  be  quantified  by  measuring 
the  root-mean-square  difference  between  the  exact  term  Mj  and  the  best 
estimate  mj.  This  difference  is  equal  to  the  error  between  dui/dt  and  the 
ideal  LES  evolution  dwi/dt,  so  it  is  also  a  measure  of  error  committed 
in  approximating  the  large-scale  dynamics.  The  ideal  model  minimizes  this 
error,  but  in  general  it  is  nonzero.  So,  for  a  given  problem  and  filter,  there  is 
a  minimum  level  of  dynamical  error  that  must  be  tolerated  in  a  large-eddy 
simulation. 

One  is  obviously  interested  in  knowing  what  the  ideal  model  looks  like, 
and  what  the  lower  bound  on  error  is.  Unfortunately  the  ideal  model  and 
the  minimum  error  cannot  be  directly  measured  because  the  information  in 
the  conditional  average  is  tremendous.  We  have  thus  been  using  stochastic 
estimation  techniques  to  approximate  the  conditional  average  and  estimate 
the  minimum  error.  The  stochastic  estimates  are  constructed  as 

mix)  =  J  Lij(x,€)u>j(£)d£  +  j  Qijk(x,Ou>j{Ou>k(Odt  +  •  •  ■  (3) 

and  the  estimate  of  error  is  e,  =  M,  —  mj.  To  solve  for  the  kernels  LtJ  and 
Qijk,  the  mean-square  error  (|e|2)  is  minimized  and  two-point  correlations 
from  the  real  system  are  needed.  Note  that  in  minimizing  (|M  —  m|2), 
one  also  minimizes  (|(M(u)|u  =  w)  —  m|2),  so  that  the  optimal  estimates 
can  be  regarded  as  approximations  of  the  ideal  model,  and  (|e|2)  can  be 
regarded  as  an  estimate  of  the  smallest  possible  error  in  the  dynamics  of 
the  large-eddy  simulation. 

3.  Isotropic  Turbulence 

Optimal  LES  models  were  computed  for  a  case  of  forced  isotropic  turbulence 
that  has  been  simulated  using  DNS  (256  x  256  x  256,  kmax  =  128,  R>  = 
167).  The  filters  tested  were  sharp  Fourier  cutoff  filters  with  kc  =  16,  kc  = 
32,  and  kc  =  64.  The  filter  with  cutoff  at  kc  =  16  appeared  to  be  in  a 
short  inertial  range,  while  the  higher  wavenumber  cutoffs  were  well  into 
the  dissipative  range.  The  true  sub-grid  force  to  be  modeled  in  this  case 
was  Mi  =  V  (uillj  —  TiiUj )j,  where  V  is  the  solenoidal  projection  that 
arises  from  the  imposition  of  continuity.  The  spectrum  of  Mj  is  compared  to 
that  of  dui/dt  in  figure  1(a).  It  can  be  seen  that  at  the  lowest  wavenumbers 
the  mean-square  magnitude  of  Mj  is  much  smaller  than  that  of  dUi/dt,  but 
that  near  the  cutoff  the  mean-square  magnitude  is  approximately  50%  of 
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Figure  1.  The  (a)  spectrum  of  the  sub-grid  terms  V  (^f-  [uiUj  —  muj ))  and  (b)  the 

optimal  eddy- viscosities  vt  normalized  by  [E {kc)lkc)^  for  sharp  Fourier  cutoff  filters  at 

cutoffs  kc  -  16  ( - ),  kc  =  32  ( - ),  and  kc  =  64  ( - ).  Also  shown  in  (a)  is 

the  spectrum  of  dui/dt  ( - ). 

that  of  dui/dt.  It  is  clear  that  the  importance  of  the  sub-grid  model  is  most 
significant  near  the  cutoff. 

For  isotropic  turbulence  the  stochastic  estimates  of  (3)  simplify  consid¬ 
erably.  The  linear  term  can  be  written  in  wave-space  in  terms  of  an  optimal 
eddy-viscosity  rhi(k)  =  —  k2vr{k)wi{k),  where  the  optimal  eddy  viscosity 
is 

^  =  _UMi(k)%(-k))  (4) 

k2  ( ui(k)ui(-k )) 

The  optimal  eddy  viscosity  i*r  is  shown  for  the  three  cutoff  filters  in  fig¬ 
ure  1(b).  They  all  turn  up  sharply  near  the  cutoff  as  predicted  by  (Kraich- 
nan,  1976)  and  observed  by  (Domaradzki  et  al.,  1987;  Lesieur  and  Rogallo, 
1989).  Also  note  that  the  eddy  viscosities  are  nearly  zero,  and  in  fact  go 
negative  far  from  the  cutoff  for  the  two  highest  wavenumber  cutoffs.  These 
cases  are  consistent  with  the  results  of  (Domaradzki  et  al.,  1987),  who  also 
obtained  slightly  negative  plateau  values  when  the  cutoffs  were  in  a  dissipa¬ 
tive  range.  It  has  been  suggested  by  (Lesieur,  1998)  that  when  the  cutoff  is 
located  where  the  spectrum  has  a  significantly  steeper  slope  than  the  k~ 5/3 
of  the  Kolmogorov  inertial  range,  then  the  plateau  level  of  the  eddy  viscosity 
should  go  to  zero.  The  kc  =  16  case  has  behavior  that  is  more  representa¬ 
tive  of  a  high  Reynolds  number  LES  with  the  cutoff  in  the  inertial  range. 
Results  of  E.D.Q.N.M.  suggest  that  for  cutoff  in  the  inertial  range,  the  eddy 
viscosity  has  a  plateau  value  of  0.267  (Chollet  and  Lesieur,  1981),  which 
is  the  basis  of  the  structure  function  model  (Metais  and  Lesieur,  1992). 
A  plateau  value  of  0.09  was  observed  by  (Lesieur  and  Rogallo,  1989),  and 
in  our  case  of  kc  =  16  the  plateau  value  is  approximately  0.13,  which  is 
consistent  with  the  other  results. 
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Figure  2.  Spectra  of  the  estimation  errors  for  the  linear  ( - ),  quadratic  ( - ), 

and  46-term  ( - )  estimates  of  the  sub-grid  term  at  three  different  sharp  cutoff  widths, 

normalized  by  the  spectrum  of  the  real  sub-grid  term. 


Figure  2  shows  the  spectrum  of  the  estimation  error  e,  =  M,  —  m*, 
normalized  by  the  spectrum  of  M,.  With  this  normalization  one  can  see 
exactly  what  fraction  of  the  sub-grid  forcing  term  M,-  is  unrepresented  by 
the  estimate.  Errors  are  shown  for  linear  and  quadratic  models,  where  the 
quadratic  models  include  both  terms  of  (3).  In  the  case  of  filter  cutoff  kc  = 
16,  a  46-term  model  has  also  been  included.  The  46-term  model  contains 
enough  terms  to  subsume  the  Smagorinsky  and  scale-similarity  models, 
and  includes  the  cubic  terms  suggested  by  the  RNG  analysis  of  (Zhou  and 
Vahala,  1993).  For  a  listing  of  the  46  terms,  see  (Langford  and  Moser, 
1999).  Of  the  46  terms,  the  linear  term  was  the  most  significant.  Further, 
there  was  no  other  term  that  appeared  to  offer  a  significant  contribution; 
rather  the  improvement  of  the  46-term  model  over  the  linear  model  came 
as  a  cumulative  effect.  Recall  that  the  errors  shown  in  figure  2  are  only 
approximations  to  the  limiting  error  of  the  ideal  model.  Nevertheless,  this 
result  suggests  that  it  is  likely  that  the  sub-grid  force  is  mostly  stochastic, 
and  that  the  fundamental  errors  associated  with  modeling  the  sub-grid  term 
may  be  large. 

It  Coin  be  shown  that  the  linear  (optimal  eddy- viscosity)  model  has  the 
a  priori  property  that  all  two-point  velocity  statistics  are  correct  (Langford 
and  Moser,  1999).  But,  it  cannot  be  proven  that  this  property  will  be  re¬ 
tained  in  actual  simulations  (this  is  in  contrast  to  results  for  the  ideal  model 
which  do  apply  to  actual  simulation).  To  determine  how  well  a  linear  model 
actually  performs,  a  large-eddy  simulation  was  run  with  an  optimal  linear 
model.  The  three-dimensional  energy  spectrum  E(k)  and  the  third  order 
structure  function  are  shown  for  the  LES  and  DNS  in  figure  3.  It  is  clear 
that  the  linear  LES  recovers  the  energy  spectrum  well.  In  figure  3(b),  note 
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Figure  3.  The  (a)  3-D  energy  spectrum  ai 

DNS  ( - ),  optimal  linear  LES  ( - 

(b)  the  straight  line  indicates  a  slope  of  1 


r/f? 


d  (b)  third-order  structure  function  for  filtered 

■)  and  in  (b)  the  unfiltered  DNS  ( - ).  In 

which  is  the  inertial  range  result. 


that  the  filtered  DNS  and  unfiltered  DNS  structure  functions  are  different 
because  the  sharp  Fourier  cutoff  filter  has  nonlocal  effects  in  physical  space. 
It  is  also  remarkable  that  the  linear  LES  recovers  the  correct  third-order 
structure  function;  this  property  is  not  even  expected  a  priori. 

4.  Wall-Bounded  Turbulence 

The  isotropic  turbulence  results  discussed  in  §3  are  not  directly  applica¬ 
ble  to  an  inhomogeneous  flow.  A  variety  of  complications  arise  when  the 
turbulence  is  inhomogeneous  and  anisotropic.  Among  these  are:  the  need 
for  an  inhomogeneous  filter,  and  the  resulting  “commutation  error;”  the 
inability  to  use  the  simplifications  of  Fourier  analysis;  and  a  possible  lack 
of  small-scale  homogeneity  or  isotropy,  which  impacts  the  very  nature  of 
the  sub-grid  term.  These  issues  all  occur  in  wall-bounded  turbulence,  and 
LES  modeling  of  near-wall  turbulence  is  the  major  problem  that  needs  to 
be  addressed  in  LES  modeling.  For  these  reasons,  we  chose  the  turbulent 
channel  flow  in  which  to  apply  the  ideas  presented  in  §2. 

4.1.  INHOMOGENEOUS  FILTERING 

When  an  inhomogeneous  filter  is  used,  the  model  term  m*  in  (2)  includes 
corrections  for  the  fact  that  filtering  and  differentiation  do  not  commute. 
The  magnitude  of  this  commutation  term  is  of  some  importance,  since 
current  modeling  approaches  do  not  account  for  it,  and  it  could  significantly 
increase  the  magnitude  of  the  sub-grid  term  to  be  modeled.  We  chose  to 
study  a  Chebychev  cut-off  filter,  which  is  natural  in  the  context  of  the  DNS 
data  of  (Moser  et  al.,  1999)  used  in  the  study.  The  truncation  is  performed 
in  such  a  way  as  to  preserve  continuity  and  the  boundary  conditions. 


(<iMi’>/(i#r» 
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Figure  4 •  Results  of  analysis  of  the  turbulent  channel  near  the  wall  (y  coordinate  is 
in  wall-units,  where  the  center  of  the  channel  is  at  y+  =  590).  (a)  The  magnitude  of 
the  sub-grid  term  normalized  by  the  magnitude  the  the  filtered  time-derivative  and  (b) 
the  magnitude  of  the  relative  error  in  estimating  the  sub-grid  term,  with  no  wall-normal 
filter  ( - )  and  Chebychev  filter  ( - -).  The  event  data  are  described  in  §4.2. 


The  filter  was  applied  to  the  Rer  =  590  channel  flow  DNS  data  of  (Moser 
et  al.,  1999).  The  data  was  filtered  in  the  horizontal  spatial  directions  (x  and 
z)  using  a  Fourier  cut-off  filter,  with  cut-off  wavenumbers  of  16  and  32  in 
x  and  z  respectively,  which  reduces  the  “grid  size”  in  both  directions  to  32 
from  the  value  of  384  in  the  DNS  data.  In  one  case,  no  wall-normal  filtering 
was  applied.  In  the  other  case,  the  Chebychev  filter  was  applied,  truncating 
the  system  from  257  modes  in  the  DNS  to  33  modes  for  the  LES.  With  this 
filter,  the  rms  magnitude  of  the  real  sub-grid  term  M{  was  computed,  and 
is  plotted  normalized  by  the  true  du/dt  in  figure  4(a).  Whether  or  not  the 
wall-normal  filter  is  used,  the  relative  size  of  the  model  term  is  the  same, 
except  for  the  narrow  peak  one  “grid  point”  from  the  wall.  This  peak  may 
be  a  consequence  of  the  method  by  which  the  boundary  conditions  are 
enforced.  The  fact  that  the  relative  magnitudes  are  nearly  identical  with 
or  without  wall-normal  filtering  suggests  that  the  commutation  error  is  not 
particularly  important. 

Away  from  the  wall  the  model  term  is  only  20%  of  du/dt,  but  it  increases 
to  about  75%  near  the  wall  (not  including  the  peak  at  the  wall).  Thus, 
unlike  in  isotropic  turbulence,  near  the  wall,  the  Navier-Stokes  terms  in  (2) 
do  not  represent  most  of  the  large-scale  dynamics.  This  is  unfortunate  since 
we  then  do  not  have  the  benefit  of  modeling  a  relatively  small  term.  This 
is  of  concern  given  the  large  relative  errors  in  the  estimates. 

4.2.  CHANNEL  ESTIMATION  ERRORS 

Estimates  were  performed  using  a  wide  variety  of  event  data.  The  terms 
included  many  of  those  used  in  the  46-term  model  in  §3.  However,  in  the 
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channel  flow,  we  are  not  able  to  obtain  as  good  a  statistical  sample  of  the 
estimation  quantities  as  we  were  in  isotropic  turbulence.  The  reason  is  that 
there  are  only  two  homogeneous  directions  to  average  over,  and  we  cannot 
take  advantage  of  isotropy  to  do  shell  averaging.  The  consequence  is  that 
we  cannot  support  nearly  as  many  estimation  events  before  we  run  into 
statistical  sample  problems. 

It  was  found  that  the  model  term  at  any  y  location  could  be  best  es¬ 
timated  using  the  velocity  and  its  derivatives,  and  the  divergence  of  the 
quadratic  products  of  the  velocity  evaluated  at  the  estimation  point.  Esti¬ 
mates  based  on  events  at  different  points  (in  y )  near  the  estimation  point 
were  also  evaluated  and  found  to  not  be  significantly  better  than  this  lo¬ 
cal  estimate.  Note  that  the  estimates  were  done  in  Fourier  space  in  x  and 
z  (as  for  the  isotropic  case),  so  the  estimate  is  essentially  global  in  those 
directions. 

The  estimation  error,  normalized  by  the  magnitude  of  the  sub-grid  term, 
is  shown  as  a  function  of  y  in  figure  4(b).  The  relative  errors  are  between 
90%  and  95%  through  most  of  the  channel,  consistent  with  the  large  er¬ 
rors  found  for  isotropic  turbulence,  the  errors  are  significantly  lower  very 
near  the  wall.  This  suggests  that  there  is  more  being  estimated  than  just 
the  isotropic  dissipation  we  were  able  to  model  for  isotropic  turbulence. 
Though  the  relative  errors  are  smaller  near  the  wall,  this  is  not  enough 
to  compensate  for  the  larger  magnitude  of  the  sub-grid  term  in  this  re¬ 
gion.  Thus,  in  balance,  the  percentage  error  in  du/dt  will  be  larger  near 
the  wall.  This  is  troublesome  since  it  implies  that  the  short-time  large-scale 
dynamics  will  be  poorly  represented  near  the  wall.  Though,  if  our  estimates 
are  good  approximations  of  the  ideal  model  (1),  this  will  not  impact  the 
accuracy  of  the  statistics.  The  nature  of  the  estimates  is  currently  being 
analyzed  to  obtain  computable  models  for  near-wall  turbulence,  which  can 
be  implemented  and  evaluated  in  an  actual  LES. 


5.  Developing  Practical  LES  Models 

There  are  clearly  several  obstacles  to  the  direct  application  of  the  above 
modeling  techniques  to  practical  LES  simulations.  These  obstacles  and  our 
strategy  for  overcoming  them  are  described  briefly  below. 

The  Fourier  and  other  cut-off  filters  used  here  are  not  broadly  applica¬ 
ble.  Instead,  it  is  more  common  to  use  a  finite  volume  filter.  The  definition 
of  a  finite-volume  filter  (often  called  a  top-hat  filter)  is  rather  straight  for¬ 
ward.  One  defines  an  array  of  discrete  volumes  covering  the  domain  and 
defines  a  filtered  quantity  Uj  to  be  the  average  of  the  quantity  over  each 


10 


R.  D.  MOSER  ET  AL. 


volume,  thus: 


where  Vj  is  the  jth  volume.  Note  that  unlike  the  Fourier  cut-off  filter,  the 
result  of  applying  the  filter  operator  in  this  case  is  a  set  of  discrete  volume 
averages,  rather  than  a  continuous  function.  As  a  consequence,  without 
making  further  approximations,  we  cannot  define  the  spatial  derivative  of 
the  filtered  function.  Thus  defining  the  Navier-Stokes  terms  as  in  the  anal¬ 
ysis  discussed  in  §2  is  problematic.  Even  defining  the  divergence  of  the 
filtered  velocity  is  a  problem. 

However,  the  ideal  LES  evolution  (1)  is  still  valid  in  this  case.  In  fact, 
we  need  not  even  include  the  Navier-Stokes  terms.  Instead,  using  stochastic 
estimation,  the  time  derivative  of  the  filtered  velocity  (volume  averages)  can 
be  estimated  directly  based  on  knowledge  of  the  the  current  filtered  velocity. 
If  the  estimate  is  based  on  sufficiently  general  quadratic  event  data,  it 
will  subsume  all  sensible  finite  volume  approximations  of  the  Navier-Stokes 
equations,  making  the  inclusion  of  explicit  Navier-Stokes  terms  unnecessary. 
Indeed,  it  may  be  possible  to  interpret  such  an  estimate  as  a  finite  volume 
flux  approximation. 

The  main  ingredient  of  the  estimation  models  discussed  here  is  exten¬ 
sive  two-point  cross-correlation  data.  This  poses  two  problems:  1)  how  to 
obtain  sufficient  data  and  2)  how  to  deal  with  flows  for  which  no  data  is 
available.  The  three-dimensional  multi-point  cross-correlation  data  needed 
for  the  estimation  models  is  currently  only  available  from  direct  numerical 
simulation  (DNS).  However,  DNS  is  restricted  to  low  Reynolds  numbers, 
while  the  problems  of  most  interest  for  LES  are  at  very  large  Reynolds  num¬ 
ber.  To  extrapolate  the  low-Reynolds  number  correlations  obtained  from 
DNS  to  higher  Reynolds  numbers,  two-dimensional  field  measurements, 
such  as  those  available  via  PIV,  are  needed.  A  strategy  for  using  such  two- 
dimensional  data  in  this  context  is  discussed  in  (Moser  and  Adrian,  1998) . 

Of  course,  an  LES  model  would  not  be  very  useful  if  it  can  only  be 
used  in  flows  for  which  extensive  DNS  and  experimental  data  are  available. 
Thus,  it  is  of  great  importance  to  be  able  to  apply  available  data  to  other 
flows.  The  attractive  feature  of  LES  for  turbulence  prediction  has  always 
been  that  only  the  small-scales  need  be  modeled,  and  the  small  scales  are 
not  nearly  as  sensitive  to  the  details  of  the  flow  as  the  turbulence  as  a 
whole.  There  is  thus  good  reason  to  expect  that  DNS  and  experimental 
data  from  a  relatively  small  number  of  model  flows  will  be  sufficient  to 
produce  sub-grid  models  for  a  large  class  of  flows.  It  is  anticipated  that 
data  from  isotropic  turbulence,  wall-bounded  flows,  separated  flows  and 
flows  with  embedded  small-scale  laminar  features  (e.g.  cylinder  in  cross- 
flow)  will  be  needed.  Isotropic  turbulence  and  channel  flow  were  chosen  for 
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the  studies  discussed  in  §3  and  §4  to  fulfill  these  requirements,  and  studies 
on  cylinder  in  cross  flow,  and  forward  facing  and  backward  facing  steps  are 
planned  for  the  same  reason. 

6.  How  Good  Can  an  LES  Be? 

So  how  good  can  an  LES  be?  If  one  is  interested  in  single-time  statistics, 
in  principle  it  can  be  perfect,  since  there  is  an  ideal  sub-grid  model  (the 
conditional  average,  (1))  that  guarantees  accurate  single-time  statistics. 
Following  is  a  brief  list  of  what  we  have  learned  about  this  ideal  model: 

1.  The  ideal  model  minimizes  error  in  the  sub-grid  term,  but  this  error 
appears  not  to  be  small.  If  true,  this  would  explain  the  common  ob¬ 
servation  that  a  sub-grid  model  may  perform  very  poorly  in  a  priori 
tests,  while  performing  well  when  implemented  in  an  LES. 

2.  In  isotropic  turbulence,  the  sub-grid  terms  are  small,  so  the  large  error 
discussed  above  is  not  of  great  concern.  But,  this  is  not  true  near  the 
wall  in  the  channel  flow. 

3.  The  ideal  model  cannot  be  directly  computed,  but  in  isotropic  tur¬ 
bulence  with  a  Fourier  cut-off  filter,  even  a  simple  linear  estimate  of 
the  ideal  yields  a  remarkably  good  LES.  Indeed,  in  this  case,  the  only 
non-stochastic  effect  of  the  sub-grid  turbulence  that  we  could  identify 
was  the  dissipative  energy  transfer  represented  by  the  linear  estimate. 

4.  In  the  channel  flow,  there  is  apparently  more  than  just  dissipation  that 
can  be  modeled  near  the  wall. 

The  existence  of  the  ideal  sub-grid  model,  and  its  important  properties, 
completely  changes  the  sub-grid  modeling  endeavor.  There  is  now  a  clearly 
defined  goal  for  sub-grid  models  (i.e.  the  ideal  model).  In  addition,  there 
is  a  systematic  technique  (stochastic  estimation)  for  constructing  models 
that  approach  the  goal.  Thus,  in  principle,  LES  models  can  be  very  good 
indeed,  and  it  is  “just”  a  matter  of  time  and  effort  to  make  them  so. 


The  research  reported  here  was  jointly  supported  by  the  National  Sci¬ 
ence  Foundation  and  the  Air  Force  Office  of  Scientific  Research  under  NSF 
grant  CTS-9616219,  by  NASA  under  grant  NGT  2-52229  and  by  DOE  uder 
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1.  Introduction 

Numerical  simulation  of  flames  is  a  rapidly  growing  field  bringing  important 
improvements  to  our  understanding  of  combustion.  Even  though  Compu¬ 
tational  Fluid  Dynamics  (CFD)  is  widely  applied  to  flames,  it  is  not  yet 
intensively  used  as  an  optimization  tool  for  practical  combustion  systems. 
Some  trends  are  interestingly  predicted  by  CFD,  but  detailed  simulations 
of  a  real  combustion  chamber  are  far  from  being  routine.  This  is  due  to 
the  complexity  of  combustion  problems,  involving  strong  coupling  between 
chemistry,  transport  phenomena  and  fluid  dynamics  (Bray,  1996). 

There  are  many  practical  issues  that  cannot  be  addressed  carefully  us¬ 
ing  available  numerical  combustion  codes.  For  example,  the  description 
and  control  of  unsteady  combustion  are  crucial  in  the  development  of  high- 
efficiency  gas  turbines,  and  existing  CFD  techniques  are  mostly  based  on 
Reynolds  Averaged  Navier  Stokes  (RANS)  models  (Jones,  1994).  These 
models  have  difficulties  to  deal  with  strong  unsteady  flows,  combustion  in¬ 
stabilities,  flame  blow-off  or  flashback.  Large  Eddy  Simulation  (LES)  can 
help  to  progress  in  this  direction,  since  unsteady  large  scale  mixing  (be¬ 
tween  fresh  and  burnt  gases  in  premixed  flames  or  between  fuel  and  oxidizer 
in  non- premixed  burners)  is  directly  simulated,  instead  of  being  averaged 
with  small  scales  effects.  Nevertheless,  as  in  RANS,  the  complex  coupling 
between  micro-mixing  and  chemical  reactions  occurring  at  unresolved  scales 
needs  models.  These  models  rely  on  assumptions  for  both  chemistry  and 
transport,  assumptions  which  have  to  be  carefully  formulated  according  to 
the  fundamental  properties  of  turbulent  flames. 
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Direct  Numerical  Simulation  (DNS)  appears  as  an  interesting  research 
instrument  to  develop  these  sub-models,  via  the  creation  of  synthetic  lami¬ 
nar  or  turbulent  flames.  In  DNS,  all  the  scales  (length  and  time)  are  calcu¬ 
lated  without  resorting  to  closure  models.  These  simulations  were  originally 
devoted  to  the  study  of  non-reactive  flows  (Moin  and  Mahesh,  1998),  but 
during  the  last  10  years,  DNS  techniques  have  found  important  applica¬ 
tions  in  combustion  (Jou  and  Riley,  1989;  Givi.  1989;  Poinsot  et  al.,  1996; 
Vervisch  and  Poinsot,  1998). 

Almost  all  practical  systems  operate  with  fuel  and  oxidizer  not  perfectly 
premixed  before  entering  the  combustion  chamber.  Moreover,  even  in  pre¬ 
mixed  systems,  partial  premixing  is  sometimes  desirable  to  control  pollution 
(stratified  charge  engines).  In  consequence,  understanding  of  non-premixed 
turbulent  flames  is  a  central  issue  of  combustion.  In  what  follows,  we  present 
a  short  review  of  DNS  applied  to  these  flames. 

2.  DNS  of  non-premixed  turbulent  flames 
2.1.  BACKGROUND 

In  diffusion  or  non-premixed  turbulent  flames,  large  scale  motions  lead  to  a 
partial  mixing  of  the  reactants,  while  turbulent  micro-mixing  mechanisms 
are  necessary  to  bring  fuel  and  oxidizer  into  contact  in  the  reaction  zones 
where  heat  is  released.  The  properties  of  non-premixed  turbulent  burners 
thereby  depend  a  lot  on  the  aerodynamic  and  turbulent  mixing. 

According  to  results  of  analysis  of  laminar  diffusive- reactive  layers  (Linan, 
1974),  in  the  vicinity  of  the  stoichiometric  surface,  it  is  expected  to  observe 
quasi-steady  combustion  when  the  heat  transfered  by  diffusion  and  convec¬ 
tion  is  balanced  by  the  heat  released  in  the  reaction  zone.  While  finite  rate 
chemistry  effects,  or  even  local  quenching,  can  be  found  when  heat  transfer 
is  so  large  than  the  chemistry  cannot  keep  up  with  it. 

The  extent  of  mixing  between  fuel  and  oxidizer  is  measured  using  the 
mixture  fraction  Z  =  {4>{Yf/Yf,0)  -  (Vb/Fo.o)  +  1  )/(<£+  1),  where  <f>  is 
the  fuel/air  mass  stoichiometric  ratio,  Yp  and  Yo  are  the  fuel  and  oxidizer 
mass  fraction  respectively.  The  subscript  o  denotes  quantities  measured 
in  pure  streams.  Defined  in  this  manner,  Z  is  a  passive  scalar  verifying 
Z  =  0  in  pure  air  and  Z  =  1  in  the  fuel  stream  (Bilger,  1989).  The  control 
parameters  of  laminar  diffusion  flames  are:  a  diffusive  time  rx,  measured 
from  the  scalar  dissipation  rate  X  =  D  |  VZ  |2=  (rx)-1,  and,  a  chemical 
time  rc.  Both  are  retained  to  build  a  Damkohler  number  Da  =  (rcx)-1.  In 
turbulent  burners,  the  response  of  relevant  quantities  (temperature,  species 
mass  fraction)  plotted  versus  Z  allows  to  distinguish  various  situations, 
corresponding  to  strong  or  weak  flow/chemistry  interaction  (Masri  et  al., 
1988). 


DNS  OF  NON-PREMIXED  TURBULENT  FLAMES 


3 


2.2.  REGIMES  IN  NON-PREMIXED  TURBULENT  FLAMES 

Before  discussing  the  limitations  of  DNS  calculations,  one  needs  to  identify 
the  key  control  parameters  of  non-premixed  turbulent  combustion,  used  to 
discriminate  between  combustion  regimes.  The  literature  on  this  subject 
shows  that  this  is  not  an  easy  task  (Bilger,  1988;  Bray  and  Peters,  1994; 
Lee  and  Pope,  1995;  Cook  and  Riley,  1996).  The  main  difficulty  arises  from 
the  fact  that  these  flames  are  mixing  controlled,  and  do  not  have  a  fixed 
and  unique  reference  length.  Moreover,  in  opposition  to  premixed  flames, 
diffusion  flames  do  not  propagate  by  themselves,  and  there  is  no  obvious 
specific  speed  involved  in  the  problem. 


Figure  1.  Approximation  of  combustion  regimes  for  non-premixed  turbulent  flames.  Da 
is  a  Damkohler  number,  Daq  its  value  at  quenching,  Reu  is  a  Reynolds  number  based  on 
the  integral  length  scale,  t  is  the  thickness  of  the  reaction  zone,  rfk  is  the  Kolmogorov 
length  scale,  Z  is  the  mixture  fraction  and  S  denotes  the  unmixedness. 

An  attempt  to  build  a  generic  classification  is  achieved  by  introducing 
the  level  of  non-homogeneities  in  the  mixing  between  the  reactants  mea¬ 
sured  by  Z "2,  a  Reynoldsjmmber  Reu  =  (kll2lt/v),  and  a  global  Damkoh¬ 
ler  number  Da  =  ( Da* /Z "2),  with  Da*  =  (rt/rc).  Where  k  is  the  kinetic 
energy  of  the  turbulence,  lt  an  integral  length  scale,  v  the  kinematic  vis¬ 
cosity,  tc  a  characteristic  chemical  time  and  rt  an  eddy  break  up  turbulent 
mixing  time.  The  use  of  a  number  Da  inversely  proportional  to  Z"2  accounts 
directly  for  the  fact  that  a  high  level  of  fluctuations  of  mixture  fraction  can 
promote  finite  rate  chemistry,  or  even  the  extinction  of  the  reaction  zone. 
This  Da  naturally  appears  from  a  direct  analogy  with  the  laminar  flames 
where  Da  =  (rcx)-1.  Here  it  was  extended  to  turbulent  flows  using  a  linear 
relaxation  model  for  the  mean  scalar  dissipation  rate,  e.g.  x  =  (Z"2/n) 
(Dopazo,  1994). 
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The  condition  where  the  turbulence  micro-scale  is  of  the  order  of  the 
reaction  zone  thickness  delineates  situations  where  a  strong  coupling  be¬ 
tween  unsteady  micro-mixing  and  reaction  occurs.  Introducing  scaling  laws 
for  laminar  diffusive-reactive  layers  (Williams,  1971),  this  limit  can  be  ap¬ 
proximated  as:  Dac  —  (Re)(2  /  Z"2)a!2 ,  where  a  =  vp  +  vo  +  1  is  defined 
from  the  order  of  the  chemical  reaction. 

With  the  unmixedness  5  =  Z"2/[Z{  1  —  Z))  varying  between  zero  and 

unity,  various  regimes  may  be  distinguished.  For  Da  >  (. Re]l2/Z"2)a /2  > 
Daq ,  quasi-steady  laminar  diffusion-reaction  layers  (flamelets)  are  expected, 
with  connected  reaction  zones  for  5  <  1  and  separated  reaction  zones  for 
5  — ►  1.  When  Daq  <  Da  <  (Re]/2 / Z"2)a/2 ,  unsteady  effects  become  domi¬ 
nant.  For  S  <  0.5,  the  mean  reaction  zone  is  thickeneded  by  the  turbulence, 
and  if  S  -»  1  local  extinctions  can  appear  and  further  develop  if  5  — *  1. 
These  various  regimes  are  summarized  in  fig.  1.  This  classification  may  be 
seen  as  intermediate  between  the  one  using  the  parameters  Da  and  R^u 
(Libby  and  Williams,  1994)  and  those  which  have  retained  Da  and  Z”2 
(Bray  and  Peters,  1994).  To  refine  the  description,  additional  lengths  may 
be  introduced  using  thicknesses  of  profiles  in  mixture  fraction  space  (Bilger, 
1.988). 

From  this  classification  of  non-premixed  turbulent  flames  (fig.  1),  it  is 
concluded  that  three  quantities  should  be  given  to  properly  calibrate  a  DNS 
problem:  a  Reynolds  number,  the  level  of  fluctuation  of  mixture  fraction 
and  a  Damkohler  number. 


2.3.  LIMITATIONS  OF  DNS  CALCULATIONS 

In  DNS,  the  reaction  zone  and  the  Kolmogorov  micro-scale  need  to  be  cap¬ 
tured  by  the  grid.  In  the  case  of  species  with  a  Schmidt  number  of  the 
order  of  unity,  we  note  by  N  the  number  of  grid  points  in  a  direction  of 
the  problem,  and  nr  the  number  of  points  necessary  to  resolve  the  reac¬ 
tion  zone.  The  number  n/t  of  integral  length  scales  embedded  within  the 
computational  domain  is  chosen  to  quantify  the  role  played  by  large  scales. 

The  representative  mesh  size  is  given  by  Ax  =  ni,lt/N,  and  resolving 
dissipative  eddies  requires  Ax  «  77* ,  whereas  the  reaction  zone  is  captured 
when  Ax  <  lr/nr.  Using  the  relations  introduced  above  to  determine  com¬ 
bustion  regimes,  two  criteria  emerge: 


Reit  < 


(N\4/3. 

\nit) 


Ml  <  (JL) 


They  are  discussed  in  fig.  2.  Notice  that  the  Reynolds  number  is  not  the 
only  limiting  factor,  even  for  a  simple  single-step  reaction,  increasing  the 
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Mpraiutat  iv» 

conditions 

z'2  -  X(l-iT) 

*  -  0.5  and  VF  -  VQ  -  1 

3-D  calculations 

3-D  calculations 

K  m  500  nlt.*>  9  n*.  -  10 

M  -  1000  nlfc-  5  nr  «  10 

Figure  2.  Limitations  of  DNS  calculations  in  a  Da  —  Reit  diagram.  N  is  the  number 
of  grid  points  in  one  direction,  nit  the  number  of  integral  length  scales  It  within  the 
computational  domain,  and  nr  the  number  of  points  required  to  resolve  the  thickness 
of  the  reaction  zone  /r.  Ax  denotes  the  mesh  size  and  rjk  the  Kolmogorov  length.  The 
jet  flame  domain  corresponds  to  typical  laboratory  experiments.  (Vervisch  and  Poinsot 
1998.) 


Damkohler  number  implies  a  decrease  of  the  turbulence  intensity,  or,  of  the 
integral  length  scale.  However,  actual  supercomputers  allow  to  approach 
conditions  making  DNS  a  unique  instrument  for  the  study  of  turbulent 
combustion. 

2.4.  DNS  FOR  MODELING 

The  necessity  to  deal  with  the  non-linear  character  of  chemistry  has  pro¬ 
moted  the  emergence  of  tools  suited  for  the  description  of  turbulent  flames 
with  CFD  (probability  density  function,  flame  surface,  conditional  mo¬ 
ments).  These  tools  have  to  provide  routes  for  estimating  rates  of  pro¬ 
duction,  or  consumption,  of  chemical  species.  Either  time  (RANS)  or  space 
(LES)  filtered  values  are  needed.  The  methods  are  based  on  various  analy¬ 
sis: 

-  In  the  geometrical  analysis  of  flames,  one  focusses  on  the  behavior  of 
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iso- value  surfaces  (iso-Z).  Then  DNS  can  be  probed  to  collect  informa¬ 
tion  on  turbulent  mixing  (Kollmann  and  Chen,  1994)  and  to  develop 
models  based  on  the  concept  of  flame  surface  (Van-Kalmthout  and 
Veynante,  1998). 

—  In  the  flame  normal  analysis,  one  studies  quantities  along  the  normal 
to  the  flame  surface  ( Z  —  Zs% ).  When  compared  to  one-dimensional 
profiles  of  stagnation  point  flame,  DNS  data  are  useful  to  evaluate  and 
improve  flamelets  models  (Peters,  1986).  Unsteadiness  (Mell  et  al., 
1994;  Cuenot  and  Poinsot,  1994;  Mahalingam  et  ah,  1995)  or  effects 
of  strong  finite  rate  chemistry  and  local  quenching  can  be  investigated 
(Delhaye  et  ah,  1994;  Chang  et  ah,  1991). 

—  The  edge-flame  analysis,  further  discussed  thereafter  (§2.5),  is  useful 
to  collect  information  on  the  behavior  of  the  edges  of  reaction  zones,  in 
order  to  understand  stabilization  or  quenching  (Ruetsch  et  ah,  1995; 
Domingo  and  Vervisch,  1996;  Echekki  and  Chen,  1998;  Favier  and 
Vervisch,  1998). 

—  A  generic  statistical  view  of  the  flow  is  obtained  when  using  a  one- 
point  analysis.  Probability  density  function  of  any  quantity  can  be 
extracted  from  DNS  (Overholt  and  Pope,  1996;  Lee  and  Pope,  1995) 
along  with  conditional  moments  (Mell  et  ah,  1993;  Swaminathan  and 
Bilger,  1999). 

All  these  modeling  approaches  are  linked  via  the  scalar  dissipation  rate 
X,  which  is  a  quantity  of  fundamental  interest  in  any  turbulent  flames.  DNS 
has  shown  that  for  reproducing  the  mean  burning  rate,  not  only  the  mean 
value  of  x  is  important,  but  also  the  Lagrangian  time  history  of  micro¬ 
mixing  (x(U^))-  In  other  words,  the  conditional  value  of  x  at  the  stoichio¬ 
metric  surface  and  the  time  during  which  this  value  is  applied  to  the  flame 
can  be  more  relevant  than  the  mean  by  itself  (Mastorakos  et  ah,  1996; 
Domingo  and  Vervisch,  1996;  Im  et  ah,  1999).  This  last  observation  leads 
us  to  think  of  LES,  where  the  feeding  of  the  reaction  zones  by  large  scale 
motions  is  fully  resolved,  as  a  good  candidate  for  improving  the  compu¬ 
tations  of  non-premixed  turbulent  flames  (Pierce  and  Moin,  1999).  Along 
these  lines,  DNS  was  utilized  to  calibrate  many  sub-grid  combustion  models 
(McMurtry  et  ah,  1993;  Cook  and  Riley,  1994;  Reveillon  and  Vervisch,  1996; 
Reveillon  and  Vervisch,  1998b;  Cook  and  Bushe,  1999). 

2.5.  EDGE-FLAME  AND  TRIPLE-FLAME 

Peculiar  structures  bordering  the  reaction  zones  were  observed  in  DNS 
of  non-premixed  combustion,  they  are  connected  to  the  appearance  of  a 
partially  premixed  combustion  regime.  Depending  on  the  value  of  the  scalar 
dissipation  rate  x  at  the  edge  of  the  reaction  zone,  it  was  found  that  the 
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flame  adjoining  the  extinguished  region  of  the  stoichiometric  surface  can 
take  on  two  general  forms:  (a)  For  moderate  values  of  one  observes  a 
partially  premixed  front  with  a  stoichiometric  kernel  evolving  into  a  rich 
flame  in  the  direction  of  the  fuel  stream,  while  a  lean  flame  develops  on 
the  air  side  (fig.  3  (a)).  This  structure  is  a  triple-flame  and  it  is  the  subject 
of  multiple  studies  (Hartley  and  Dold,  1991;  Ghosal  and  Vervisch,  1998); 
(b)  high  values  of  x  are  followed  by  large  heat  transfer  at  the  edge  of  the 
reaction  zone,  and  when  the  thickness  of  the  diffusive  layer  is  small  enough, 
the  partially  premixed  front  cannot  be  observed  (3  (b)). 


(b)  Edg*- flaw  resulting  £ro» 
quenching  (x  is  large) 

Fuel 


Oxidizer 


Figure  3.  Two  generic  types  of  diffusion  flame  extremities:  (a)  For  moderate  values 
of  the  scalar  dissipation  rate  a  triple  flame  may  develop  and  propagates  along  the 
stoichiometric  line;  (b)  After  quenching  of  a  diffusion  flame,  heat  fluxes  are  larger  than 
heat  release  at  the  edge  of  the  reaction  zone  and  an  extinction  front  can  develop.  Xq 
denotes  the  quenching  value  of  the  scalar  dissipation  rate. 


DNS  of  flame/vortex  interaction  was  retained  to  seek  out  conditions 
where  an  edge-flame  submitted  to  unsteady  fuel/air  mixing  would  propa¬ 
gate  combustion  along  a  stoichiometric  line,  or  promote  the  development 
of  a  quenching  front  (Favier  and  Vervisch,  1998).  This  point  is  relevant  for 
developing  sub-grid  LES  models  able  to  handle  flame  stabilization  mecha¬ 
nisms.  For  instance  in  a  lifted  turbulent  flame,  the  stoichiometric  surface 
is  highly  stretched  (Muniz  and  Mungal,  1997)  and  the  quenching  of  the 
trailing  diffusion  flames  attached  to  the  flame  base  will  continuously  gen¬ 
erates  new  reaction  zone  edges,  which  are  new  candidates  for  contributing 
to  ignition  and  stabilization. 

From  DNS  it  was  found  that  a  triple-flame  like  structure  can  take  benefit 
from  vorticity  and  unsteady  mixing  to  progress  in  an  environment  where 
a  diffusion  flame  would  be  quenched,  with  an  absolute  velocity  greater 
than  its  corresponding  laminar  burning  velocity.  Depending  on  positions 
in  a  diagram  constructed  from  propagation  and  micro-mixing  properties 
(fig.  4),  the  edge-flame  exhibits  two  different  behaviors:  (1)  It  progresses 
within  the  flow  along  the  stoichiometric  line,  then  combustion  is  sustained 
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Rx 


Figure  4 *  Diagram  delineating  various  edge-flame  behaviors  in  flame/vortex  interaction. 
Rx  is  the  ratio  between  the  scalar  dissipation  rate  of  the  edge-flame  and  the  scalar  dis¬ 
sipation  rate  imposed  by  the  pair  of  vortices.  Rs  is  the  ratio  between  the  characteristic 
vortex  speed  and  the  displacement  speed  of  the  edge-flame.  Rev  is  the  Reynolds  num¬ 
ber  of  the  vortex,  Re/i  is  the  Reynolds  number  of  the  flame.  RsRx  =  (Rev/Refi)  and 
Da  —  ( Rx/Rs )  is  a  Damkohler  number.  Square:  the  edge-flame  moves  upstream  con¬ 
tributing  to  the  stabilization.  Star:  upstream  movement  with  quenching  of  the  trailing 
diffusion  flame.  Circle:  the  edge-flame  moves  downstream  (blowout)  (Favier  and  Vervisch 
1998). 


within  a  stabilization  zone;  (2)  The  edge  of  the  reaction  zone  is  pushed 
away  downstream  and  blowout  occurs. 

When  submitting  the  extremity  of  a  planar  diffusion  flame  to  three- 
dimensional  freely  decaying  turbulence  (Vervisch  and  Trouve,  1998),  all 
these  pictures  are  observed  depending  on  the  turbulence  and  flame  prop¬ 
erties  (fig.  5).  The  modeling  of  these  complex  behaviors  and  of  their  global 
impact  on  flame  stabilization  is  still  a  great  challenge  for  RANS  or  LES  of 
combustion  chambers. 


3.  Conclusion 

Results  from  Direct  Numerical  Simulation  have  been  widely  utilized  to 
understand  and  to  model  non-premixed  turbulent  combustion.  Great  chal¬ 
lenges  still  exist  in  the  modeling  of  these  flames,  like  for  instance  accounting 
for  spray  and  pollutants  emission.  Recent  works  have  been  done  along  these 
lines  using  DNS  (Reveillon  and  Vervisch,  1998a;  Haworth  et  al.,  1998),  con¬ 
firming  that  DNS  is  a  precious  research  tool  in  c  <  ;tinuous  development. 


DNS  OF  NON-PREMIXED  TURBULENT  FLAMES 


9 


Figure  5.  Isoline  of  reaction  rate  in  the  vicinity  of  a  stabilization  zone  of  a  non-premixed 
turbulent  flame.  Various  snapshots  taken  in  different  planes  of  a  3-D  calculations  are 
presented,  (a):  Laminar  triple-flame,  (b)-(d):  DNS  where  the  characteristics  of  the  tur¬ 
bulence  lead  to  a  flame  featuring  a  structure  close  to  a  triple-flame,  (e)-(i):  For  higher 
turbulence  intensity,  local  extinctions  are  found  and  the  topology  of  the  reaction  zone  is 
more  complex  (Vervisch  and  Trouve,  1998). 
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Abstract. 

Direct  numerical  simulations  (DNS)  of  turbulent  plane  channel  flow  at 
the  wall  friction  Reynolds  numbers  ReT  =  180  and  ReT  =  360  have  been 
performed,  both  with  and  without  system  rotation.  From  these  simulations 
subgrid  scale  (SGS)  quantities  are  evaluated  and  compared  with  SGS  model 
predictions  in  a  priori  tests.  Although  the  mean  behaviour  of  the  SGS  dis¬ 
sipation  is  captured  relatively  well  by  the  Smagorinsky  model,  the  variation 
of  the  modelled  SGS  dissipation  is  too  slow  and  too  small  in  space.  These 
drawbacks  are  reduced  by  the  introduction  of  a  stochastic  SGS  model  pa¬ 
rameter,  which  increases  the  variance  and  reduces  the  length  scale  of  the 
model.  The  performance  of  the  stochastic  model  is  also  investigated  in  a 
large  eddy  simulation  (LES)  at  ReT  =  360,  and  the  results  are  compared 
with  the  predictions  of  the  DNS. 


1.  Introduction 

In  turbulent  flows  there  is  a  large  range  of  scales.  The  size  of  the  smallest 
scales  is  determined  by  the  dissipation  rate  of  turbulence  kinetic  energy, 
whereas  the  size  of  the  largest  scales  is  typically  determined  by  the  ge¬ 
ometry.  In  order  to  reduce  the  computational  effort,  while  still  retaining  a 
major  part  of  the  turbulence  dynamics,  the  smallest  scales  are  modelled  in 
LES.  The  effect  of  the  small  scales  on  the  resolved  scales  enters  through 
the  SGS  stress  tensor 


T{j  —  U{Uj  U{Uj, 


(i) 
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Standard  models  for  Txj  are  expressed  in  terms  of  the  resolved  velocity  field 
(e.g.  the  Smagorinsky  model[12],  the  mixed  model[2],  the  spectral  model[5] 
and  the  velocity  estimation  model[6]).  This  naturally  gives  a  length  scale 
of  the  model  which  is  characteristic  for  the  filtered  field. 

The  performance  of  a  model  can  be  measured  by  doing  a  priori  tests, 
where  subgrid-scale  quantities  are  computed  from  a  DNS  velocity  field. 
This  allows  for  evaluation  of  the  model  prediction  of  any  quantity  you 
chose.  The  most  important  quantity  to  capture  in  the  modeling  of  rtJ  is  the 
SGS  dissipation 


esgs  —  Tpqspq-  (2) 

Hence,  by  SGS  dissipation  we  mean  the  dissipation  of  resolved  turbulence 
kinetic  energy  by  the  subgrid-scales.  The  primarily  aim  is  to  get  a  correct 
mean  behaviour  ( esgs )  with  the  model.  Since  the  SGS  stress  tensor  fluctu¬ 
ate  in  time  and  space  it  is  also  desirable  to  capture  that  behaviour.  The 
strongest  requirement  is  that  the  model  should  have  a  large  correlation  with 
the  actual  stresses.  However,  a  priori  tests  have  shown  that  this  correla¬ 
tion  usually  is  rather  low.  It  should  be  pointed  out  that  there  is  an  infinite 
number  of  different  velocity  fields  itj  that  yields  the  same  filtered  field  Hi, 
and  it  is  impossible  to  determine  uniquely  through  ux.  The  somewhat 
stochastic  nature  of  the  SGS  stresses  was  discussed  by  Schumann[ll],  who 
stressed  the  importance  to  incorporate  backscatter  and  to  have  a  random 
behaviour  of  the  model.  Here  we  require  that  the  statistical  properties  of 
the  spatial  and  temporal  fluctuations,  i.e  the  variance,  the  length  scales 
and  the  time  scale,  should  be  captured  correctly  by  the  model. 

Although  a  priori  tests  give  a  good  indication  of  the  performance  of  a 
model,  it  is  also  necessary  to  perform  actual  simulations  with  the  model 
in  order  to  know  how  it  performs  in  a  real  situation,  where  the  interaction 
with  the  resolved  flow  dynamics  is  present. 

2.  Stochastic  differential  equations 

Most  stochastic  processes  can  be  generated  through  a  standard  stochastic 
differential  equation  (SDE)  on  the  form 

d  X(t)  =  p{t)dt  +  (r(t)dW{t),  (3) 

where  W  is  a  wiener  process,  and  p  and  a  are  two  stochastic  processes 
adapted  to  the  sigma  algebra  generated  by  {Ws}a<t.  Consider  statistically 
stationary  processes  with  the  expectation  value  E [X (t)]  =  0.  Such  a  process 
is  obtained  with  e.g.  the  choice  p(t)  =  — aX(t )  and  a{t)  =  b,  where  a  and 
b  are  constants.  This  gives  the  simple  SDE 

d*(f)  =  -aX(t)dt  +  bdW(t). 


(4) 
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Figure  1.  (a)  Two  realizations  of  the  stochastic  process  X(t)  with  the  variance 

Vx  =  1/3.  Solid  line:  a  =  6,  dashed  line:  a  =  1.5.  (b)  The  time  realizations  of 
(th  —  (rn))/max(rn  —  (rn))  (solid  line)  and  (tiiui  —  (uiwi))/max(uitti  —  (iiiui))  (dashed 
line)  in  the  center  of  the  plane  channel  flow  at  Rer  =  180. 

It  follows  that  the  expectation  value  for  the  asymptotic  state  of  the  resulting 
stochastic  process  X  (t)  is  zero,  and  that  the  variance  Var [X  (t)]  approaches 
b2 /2a  =  Vx,  independent  of  the  initial  value. 

If  the  integral  //"+1  AT(s)ds  is  approximated  with  X(tn)Atn  =  XnA tn 
we  get  the  discretized  SDE 

Xn+i  =  Xn(l  -  aAtn)  +  bAWn,  (5) 

where  AWn  has  the  normal  distribution  N( 0,  y/Atn).  If  the  process  AWn 
is  approximated  with  a  uniformly  distributed  variable  Y,  then  the  require¬ 
ment  on  the  variance  gives  the  density  function  to  fiy  (y)  =  I[-kw  (y) /2kw, 
where  I  is  the  indicator  function  and  kw  =  \/3Atn. 

For  a  given  desired  variance  the  term  b  can  be  determined  from  b2  = 
2a Vx-  The  time  scale  tx  of  the  process  is  determined  by  the  decay  rate  of 
the  correlation  E[X(t)X(t  —  t)\/Vx  =  exp  (—or).  It  follows  that  tx  =  1/a 
increases  with  decreasing  values  of  a.  In  figure  la  two  time  realizations  of 
solutions  to  the  discrete  SDE  (5),  with  two  different  choices  of  o,  illustrates 
this  fact. 

3.  Stochastic  modeling 

The  area  of  stochastic  modeling  in  LES  have  been  treated  by  several  authors 
(e.g.  Chasnov[4],  Leith[7],  Mason  &  Thomson[9]  and  Schumann[ll]).  The 
main  concern  of  the  previous  work  has  been  to  obtain  correct  backscatter 
with  the  model.  The  main  aim  of  the  present  work  is  to  see  how  we  can 
reduce  the  length  scale  and  increase  the  variance  of  the  SGS  stress  model 
by  the  inclusion  of  a  stochastic  term. 
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When  the  large  scale  energy  input  is  modelled  through  a  random  volume 
force  it  is  advantageous  to  have  the  time  scale  of  the  forcing  much  smaller 
than  any  turbulence  time  scale  (Alveliusfl]).  This  makes  the  force  neutral 
in  the  sense  that  it  does  not  correlate  with  any  of  the  turbulence  scales, 
and  the  energy  (net)  input  is  determined  by  the  force-force  correlation.  This 
approach  was  adopted  by  e.g.  Leith[7]  in  stochastic  modeling  of  the  SGS 
stresses.  However,  as  is  seen  in  figure  lb  the  SGS  stresses,  which  behaviour 
we  try  to  mimic,  have  a  time  scale  comparable  to  the  resolved  stresses,  and 
the  main  effect  from  the  stochastic  model  should  enter  through  correlations 
with  the  resolved  turbulent  field.  The  need  of  finite  temporal  correlation 
was  pointed  out  by  Bertoglio[3]  and  Schumann[ll]. 

Mason  &  Thomson[9]  used  a  stochastic  model  formulated  as  the  curl 
of  a  random  vector  potential.  Schumann[ll]  modelled  the  fluctuating  fluxes 
through  fluctuating  velocities,  generated  randomly,  with  zero  ensemble  mean 
In  this  way  he  guaranteed  that  the  fluxes  will  be  realizable.  In  present  in¬ 
vestigation  we  use  the  Smagorinsky  model[12]  together  with  a  stochastic 
model  parameter  to  describe  the  SGS  stress  tensor 

Tij  ~  ~^Tkk^ij  ~  (6) 

vt  =  (Cs +CjX(x,t))A2(2spgspq)1/2,  (7) 

where  stj  =  (uij+Uj^) /2,  A  is  the  filter  width, Cs  is  the  standard  Smagorin¬ 
sky  constant,  X  is  a  stochastic  process  and  Cj  is  an  amplitude  constant. 
The  stochastic  process  X  is  determined  through  the  SDE  (5),  indepen¬ 
dently  at  each  x.  When  X  <  —C2/C2  the  eddy  viscosity  is  locally  negative 
and  we  have  backscatter  (negative  esgs).  Negative  viscosity  generally  gives 
numerical  problems  and  has  to  be  treated  carefully  in  LES.  In  particular 
a  large  value  of  Cf  compared  to  Cj  increases  the  occurrences  of  negative 
dissipation  and  a  large  time  scale  of  X  increases  the  duration  of  a  locally 
negative  dissipation,  both  giving  larger  stability  problems.  The  SDE  (5) 
should  be  solved  in  an  Lagrangian  frame  of  reference,  moving  with  each 
fluid  particle.  The  error  of  neglecting  the  convective  effects  increases  when 
the  time  scale  of  X  is  increased,  and  particularly  becomes  large  in  the  center 
of  the  channel  where  the  mean  velocity  magnitude  is  large. 

Two  approaches  to  determine  the  term  C2A2  are  used,  the  method 
of  damping  the  constants  in  the  vicinity  of  walls  (Tafti  and  Vanka[13]) 
and  the  method  of  determining  the  constant  locally  from  the  flow  in  the 
dynamic  approach  (Lilly[8]),  with  A  =  (AarAyAz)1/3.  Here  the  dynamic 
Smagorinsky  constant  is  considered  to  only  be  a  function  of  the  wall  normal 
distance. 
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4.  The  numerical  simulations 

Both  a  priori  tests  using  DNS  data,  and  real  LES  are  performed  in  order 
to  investigate  the  behaviour  of  the  SGS  model  and  its  effect  on  the  SGS 
quantities.  A  standard  pseudo  spectral  method,  with  Fourier  representa¬ 
tion  in  the  stream  wise  ( x )  and  span  wise  (z)  directions  and  Chebyshev 
representation  in  the  wall  normal  (y)  direction,  together  with  a  mixed  four 
stage  Runge-Kutta  and  a  second  order  Crank-Nicholsson  time  integration 
method,  is  used  for  the  simulations. 

The  degree  of  turbulence  in  the  channel  is  measured  by  the  wall  fric¬ 
tion  Reynolds  number  ReT  =  uTS/u,  where  uT  =  {vdU/dy\wau)1/2  is  the 
wall  friction  velocity,  and  6  is  half  the  channel  width.  The  DNS,  for  the  a 
priori  tests,  are  carried  out  with  two  different  wall  friction  Reynolds  num¬ 
bers,  ReT  =  180  and  ReT  =  360.  The  lower  Reynolds  number  simulation  is 
performed  with  a  An8  x  26  x  2nS  computational  domain  in  the  x,  y  and  z 
directions,  whereas  the  domain  size  in  the  higher  Reynolds  number  simu¬ 
lation  is  47t<5  x  28  x  A-nS/Z.  The  DNS  are  represented  on  a  192  x  129  x  160 
and  a  384  x  257  x  240  mesh  for  the  lower  and  higher  Reynolds  number 
respectively.  In  the  a  priori  test  a  sharp  spectral  cut-off  filter  is  used  in 
the  x  and  z  direction.  In  the  y  direction  there  is  no  explicit  filtering.  The 
filtered  field  is  represented  on  a  48  x  40  and  a  64  x  48  mesh  in  the  x  and 
z  directions  for  the  lower  and  higher  Reynolds  number  respectively.  This 
gives  the  filter  widths  in  wall  units  Arc"1'  =  47.1  and  Az+  =  28.3  for  the 
Rer  =  180  field  and  A:r+  =  70.7  and  A z+  =  35.3  for  the  Rer  =  360  field. 
Simulations  with  system  rotation  in  the  z  direction  is  also  caxried  out  with 
ReT  —  180  and  the  rotation  number  Ro  =  28Vt/Um  =  0.8,  where  Q  is  the 
system  angular  velocity  and  Um  is  the  mean  bulk  velocity. 

The  LES  is  carried  out  with  Rer  =  360  and  the  same  domain  and 
resolution  as  the  filtered  DNS  representation,  except  for  the  y  direction 
which  is  represented  on  97  grid  points.  This  corresponds  to  the  averaged 
grid  spacing  A y+  =  7.4. 

5.  Results 

In  the  a  priori  tests  the  time  scale  of  the  stochastic  term  is  unimportant,  and 
X  is  therefore  generated  independently  at  each  x  as  a  stochastic  variable 
with  the  variance  1/3.  In  the  LES,  however,  the  time  scale  of  the  model  is 
very  important  of  its  effect  on  the  flow,  and  the  SDE  (5)  with  V\  =  1/3 
and  a  =  37  is  used  to  generate  X. 

In  addition  to  the  mean  behaviour  also  the  variance  and  length  scale  of 
esgs  are  investigated.  The  variance  of  the  SGS  dissipation  is 

Var[e^s]  =  (e'agse'sgs)l/2 ,  (8) 


>  ’ 
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where  a  prime  denotes  the  fluctuating  part.  The  stream  wise  integral  length 
scale 


■^I^sps])  (9) 

is  defined  from  the  two-point  correlation  of  the  SGS  dissipation  in  the 
stream  wise  direction. 

5.1.  A  PRIORI  TESTS 

In  the  non-rotating  cases  the  method  of  damping  Cs  close  to  the  walls  is 
used.  The  value  of  Cs  is  chosen  so  that  a  correct  magnitude  of  the  mean 
dissipation  is  obtained  (figures  2a, 4a).  This  yields  the  values  Cs  =  0.12  at 
ReT  =  180  and  Cs  =  0.035  at  ReT  =  360.  The  dynamic  approach  is  used 
in  the  rotating  channel  flow,  where  the  method  of  damping  severely  over 
predicts  the  dissipation  on  the  stable  side  (figure3a).  For  the  non-rotating 
case  the  dynamic  approach  predicts  values  in  the  core  of  the  channel  which 
is  Cs  ~  0.16  at  ReT  =  180  and  Cs  ~  0.15  at  ReT  =  360.  Meneveau[10] 
concluded  from  a  priori  tests  of  homogeneous  turbulence  that  the  dynamic 
model  yields  the  coefficient  at  the  test-filter  level  instead  of  the  original 
filter  level.  In  the  present  simulation  there  is  only  a  small  difference  in  the 
predictions  if  that  approach  is  used.  Hence,  the  dissipation  becomes  severely 
over  predicted  with  the  dynamic  approach  at  the  highest  Reynolds  number. 
However,  close  to  the  walls  (y+  <  50)  the  dynamical  approach  yields  a  good 
prediction  of  the  SGS  dissipation  for  both  Reynolds  numbers. 

In  the  Rer  =  180  case  the  stochastic  amplitude  Cf  was  set  to  either  0 
(the  standard  Smagorinsky  model)  or  4 Cs.  The  addition  of  the  stochastic 
term  does,  as  expected,  not  change  the  mean  behaviour  of  esgs  (figure2a). 
From  figures  2b, c  it  is  seen  that  the  standard  Smagorinsky  model  under 
predicts  the  variance  of  esgs  and  gives  a  too  large  length  scale  Lx[eS5S]  com¬ 
pared  to  the  predicted  DNS  results.  It  is  also  seen  that  variance  is  increased 
and  the  length  scale  decreased,  when  the  stochastic  term  is  included,  giving 
results  close  to  the  DNS  predictions.  The  amplitude  of  the  mean  value  and 
the  variance  does,  however,  depend  directly  on  the  value  of  Cs,  while  the 
length  scale  does  only  depend  on  the  ratio  Cf/C„.  The  stochastic  model 
does  also  predict  backscatter  (figure2d)  which  is  of  the  same  order  as  the 
backscatter  given  by  the  DNS.  However,  the  values  close  to  the  walls  axe 
slightly  lower. 

In  the  rotating  case  (figure3)  the  general  trends  are  the  same  as  in  the 
non-rotating  case,  except  for  the  need  of  the  dynamic  determination  of  C% . 
The  length  scale  Z<x[es<,s]  is  too  low  close  to  the  stable  wall  for  the  stochastic 
model.  However,  since  the  mean  SGS  dissipation  as  well  as  the  backscatter 
is  zero  at  that  position,  the  miss  prediction  of  the  length  scale  has  no  effect 
on  the  flow. 


MODELLING  OF  SGS  LENGTH  SCALE  AND  VARIANCE 


7 


Figure  2.  A  priori  test  at  Rer  =  180.  Quantities  evaluated  from  the  real  SGS  stress 
tensor  (solid  lines)  and  the  modelled  SGS  stress  tensor  with  C/  =  0  (dotted  lines)  and 
Cj  —  4 C,  (dashed  lines),  (a)  The  mean  dissipation  (e,9J).  (b)  The  variance  Var[e«9a]. 
(c)  The  length  scale  Lx [e<9a]/Ax.  (d)  The  forward  scatter  and  back  scatter  of  resolved 
energy 


In  the  ReT  =  360  case  the  variance  increases  and  the  length  scale  de¬ 
creases  compared  to  the  ReT  =  180  case.  The  stochastic  amplitude  was  set 
to  Of  =  0  and  C/  =  2 Cs.  The  value  Cs  =  2 Cs  is  sufficient  to  reduce  the 
length  scale  of  the  modelled  esgs  to  the  same  magnitude  as  the  real,  but 
is  to  low  to  increase  the  variance  and  the  backscatter  sufficiently.  As  was 
mentioned  before  the  variance  of  the  modelled  dissipation  depends  strongly 
on  Cs,  and  the  choice  Cs  =  0.1  yields  a  variance  and  backscatter  from  the 
stochastic  model  which  is  in  close  agreement  with  the  suggested  DNS  pre¬ 
diction. 

From  all  the  DNS  cases  it  is  seen  that  the  predictions  of  Lx[esgs]  is 
significantly  smaller  than  Ax,  while  the  non-stochastic  model  yield  a  length 
scale  which  is  approximately  equal  to  Ax  in  most  parts  of  the  flow.  With 
the  stochastic  model  it  is  possible  to  reduce  the  length  scale,  which  also 
increases  the  variance  and  yield  backscatter. 
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Figure  3.  A  priori  test  at  Rer  =  180  and  Ro  =  0.8.  Quantities  evaluated  from  the 
real  SGS  stress  tensor  (solid  lines)  and  the  modelled  SGS  stress  tensor  with  Cf  —  0 
(dotted  lines)  and  Cf  =  4 Ca  (dashed  lines),  (a)  The  mean  dissipation  ( taga ).  Here  only 
the  Cj  —  0  case  is  shown  with  the  dynamic  determination  of  Ca  (dashed  line)  and  the 
method  of  damping  C a  (dotted  line),  (b)  The  variance  Var[€affJ].  (c)  The  length  scale 
Lx{eaga]/ Ax.  (d)  The  forward  scatter  and  back  scatter  of  resolved  energy 


5.2.  LARGE  EDDY  SIMULATIONS 

Since  the  stochastic  model  allows  for  negative  eddy  viscosity  the  negative 
values  of  X  has  to  be  controlled.  This  is  done  by  not  allowing  the  local  SGS 
dissipation  to  fall  below  a  certain  threshold.  This  threshold  is  determined, 
at  the  first  iteration  for  each  y,  by  the  maximum  value  of  esgs  calculated 
with  Cf  =  0.  Typically  this  maximum  SGS  dissipation  becomes  20-30  times 
larger  than  the  mean  SGS  dissipation.  Whenever  the  local  value  of  esgs  falls 
below  the  negative  value  of  the  threshold  the  stochastic  amplitude  Cj  is 
set  locally  to  CjfX  at  that  discrete  time,  giving  a  zero  SGS  dissipation, 
which  prevents  the  simulation  to  explode.  The  occurrence  of  these  limiting 
events  will  depend  on  the  parameters  in  the  SDE  determining  X  and  the 
amplitude  Cf.  This  limiting  procedure  will  slightly  change  the  expectation 
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Figure  4 ■  A  priori  test  at  ReT  =  360.  Quantities  evaluated  from  the  real  SGS  stress 
tensor  (solid  lines)  and  the  modelled  SGS  stress  tensor  with  Cj  =  0  (dotted  lines)  and 
Cf  =  2 Ca  (dashed  lines),  (a)  The  mean  dissipation  (eag3).  (b)  The  variance  Var[e,g.,].  (c) 
The  length  scale  Lx  (d)  The  back  scatter  of  resolved  energy. 


value  of  the  stochastic  term  CjX  to  be  non-zero. 

LES,  both  with  and  with  out  the  stochastic  term,  have  been  carried  out, 
with  the  parameter  values  Ca  =  0.1,  Cf  =  0  for  the  standard  Smagorinsky 
model,  and  Cs  =  0.08  and  Cj  =  4 Cs  for  the  stochastic  model.  This  gives 
that  esgs  is  limited  in  approximately  0.5%  of  the  grid  points. 

The  mean  SGS  dissipation  from  the  stochastic  model  is  similar  to  that 
from  the  standard  Smagorinsky  model  (figure  5a).  They  are  also  both  close 
to  the  predicted  dissipation  from  the  DNS.  The  stochastic  model  show 
backscatter  in  good  agreement  with  the  DNS  results,  and  the  variance  and 
length  scale  is  significantly  improved  compared  to  the  standard  Smagorin¬ 
sky  model.  There  is  still  a  need  to  increase  the  ratio  Cf  /Cs  in  the  LES  to 
get  an  even  closer  agreement  of  the  length  scale  and  variance  with  the  DNS 
predictions.  This  would,  however,  make  the  backscatter  too  large. 

Figure  6a  shows  that  the  mean  velocity  profile  from  the  LES  becomes 
too  large  in  the  core  region  of  the  flow  compared  to  the  DNS  predictions. 
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Figure  5.  LES  at  Rer  =  360,  with  the  stochastic  model  (dashed  lines)  and  the  standard 
Smagorinsky  model  (dotted  lines),  compared  with  DNS  results  (solid  lines),  (a)  The  mean 
dissipation  ( eaga ).  (b)  The  variance  Var[e,9,].  (c)  The  length  scale  Lx [e,s,]/Ax.  (d)  The 
backscatter  of  resolved  energy. 


The  stochastic  model  does  not  manage  to  change  the  profile.  The  velocity 
fluctuations  are  relatively  well  predicted  by  the  LES  in  the  core  region 
(figures  6b,c,d).  Close  to  the  walls  the  stream  wise  fluctuations  are  over 
predicted  by  the  LES,  while  the  wall  normal  and  span  wise  fluctuations  are 
under  predicted.  The  stochastic  model  manages  to  increase  the  wall  normal 
and  stream  wise  fluctuations  close  to  the  walls,  giving  a  better  agreement 
with  the  DNS  results. 

6.  Conclusions 

Both  the  a  priori  test  and  the  LES  show  that  the  standard  Smagorinsky 
model  yields  too  low  variance  and  too  large  length  scale  of  the  modelled 
SGS  dissipation.  This  was  improved  by  the  inclusion  of  a  simple  stochastic 
model  which  also  gave  backscatter  of  SGS  energy.  The  results  might  be 
improved  if  the  SDE  (5)  is  solved  in  a  Lagrangian  frame  of  reference.  More 
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Figure  6.  LES  at  ReT  =  360,  with  the  stochastic  model  (dashed  lines)  and  the  standard 
Smagorinsky  model  (dotted  lines),  compared  with  DNS  predictions  (solid  lines),  (a)  The 
mean  velocity  profile  U+ .  The  curves  logy+/0.39+5  and  y+  are  also  included,  (b)  (uu)+ . 
(c)  ( vv)+ .  (d)  (ww)+. 


‘realistic’  stochastic  models,  which  are  not  written  in  terms  of  a  eddy  vis¬ 
cosity,  should  be  used  in  order  to  avoid  the  stability  problem  with  negative 
dissipation.  Also  another  form  of  the  model  might  help  to  reduce  the  length 
scale  of  eags  without  increasing  the  variance  and  backscatter.  This  requires 
means  for  determining  the  characteristics  of  the  stochastic  stresses  in  the 
flow.  Although  the  a  priori  test  suggested  that  the  value  Cs  =  0.1  would 
severely  over  predict  the  SGS  dissipation,  LES  with  that  constant  gave  a 
SGS  dissipation  in  good  agreement  with  the  DNS  predictions.  This  shows 
that  one  have  to  be  careful  when  interpreting  a  priori  tests. 
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Abstract. 

The  complexity  associated  with  the  DNS  calculation  of  chemically¬ 
reacting  high-speed  mixing  layers  is  briefly  reviewed  in  this  paper,  with 
a  focus  on  recent  understanding  of  the  three-mode  mixing  mechanism.  The 
extension  of  the  foregoing  is  of  interest  but  requires  the  implementation 
of  high-order  finite  difference  formulas  on  supercomputers  in  order  to  take 
advantage  of  the  massive  parallelization.  The  high-order  differencing  and  fil¬ 
tering  formulas  are  complicated  to  parallelize.  This  paper  therefore  presents 
the  progress  that  has  been  made  toward  the  development  of  an  efficient  and 
scalable  parallel  procedure  for  investigating  nonlinear  three-mode  mixing 
mechanisms. 


1.  Introduction 

Research  has  been  undertaken  to  achieve  an  improved  understanding  of  the 
physical  phenomena  present  in  the  idealized  designs  of  high-speed  propul¬ 
sion  systems.  Reacting  mixing  layers  have  been  used  to  model  the  real 
engine  system  in  order  to  provide  a  solvable  problem  that  retains  the  basic 
mixing  and  reacting  processes  (Curran,  1991).  Two  main  issues  exist  for  the 
model  flow:  the  turbulent  structure  and  chemical  kinetics.  The  turbulence 
behavior  has  been  found  to  be  dominated  by  large-scale,  two-dimensional 
structures  in  the  incompressible  non-reacting  mixing  layers  (Brown  and 
Roshko,  1974).  These  large-scale  structures  are  centrally  located  in  the  layer 
and  play  a  critical  role  in  the  mixing  process  through  the  entrainment  of  re¬ 
actants  from  both  streams,  and  hence  it  is  referred  as  the  “central”  mode  by 
Day  et  al.  (1998).  However,  with  an  increase  in  the  convective  Mach  number 
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and  the  addition  of  heat  from  chemical  reaction,  the  large-scale  structures 
change  their  nature  and  shape.  In  addition  to  the  reduced  growth  rate  and 
the  development  of  three-dimensional  central  mode  structures,  the  com¬ 
pressible  reacting  mixing  layer  can  generate  two  “outer”  modes  which  are 
associated  with  the  fast  and  slow  free  streams,  respectively. 

The  mixing  processes  induced  by  the  outer  modes  are  found  to  be  quite 
different  from  those  of  the  central  mode.  Each  outer  mode  mixes  only  fresh 
reactant  from  its  stream  with  product  from  the  center  of  the  layer.  It  has 
been  shown  that  this  mixing  mechanism  reduces  the  global  reaction  rate 
of  a  one-step,  fast-limit  chemical  scheme  (Planche  and  Reynolds,  1992).  It 
is  conceivable  that  this  mixing  mechanism  can  also  affect  the  distribution 
of  the  chemical  species,  including  the  radical  concentrations  which  form  a 
critical  part  of  realistic  chemical  reaction  systems.  The  goal  of  the  present 
project  is  to  investigate  two  high-speed  reacting  mixing  layer  models  with 
one-  and  two-step  reactions  respectively,  and  examine  the  effects  of  the  new 
mixing  mechanism  on  the  reaction  rate. 

It  is  important  to  note  that  with  increasing  maximum  flight  speed, 
the  fuel  of  choice  for  the  engine  typically  changes  from  the  conventional 
kerosene  fuels  at  low  speeds,  to  cryogenic  fuels  such  as  methane  (CH4) 
for  flows  with  Mach  numbers  around  7~8  or  liquid  hydrogen  (H2)  for  flows 
with  Mach  numbers  larger  than  10  (Curran,  1991).  The  H2/Air  reactions  in 
high  speed  flows  have  been  investigated  numerically  and  experimentally  (for 
example,  Miller  et  al.,  1994).  However,  high-speed  CH^Air  reactions  have 
not  received  enough  attention.  The  CH^Air  reactions  are  free  of  strong 
differential  diffusivity  effects  which  have  been  described  as  the  source  of 
many  abnormal  phenomena  in  H2/Air  reacting  flows  (Chakraborty  et  al., 
1997).  The  chemical  kinetic  mechanism  we  adopted  is  representative  of  the 
reaction  between  a  methane/nitrogen  mixture  and  air. 

Direct  numerical  simulation  (DNS)  is  used  to  solve  the  Navier-Stokes 
equations  coupled  with  the  transport  equations  for  the  chemical  species. 
The  DNS  approach  is  based  on  a  sixth-order  modified  Pade  compact  scheme 
in  space,  and  a  fourth  order  explicit  Runge-Kutta  scheme  in  time  (Visbal 
and  Gaitonde,  1998).  Several  steps  have  been  taken  and  assumptions  made 
to  accommodate  the  computations.  First,  the  mixing  layers  are  set  to  be 
temporally  developing,  instead  of  spatially  developing,  which  allows  the  use 
of  periodic  boundary  conditions  streamwise,  thereby  reducing  the  compu¬ 
tational  domain  size.  Second,  reduced  chemical  mechanisms  are  used  to 
represent  the  full  chemical  kinetics.  Previous  studies  of  laminar  flame  cal¬ 
culations  have  already  shown  that  a  two-step  reaction  model  could  capture 
the  flame  structure  of  the  CH4/Air  reaction  (Card  et  al.,  1996).  Thus,  we 
employ  this  level  of  approximation,  as  well  as  a  single  step  reaction  model 
in  the  present  study.  Third,  parallel  computer  systems  are  used  to  take 
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advantage  of  the  massive  parallelization  in  these  systems.  Finally,  in  ad¬ 
dition  to  the  use  of  the  high-order  compact  scheme,  the  investigated  flows 
are  restricted  to  regimes  with  affordable  Reynolds  numbers,  Mach  numbers 
and  Damkholer  numbers.  The  present  paper  represents  our  progress  on  this 
topic. 

2.  Chemistry  Mechanism 

Chemical  kinetics  plays  an  important  role  in  the  development  of  laminar 
flame  structures.  Because  of  the  limited  size  of  the  activation  energy  of  any 
realistic  combustion  system,  the  details  of  a  specific  kinetic  mechanism  sig¬ 
nificantly  affect  the  production  rates  of  some  intermediate  species  and  can 
be  crucial  for  practical  applications  in  which  there  is  interest  in  pollutant 
production  rates  and  near  ignition/extinction  flame  structures.  However, 
previous  studies  found  that  a  true,  detailed  chemical-kinetic  mechanism 
is  very  difficult  to  tackle  even  for  one-dimensional  laminar  flame  analysis. 
Therefore,  simplification  of  the  chemical  kinetics  is  almost  mandatory  for 
more  realistic  calculations. 

There  exist  several  systematic  approaches  to  simplify  chemical  kinetic 
mechanisms,  and  generally  include  two  steps:  development  of  the  starting 
and  reducing  mechanisms  (Peters,  1985).  The  starting  mechanism  repre¬ 
sents  a  subset  of  the  detailed  mechanism,  obtained  by  elimination  of  ele¬ 
mentary  reactions  to  diminish  the  number  of  total  species  in  the  system  by 
as  much  as  90%.  The  reduced  mechanism  is  then  achieved  by  systematic 
applications  of  steady-sate  approximations  to  various  intermediate  species. 
In  the  past  decade,  these  reduced  mechanisms  have  been  successfully  ap¬ 
plied  in  both  analytical  and  numerical  studies  for  CH^Air  flames  (Card,e£ 
a/.,  1996).  It  turns  out  that  a  two-step  approximation,  which  consists  of  a 
fuel-consumption  step  and  an  oxygen-consumption  step,  can  be  made  for 
turbulence  modeling  and  the  physics  in  turbulent  diffusive  flame,  which  is 
the  case  in  the  current  studies. 

The  two-step  mechanism  of  the  CH^Air  reaction  can  be  described  as: 

Fuel  +  Oxi  Int  +  Prodl  (I) 

Int  +  Oxi  — >  2Prod2  (II) 

where  Fuel  is  CH4,  Oxi  is  O2,  Int  is  y~j(H2  +  aCO),  Prodl  is  ^q~H20+ 
Y^~C02  and  Prod2  is  (j^—^O  +  f^jC02).  The  coefficient  a  is  determined 
from  the  water-gas  equilibrium.  For  comparison,  we  also  give  the  one-step 
fast-limit  chemical  mechanism  which  is  described  by 


Fuel  +  20xi  — »  Prodl  +  Prod2 
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3.  Initial  Conditions 

To  facilitate  the  instability  of  the  mixing  layers  and  reduce  the  computa¬ 
tions,  the  initialization  of  the  calculations  is  often  done  by  the  superposi¬ 
tion  of  the  mean  flow  quantities  and  perturbations  from  the  linear  stability 
analysis.  To  make  use  of  the  results  from  Day  et  a/.(1998),  the  mean  flow 
variables  are  self-similar  solutions  with  fast-limit  chemical  reaction,  and  the 
eigenfunctions  and  eigenvalues  are  obtained  from  the  most  unstable  modes 
in  the  corresponding  mean  flows.  Since  the  characteristics  of  the  eigen- 
modes  depend  strongly  on  the  flow  properties  such  as  the  compressibility, 
the  heat  release  and  the  density  ratio  etc.,  and  determine  the  final  forms  of 
the  mixing  mechanism  mentioned  above,  a  test  case  with  Mc  =  0.5,  S  —  1.0 
and  0  =  0  is  selected  for  initial  calculations,  where  Mc  denotes  the  con¬ 
vective  Mach  number,  which  represents  the  flow  compressibility;  S  denotes 

the  slow-stream/fast-stream  density  ratio;  and  0  denotes  the  heat  release, 

T", 

which  is  defined  as  0  =  - 1,  Tjf  is  the  adiabatic  flame  temperature. 

The  test  case  corresponds  to  the  flow  with  vortex  structures  dominated  by 
the  two-dimensional  “central”  mode, 

Compared  to  the  cases  studied  by  Day  et  al. ,  the  current  stability  prob¬ 
lem  has  the  same  characteristic  equations  except  that  the  characteristic  dis¬ 
turbance  frequency  (a;  =  (t o^Ui))  is  complex  and  the  characteristic  wave 
number  (a)  is  real.  Therefore,  the  same  shooting  method  is  used  in  our 
work  to  determine  the  most  unstable  mode  for  the  test  case,  which  has  the 
eigenvalues: 


w<n>  =  (0.02858,0.1363) ,  a<">  =  (0.7577,0.0)  . 

Note  that  the  most  unstable  mode  for  hyperbolic-tangent  mean  velocity 
profile,  has  eigenvalues  as  =  (0.0,0.1364) ,  =  (0.730,0.0).  It  is 

also  pointed  out  that  some  group  transformations  are  manipulated  in  our 
temporal  stability  analysis.  For  example,  if  the  coordinate  is  moving  with 
a  velocity  uc,  we  have: 

o;(n)  =  —  uc  •  a ; 

and,  if  the  velocity  scale  is  changed  by  a  factor  of  F,  we  have: 

u>(n)  =  F  ■  o>(°),  aW  =  a(°)  . 

With  the  above  generated  eigenvalues  and  the  corresponding  eigenfunc¬ 
tions  into  the  initial  fields,  the  test  case  is  run  on  serial  computers  by 
FDL3DI,  a  code  developed  in  Wright-Patterson  Laboratory.  Figure  1  re¬ 
produces  the  vortex  roll-ups  from  the  simulations  of  the  two-dimensional 
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temporally  mixing  layer  in  the  test  case.  The  development  in  the  rest  of 
this  paper  pertains  to  the  three-dimensional  model. 

4.  Numerical  Procedure 

Our  calculations  are  based  on  FDL3DI,  which  is  a  research  code  that  uses 
high-order  compact  differencing  schemes  combined  with  high-order  filtering 
formulas  in  curvilinear  coordinate  formulation.  Its  high-order  features  have 
shown  great  savings  in  both  the  memory  and  the  time  required  to  simulate 
highly  curvilinear,  realistic  aerospace  systems  (Gaitonde  and  Shang,  1997; 
Visbal  and  Gaitonde,  1998;  Gaitonde  and  Visbal,  1999).  The  extension  of 
FDL3DI  to  handle  the  DNS  of  turbulent  combustion  systems  must  include 
the  solution  of  the  transport  equations  for  the  reacting  species  and  the  use 
of  modern  parallel  computers  because  of  the  large  number  of  equations  and 
the  stringent  resolution  requirements  of  reacting  flows. 

Parallelization  of  compact  difference  schemes  in  FDL3DI  is  not  a  triv¬ 
ial  task,  particularly  since  this  will  be  based  on  the  current  distributed- 
memory  computer  platforms  (IBM  SP2,  for  example).  The  obvious  chal¬ 
lenges  come  from  the  absence  of  any  automatic  tool  that  can  transform 
sequential  code  to  parallel  code,  and  the  users  have  to  design  their  own 
data-mapping  and  message-passing  procedures  case-by-case.  FDL3DI  is  a 
product  of  many  years  of  work  and  has  relatively  complex  program  struc¬ 
tures  and  data  managements.  Any  parallelization  effort  must  preserve  the 
reliability  and  accuracy  of  the  code. 

Another  challenge  to  the  parallelization  of  FDL3DI  pertains  to  the  treat¬ 
ment  of  a  series  of  tridiagonal  systems  generated  by  the  compact  difference 
schemes  in  the  code.  On  sequential  computers,  solving  a  tridiagonal  system 
can  be  done  quite  efficiently  with  the  Thomas  algorithm.  However,  the  re¬ 
currence  processes  used  in  the  Thomas  algorithm  are  serial  in  nature,  and 
any  straightforward  parallelization  induces  a  significant  idle  time  in  waiting 
for  the  updated  data  from  the  previous  calculations. 

To  meet  these  challenges,  the  following  issues  which  pertain  to  the  par¬ 
allelization  of  FDL3DI  have  been  addressed  in  our  study. 

4.1.  DOMAIN  DECOMPOSITION 

FDL3DI  contains  the  capability  for  multi-block  calculations.  In  this  method, 
the  computational  domain  is  divided  into  subdomains,  and  each  subdomain 
advances  the  solution  independently  with  individual  interior  and  boundary 
scheme  in  the  same  manner  as  in  single-domain  calculations.  Data  are  ex¬ 
changed  across  the  interface  between  adjacent  domains  at  the  end  of  each 
stage  in  Runge-Kutta  integrations.  This  sequential  concept  is  consistent 
with  what  is  done  in  parallel  computing  except  that  the  message  pass- 


6 


XIAODAN  CAI  AND  FOLUSO  LADEINDE 


ing  in  the  overlapped  domain  is  done  using  MPI  subroutines  in  parallel 
computing  instead  of  writing  over  memory  locations,  as  done  in  sequential 
multi-block  calculations.  The  procedure  above  produces  a  straightforward 
parallel  algorithm,  named  OOP  (one-sided  boundary  scheme  for  compact 
differencing  and  one-sided  boundary  scheme  for  filtering  at  the  interface). 
However,  the  above  procedures  solve  the  local  tridiagonal  systems  indepen¬ 
dently  in  each  domain  with  one-sided  lower-order  scheme  for  the  interface 
and  may  cause  serious  distortion  of  flow  structures.  Gaitonde  and  Visbal 
(1999)  have  addressed  this  problem  and  found  that  the  use  of  a  high-order 
one-sided  filtering  scheme  can  significantly  improve  the  accuracy.  Efficient, 
high-fidelity  parallel  tridiagonal  solvers  are  desirable  for  DNS.  For  compari¬ 
son,  we  implemented  two  other  parallel  procedures,  one  is  to  use  the  parallel 
tridiagonal  solver  for  compact  differencing  and  filtering  (PPP).  The  other 
uses  the  parallel  tridiagonal  solver  for  compact  differencing  and  one-sided 
boundary  scheme  for  filtering  (POP). 

4.2.  DATA  MAPPING 

Data  mapping  determines  data  transformation  from  the  global  index  to  the 
local  index.  Unlike  the  shared-memory  computers,  the  distributed-memory 
computers  have  a  limitation  of  memory  size  and  usually  cannot  afford  extra 
space  for  the  data  required  in  the  local  computations.  It  is  thus  necessary 
to  decompose  the  global  data  array  into  separate  local  data  axray,  and 
generate  mapping  information  for  message-passing  among  the  processors. 
In  our  implementations,  the  data  mappings  are  generated  so  that  the  code 
structure  is  retained  in  the  SPMD  (Single  Program-Multiple  Data  stream) 
fashion.  For  example,  a  local  data  array  for  the  procedure  with  one  block 
per  processor  has  a  form  like 

(IBLKST(i)  -  r  :  IBLKEN(i)  +  r,  JBLKST(i)  -  r  :  JBLKEN(i)  +  r, 

KBLKST(i)  -  r  :  KBLKEN(i)  +  r) 

where  *BLKST(i) ,  *BLKEN(i)  respectively,  are  the  start  and  end  global 
index  for  the  ith  block  in  the  x,  y,  and  z  directions;  r  are  the  depth  of  the 
overlapped  domain  and  can  be  varied  for  OOP  but  fixed  at  2  for  PPP  and 
POP. 

4.3.  PARALLEL  TRIDIAGONAL  SOLVERS 

There  exist  several  candidate  parallel  tridiagonal  solvers:  the  transposed, 
the  pipelined  and  the  distributed.  To  estimate  the  role  of  a  specific  parallel 
tridiagonal  solver  in  the  overall  performance,  it  is  worthwhile  to  look  at 
the  CPU  time  profile  taken  by  the  sequential  tridiagonal  solver  in  FDL3DI 
(Table  I).  For  a  viscous,  single  block  calculations  with  filter,  system  profiling 
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shows  that  the  tridiagonal  solver,  TDGCOMP,  is  the  most  time-consuming 
kernel  and  takes  approximately  27.1%  of  the  overall  CPU  time.  If  a  kernel 
which  takes  time  fraction  Ft  in  sequential  calculations  can  be  parallelized 
with  efficiency  rjj,  it  can  be  seen  that  the  overall  parallel  efficiency  can  be 
estimated  as 


1 

J2i  Fi/Vi 


(III) 


Table  I.  Profiling  data  for  dominant  subroutines  in  FDL3DI. 


|  Viscous  Calculations  |  Inviscid  Calculations  | 


Name 

%Time 

Name 

%Time 

.tdgcomp 

27.1 

.tdgcomp 

19.9 

.deriv 

16.0 

.deriv 

10.5 

.vcmpxzrhs 

12.5 

.runge 

8.3 

.sweepi 

9.7 

.ztcomp 

8.1 

.vcmpyrhs 

8.3 

.finsbdy 

8.1 

.insbdy 

6.6 

.etcomp 

5.7 

.runge 

2.3 

.xicomp 

5.7 

.ztcomp 

2.3 

.convrt 

5.3 

In  FDL3DI,  the  computational  kernels,  other  than  the  solution  of  the 
tridiagonal  system,  are  procedures  for  the  Runge-Kutta  integration  or  DO- 
LOOP  preparations  for  the  tridiagonal  solutions,  and  parallel  procedures 
with  rji  >  99%  can  be  obtained  without  any  significant  difficulties.  It  there¬ 
fore  results  in  a  conclusion  that  a  parallel  tridiagonal  solver  with  77,-  >  70% 
can  be  good  enough  to  achieve  an  overall  performance  of  more  than  90%. 
This  estimation  provides  an  important  guide  in  the  developmentof  an  ap¬ 
propriate  parallel  procedure  for  our  implementations. 

The  performance  of  various  parallel  algorithms  for  non-periodic  tridiag¬ 
onal  systems  is  described  in  Table  II.  To  produce  Table  II,  we  choose  Sun’s 
reduced  PDD  (Parallel  Diagonal  Dominated)  approach  as  the  representa¬ 
tive  for  the  distributed  algorithm  (Sun  and  Moitra,  1996).  Sun’s  approach 
is  the  most  efficient  parallel  solver  for  diagonal  dominated  tridiagonal  sys¬ 
tem  in  this  category.  The  pipelined  algorithm  is  also  presented  without  the 
optimization  suggested  by  Povitsky  (1998).  In  Table  II,  a,  (3  and  7  are, 
respectively,  the  time  for  starting  a  communication  operation,  for  sending 
a  double  precision  data,  and  for  one  floating  point  operation;  P  denotes  the 
number  of  processors,  N,  N\  are  respectively,  the  order  and  the  columns  of 
right  hand  sides  for  the  tridiagonal  systems,  and  k  is  the  number  of  groups 
in  the  pipelined  algorithm;  j  is  the  reduced  number  in  Sun’s  algorithm, 
which  is  determined  by  the  accuracy  requirement  and  range  from  10  to 
From  the  table,  it  can  be  seen  that  Sun’s  algorithm  has  much  less  commu¬ 
nication  cost,  and  a  little  more  computation  operations  than  the  other  two 
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algorithms,  which  are  the  gains  of  this  algorithm  in  the  current  computer 
architectures  which  can  perform  the  floating  point  operations  much  faster 
than  it  performs  communication.  For  example,  a  typical  performance  on 
IBM  SP2  system  leads  to  ^  ~  ^  and  |  ~  200.  Therefore,  Sun’s  algorithm 
is  preferred  in  our  implementations. 

Table  II.  Performance  comparison  for  different  parallel  tridiagonal  solvers 

(Non-Periodic). 


System  |  Algorithm  |  Computation  |  Communication  |  Idle 


Multiple  right 

sides 

Thomas 

ni(5n  -  3)7 

0 

0 

Transposed 

TH5n-3)7 

a+^0 

0 

Pipelined 

Tl  =n,  (5£  -3)7 

T2  =  2ka  +  2n\/3 

-[ZEnniiEiir 

k 

Distributed 

ni  (5£+3j  +  l)  7 

2q  +  2n\fi 

0 

Single  system 

Thomas 

(8n  -  7)7 

0 

0 

Distributed 

f(ll£+6j  — 4)7 

2q  +  12/? 

0 

Figure  2  shows  the  speed-up,  of  Sun’s  reduced  PDD  algorithm 
achieved  in  our  implementations,  where  T$  is  the  CPU  time  from  sequen¬ 
tial  calculations  and  7>  is  the  CPU  time  from  the  parallel  calculations. 
For  a  single  tridiagonal  system  with  the  size  of  960,  the  parallel  perfor¬ 
mance  is  very  low  because  of  the  dominant  communication  latency  as  well 
as  the  larger  computational  operations  from  the  PDD  algorithm.  At  the 
same  time,  it  can  be  seen  that  the  parallel  efficiency,  r\  =  p^.sTp ,  reduces 
from  41.4%  at  P  =  2  to  11.3%  at  P  =  8.  If  the  tridiagonal  system  has 
multiple  right  sizes,  the  performance  improves  significantly,  for  example, 
the  parallel  efficiency  for  240  x  960,  where  240  is  the  size  in  the  difference 
direction  and  960  are  the  multiple  right  size,  reaches  80%  at  P  =  2.  These 
observations  are  consistent  with  the  predictions  in  Table  II. 

4.4.  PARALLEL  FDL3DI 

Three  parallel  procedures,  OOP,  POP  and  PPP  have  been  implemented 
in  FDL3DI.  Their  performance  has  been  assessed  on  IBM  SP2  at  Cor¬ 
nell  Theory  Center.  To  explore  the  issues  involved,  consider  the  unsteady 
inviscid  flow  due  to  a  convecting  vortex  in  an  otherwise  uniform  flow  at 
a  freestream  Mach  number  =  0.1.  The  initial  flow  field  and  vortex 
strength  are  set  as  in  Gaitonde  and  Visbal  (1999).  The  domain  considered 
extends  —6  <  X  <  18,  —6  <  Y  <  6.  The  z-direction  is  a  dummy  for 
which  7  grid  points  are  used.  To  test  for  the  accuracy  of  the  calculations, 
we  use  a  uniform  mesh  of  60  x  30  x  7,  and  two  processors  for  the  three 
parallel  procedures.  The  domain  decomposition  is  located  at  X=6.  Figure 
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3  displays  the  vorticity  contours  obtained  with  non-periodic  boundary  con¬ 
ditions  from  the  three  parallel  calculations  as  well  as  a  reference  sequential 
calculation.  The  reference  calculation  uses  the  C4  compact  scheme  coupled 
with  an  interior  filter  of  tenth-order  accuracy  and  a  LOC  (lower-order- 
centered)  boundary  filter  scheme,  FlO0'4  —  0, 2, 4, 6, 8.  The  results  show 
that  the  OOP  and  POP  procedures  reproduce  the  single-domain  results, 
while  the  vortex  experiences  a  significant  decay  for  the  PPP  procedure.  The 
PPP  procedure,  however,  was  implemented  with  a  low-order  filter  scheme. 
A  large  overlap  region,  which  is  required  for  high-order  filter  formulas,  will 
be  too  expensive. 

Figure  4(a)  shows  the  speed-up  for  the  three  parallel  procedures  without 
filtering.  The  results  are  obtained  with  5  time  steps  for  a  system  with  grid 
size  of  240  x  120  x  14.  (The  grid  size  of  60  x  30  x  7  is  too  small  for  meaningful 
parallel  computing.)  For  OOP,  the  performance  is  excellent  until  P  =  8 
when  the  z-direction  goes  through  decomposition.  The  deviation  from  the 
idealized  speed-up  (Figure  2)  results  from  the  fact  that  OOP  requires  extra 
calculations  for  the  overlap  region.  The  same  situation  occurs  for  PPP. 
Although  the  performance  of  PPP  is  worse  than  that  of  OOP,  it  can  be  seen 
that  the  situation  improves  as  the  grid  size  becomes  large  with  PPP  showing 
improved  performance.  This  practical  observation  is  consistent  with  the 
analysis  shown  in  Table  II.  The  same  can  be  said  of  POP  since  POP  is 
exactly  PPP  with  the  filter  turned  off  in  the  calculations.  Figure  4(b)  shows 
a  similar  performance  as  the  filtering  scheme  is  turn  on. 

Finally,  the  behavior  of  speedup  at  8  processors  in  figures  4(a)  and  4(b) 
deserves  explanation.  For  P  <  8,  the  domain  is  split  in  only  the  x-  and 
y-directions.  Splitting  in  z-direction  for  P  >  8  reduces  the  speedup  because 
of  the  few  number  of  nodal  points  in  z,  a  sizable  portion  of  which  are  in 
the  overlap. 

5.  Conclusion 

In  this  paper  we  have  discussed  some  related  issues  in  the  DNS  of  com¬ 
pressible,  turbulent,  reacting  mixing  layers.  It  is  pointed  out  that  the  use 
of  reduced  chemical-kinetic  mechanisms,  the  right  choice  of  initial  condi¬ 
tions  are  not  only  essential  for  the  correct  physics,  but  also  for  affordable 
calculations  on  the  current  computer  architectures.  Several  parallel  strate¬ 
gies  for  the  general-purpose  code,  FDL3DI,  have  also  been  proposed  and 
tested.  It  is  found  that  the  technique  with  one-sided  boundary  treatment 
in  multi-block  calculations  can  be  extended  to  handle  parallel  computing. 
The  parallel  tridiagonal  solvers  are  preferable  when  the  problem  size  is  large 
relative  to  the  number  of  processors. 

Finally,  the  present  paper  is  intended  to  remind  the  reader  of  the  com- 
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plexity  in  the  analysis  of  turbulent  reacting  flows.  The  difficulties  pertains 
to  finite-rate  chemical  kinetics,  turbulence,  and  computational  mathemat¬ 
ics.  The  progress  made  in  this  direction  are  summarized. 
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Abstract 

A  subgrid  combustion  model  is  used  to  simulate  premixed  planar  flames  stabilized  by  stag¬ 
nating  flows  and  a  confined  swirl  stabilized  flame  in  an  engineering  combustor.  Flamelet 
type  combustion  is  assumed  for  both  types  of  flames  and  experimental  conditions  axe  used 
for  the  simulations.  The  geometric  characteristics  of  the  flame  surfaces  and  their  effects  on 
fluid  dynamics  are  well  predicted  for  the  former  type  of  flames.  For  the  combustor  simula¬ 
tion,  the  qualitative  effects  of  heat  release  on  the  flow  field  are  captured.  The  turbulence 
predictions  in  the  combustor  is  highly  sensitive  to  the  characteristics  of  inflow  turbulence. 
The  turbulence  modeling  capability  needs  to  be  improved  in  order  to  better  test  the  model 
in  this  case. 

1.  Introduction 

The  flamelet  regime  of  turbulent  combustion  is  characterized  by  a  laminar  flame  thickness 
( Sf )  much  smaller  than  the  smallest  energetic  eddy  size  (Kolmogorov  length  scale  77). 
Hence,  the  internal  flame  structure  (flame  normal  profiles  of  specie,  temperature,  etc.) 
is  unchanged  by  the  fluid  dynamics  and  the  flame  can  be  approximated  as  an  infinitely 
thin  surface  convected  by  the  local  fluid  velocity  and  propagating  normal  to  itself  at 
the  laminar  flame  speed,  Sl-  The  task  of  modeling  the  flamelets  is  then  reduced  to  the 
geometric  tracking  of  the  flame  surface. 

The  flame  surface  is  wrinkled  by  eddies  ranging  from  Tj  to  L  (the  integral  length  scale) , 
leading  to  an  increase  in  the  flame  surface  area.  Since  the  local  propagation  rate  equals 
Sl  everywhere  on  the  flame  surface,  the  flame  area  is  a  direct  measure  of  the  reactant 
consumption  rate.  A  direct  numerical  simulation  (DNS),  which  can  fully  account  for  eddies 
of  all  sizes  in  high  Reynolds  number  flows  and  their  effect  on  the  flame  is  impractical  at 
present.  In  the  present  study,  a  large  eddy  simulation  (LES)  approach  with  a  stochastic 
subgrid  combustion  model  is  used  to  simulate  (statistical  stationary)  premixed  flames  in 
the  flamelet  regime. 

In  LES,  eddies  resolvable  on  the  grid  are  simulated  and  the  effect  of  the  unresolved 
small  scales  is  approximated  using  a  subgrid  model.  However,  the  distinguishing  aspects 
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of  flamelet  combustion,  i.e.,  local  laminar  propagation  and  small  scale  wrinkling  are 
highly  localized  small  scale  phenomena  and  cannot  be  accounted  in  an  overly  simplified 
model.  Here,  a  subgrid  version  of  the  linear  eddy  mixing  (LEM)  model  (Kerstein,  1989; 
Menon  et  al.,  1993;  Smith  and  Menon,  1996)  is  used  to  model  the  effects  of  unresolved 
turbulence  on  the  flame  structure.  This  approach  has  been  used  in  the  past  to  model 
three  dimensional  (3D)  flame  kernels  (Chakravarthy  and  Menon,  1997)  and  flames  in  two- 
dimensional  stagnating  turbulence  (Smith  and  Menon,  1998).  The  present  study  focuses 
on  flames  stabilized  by  the  axial  strain  rate  in  stagnating  flows  and  swirl  flows. 

The  stagnation  flames  are  perfect  candidates  for  studying  turbulence-flame  interac¬ 
tions.  The  flame  brush  is  fairly  planar  and  the  turbulence  is  nearly  homogeneous  in  the 
spanwise  direction.  Thus,  the  flame  speed  can  be  obtained  without  any  ambiguity.  Also, 
the  turbulence  intensity  ( u ')  that  the  flame  encounters  can  be  controlled  using  the  inflow 
conditions.  This  is  important  because  the  effects  of  turbulence  on  the  flame  (turbulent 
flame  speed,  turbulent  flame  brush  width,  flame  surface  density)  are  quantified  as  func¬ 
tions  of  characteristics  (intensity,  length  scale,  etc.)  of  incident  turbulence,  which,  in  some 
configurations  (e.g.,  premixed  flames  in  bluff  body  wakes  and  dump  combustors)  may  be 
difficult  to  measure  (or  control)  at  the  flame  locations.  Although  stagnation  premixed 
flames  have  been  studied  extensively  using  experiments  (Cho  et  al.,  1986;  Cho  et  al.,  1988; 
Cheng  and  Shepherd,  1989),  there  appears  to  be  no  study  of  this  flame  using  unsteady 
simulations.  The  simulations  reported  here  are  the  first  3D  LES  of  turbulent  stagnation 
flames  under  experimental  conditions. 

In  stagnation  point  flames,  u'/Sl  is  usually  of  order  unity.  This  is  seldom  the  case 
in  engineering  combustors  where  swirl  is  employed  to  stabilize  the  flame  (Cheng,  1995; 
Kim  and  Menon,  1998;  Kim  et  al.,  1999).  A  lean,  premixed,  swirl  stabilized  turbulent 
flame  in  a  full-scale  combustor  is  chosen  to  test  the  current  modeling  approach.  In  this 
combustor  (General  Electric  LM  6000)  5f/r)  is  approximately  4  and  u'/Sl  is  about  55. 
While  the  stagnation  flames  are  definitely  in  the  flamelet  regime,  the  LM6000  flame  falls 
into  in  the  extended  flamelet  regime  (Poinsot  et  al.,  1991).  Nevertheless,  for  the  purpose 
of  the  present  study,  it  is  assumed  that  the  flamelet  assumption  of  undisturbed  locally 
laminar  flame  propagation  (at  speed  Sl)  still  applies  to  this  flame. 

2.  Modeling  approach 

The  closure  of  subgrid  stresses  in  the  LES  equations  is  carried  out  using  an  eddy  viscosity 
assumption.  The  eddy  viscosity  is  modeled  in  terms  of  the  LES  filter  width  and  the  subgrid 
kinetic  energy  (Schumann,  1975).  The  subgrid  kinetic  energy  is  obtained  by  solving  a  model 
evolution  equation  (Kim  and  Menon,  1998;  Kim  et  al.,  1999).  In  most  LES  approaches, 
the  turbulent  dissipation  is  assumed  to  balance  subgrid  kinetic  energy  production  at  all 
times.  The  model  equation  for  subgrid  kinetic  energy  used  here  introduces  a  first-order 
non-equilibrium  for  the  subgrid  relaxation  since  the  production  of  subgrid  kinetic  energy 
no  longer  equals  dissipation.  The  subgrid  kinetic  energy  in  the  present  approach  further 
determines  the  extent  of  influence  that  subgrid  scales  have  on  the  flame  dynamics. 

The  chemical  and  thermodynamic  state  of  the  fluid  is  represented  by  a  state  variable 
G.  It  varies  between  0  (product)  and  1  (reactant).  Hence,  it  can  be  assumed  to  be  compli¬ 
mentary  to  the  reaction  progress  variable,  i.e.  C  =  1-G.  The  evolution  of  G  field  involves 
both  subgrid  and  supergrid  processes.  The  underlying  idea  of  this  separation  of  processes 
is  to  model  each  physical  phenomenon  at  it’s  own  characteristic  length  and  time  scales. 
Subgrid  processes  include  stirring  (flame  wrinkling  due  to  subgrid  scales)  and  laminar 
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Figure  1.  LEM  prediction  of  inertial-convective  range  in  passive  scalar  spectrum.  Plateau  indicates  the 
value  of  /?,  the  Obukhov-Corrsin  constant 


propagation.  Advection  of  the  scalar  field,  which  leads  to  mean  motion  of  the  scalar  and 
wrinkling  at  large  scales  (resolved  on  LES  grid),  is  the  only  supergrid  process. 

The  subgrid  processes  occurring  within  each  LES  cell  are  modeled  by  the  LEM  ap¬ 
proach  (Menon  and  Calhoon,  1996;  Smith  and  Menon,  1998).  Henceforth,  this  approach 
is  identified  as  LEM-LES.  The  flame  propagation  and  subgrid  wrinkling  are  modeled  by 
solving  the  stochastic  Lagrangian-Eulerian  equation:  dG/dt  =  —  *Sl|V(j|  +  Fs  on  a  one¬ 
dimensional  domain  within  each  LES  cell.  A  finite  volume  scheme  is  used  to  solve  this 
equation  and  the  one-dimensional  finite  volume  cells  are  called  LEM  cells.  The  total  vol¬ 
ume  of  the  LEM  cells  on  each  subgrid  domain  equals  the  corresponding  LES  cell  volume. 
There  is  no  mean  convection  term  in  this  equation  since  the  subgrid  field  is  isotropic  and 
does  not  move  the  flame  in  any  one  particular  direction.  The  equation  is  hyperbolic  and 
admits  discontinuous  solutions.  Thus,  G  is  given  a  binary  representation  on  the  subgrid 
domains  with  each  0-1  (1-0)  interface  representing  an  infinitely  thin  flame  propagating 
into  the  reactants  with  a  laminar  propagation  velocity  Sl . 

The  subgrid  stirring  is  modeled  by  a  set  of  Lagrangian  scalar  field  rearrangement 
mappings  (on  the  subgrid  one-dimensional  domains),  symbolically  represented  by  the  term 
Fs  in  the  subgrid  G  equation.  Each  mapping  represents  the  stirring  of  the  scalar  field 
(flame  wrinkling)  by  a  single  turbulent  eddy  (Menon  et  al.,  1993).  The  stirring  events 
are  stochastic  and  the  frequency  is  reflective  of  the  energy  content  in  the  subgrid  scales. 
The  sizes  of  eddies  participating  in  the  subgrid  stirring  range  from  the  Kolmogorov  eddy 
size  to  the  LES  filter  width  and  the  eddy  size  distribution  is  derived  using  inertial  range 
turbulent  scaling  laws.  The  characteristics  of  stirring  are  derived  in  the  present  case  by 
assuming  a  Kolmogorov  constant  (that  characterizes  inertial  range  energy  spectrum)  of 
1.5. 

To  evaluate  the  ability  of  LEM  to  capture  scalar  mixing,  turbulent  diffusion  of  a  passive 
(diffusive)  scalar  ( Re i  ~  20000)  is  modeled  using  these  stirring  rules  in  LEM  and  the 
predicted  inertial-convective  spectrum  is  shown  in  figure  1.  The  spectrum  is  normalized 
using  the  Obukhov-Corrsin  scaling  (Obukhov,  1949;  Corrsin,  1951)  so  that  the  plateau  in 
normalized  spectrum  corresponds  to  the  Obukhov-Corrsin  constant.  In  this  figure,  x  and 
6  denote  the  scalar  and  turbulent  dissipation,  respectively. 
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As  seen  in  figure  1,  LEM  predicts  a  value  of  0.7  for  the  Obukhov-Corrsin  constant 
(/?)  which  is  very  close  to  values  obtained  from  experiments  (Sreenivasan,  1996;  Mydlarski 
and  Warhaft,  1998).  Note  that  Pi  quoted  from  experiments  correspond  to  one-dimensional 
spectral  scaling  which  is  3/3/5.  Since  the  Obukhov-Corrsin  is  approximately  the  quanti¬ 
tative  measure  of  the  effect  of  inertial  range  turbulence  on  scalar  mixing  (specifically  in 
the  inertial  range),  the  accurate  prediction  of  this  constant  confirms  the  ability  of  LEM  to 
predict  scalar  mixing  by  the  inertial  range  turbulence.  The  one-dimensional  G  equation  (as 
shown  above)  when  used  with  the  same  form  of  LEM  (subgrid  stirring)  was  shown  (Smith 
and  Menon,  1996)  to  predict  the  turbulent  flame  speed  of  freely  propagating  flames  in 
isotropic  turbulence  (which  is  assumed  in  LEM).  Further  details  about  LEM,  being  avail¬ 
able  in  cited  literature,  are  avoided  here  for  brevity. 


Figure  2.  Scalar  interface  tracking  using  the  LEM-LES  advection  scheme 


The  large  scale  advection  of  the  scalar  field  (due  to  the  LES  filtered  velocity)  is  con¬ 
ducted  using  a  Lagrangian  volume  transport  method  (Smith  and  Menon,  1998).  In  this 
method,  the  subgrid  LEM  cells  sure  transported  between  the  subgrid  domains  to  account 
for  volume  transport  between  LES  cells.  The  method  is  Lagrangian  and  is  similar  (not 
identical)  to  the  volume  of  fluid  method  used  for  volume  tracking.  When  using  a  finite  dif¬ 
ference  or  finite  volume  scheme,  an  initially  thin  scalar  front  gets  dispersed  and  artificially 
thickened  by  the  numerics.  Using  the  present  advection  scheme,  the  scalar  interfaces  (self- 
propagative  or  otherwise)  can  be  advected  with  no  artificial  thickening  and  with  minimal 
distortion.  This  (front  capturing)  ability  of  the  present  advection  scheme  is  illustrated  in 
figure  2.  The  advection  of  a  thin  scalar  interface  by  uniform  velocity  and  the  outward 
burning  of  a  circular  laminar  flame  are  simulated  on  a  Cartesian  grid.  The  initial  and  final 
states  of  the  fronts  (shown  in  figure  2),  indicate  that  the  fronts  are  well  captured  with 
minimal  artifical  distortion  or  dispersion.  This  feature  is  essential  to  capture  the  flamelet 
type  burning  since  the  flame  thickness  is  always  smaller  than  all  the  fluid  dynamic  scales. 

When  the  flame  profile  is  captured  over  several  grid  points  (as  in  a  conventional  LES 
with  a  flame  speed  model  (Kim  and  Menon,  1998)),  the  internal  flame  structure  can  be 
modified  by  the  fluid  dynamics,  thereby  changing  it’s  local  propagation  speed  and  violating 
the  flamelet  assumption.  To  illustrate  the  need  for  the  LEM-LES  approach  in  the  flamelet 
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regime,  the  present  results  are  compared  to  prediction  obtained  by  conventional  LES  using 
a  flame  speed  model  (Yakhot,  1988). 


3.  Flow  configurations 


The  stagnation  flame  configuration  consists  of  a  premixed  flame  held  by  a  turbulent  jet 
flow  impinging  on  an  adiabatic  wall.  The  turbulent  jet  is  surrounded  by  a  laminar  co-flow 
at  the  same  speed  to  prevent  the  formation  of  any  shear  generated  structures  at  the  edges. 
The  flame  interacts  with  nearly  isotropic  turbulence  generated  by  the  honeycomb  grid  at 
the  inflow  of  the  jet.  At  the  inflow,  isotropic  turbulence  with  a  von  Karman  type  spectrum 
(at  a  required  intensity,  v!  and  length  scale,  L)  is  added  to  the  mean  flow  velocity,  U0.  The 
configuration  and  the  flow  conditions  are  chosen  to  match  the  experimental  conditions 
in  past  studies  (Cho  et  al.,  1986;  Cho  et  al.,  1988;  Cheng  and  Shepherd,  1989).  The 
temperature  rises  by  a  factor  of  7  due  to  chemical  heat  release  which  is  typical  of  near 
stoichiometric  hydrocarbon  premixed  flames.  Simulations  are  conducted  for  u'/Sl  values 
of  0.75,  1.5,  4.0  and  8.0  with  a  fixed  integral  length  scale  (L)  of  5mm.  The  flame  with 
u'/Sl  of  0.75  is  the  closest  to  the  experiments  and  hence,  the  conventional  LES  is  also 
conducted  for  this  case. 

In  case  of  stagnation  flames,  a  69  x  89  x  89  grid  is  used  for  LEM-LES,  whereas  a  finer 
89  x  129  x  129  grid  is  used  for  the  conventional  LES.  In  general,  the  grid  requirement 
for  the  two  cases  are  different.  In  LEM-LES,  the  LES  is  used  primarily  to  provide  fluid 
dynamic  information  to  the  subgrid  domains  (where  the  flame  propagation  and  small-scale 
stirring  processes  are  well  resolved).  For  the  conventional  LES,  a  very  finer  grid  is  required 
in  order  to  accurately  resolve  (track)  the  flame  on  the  three-dimensional  grid.  Since  the 
computational  cost  of  three-dimensional  simulations  increases  rapidly  with  increasing  grid 
resolution,  a  89  x  129  x  129  grid  is  used  for  conventional  LES  based  on  cost  restrictions. 

The  swirl  combustor  simulated  here  is  a  close  approximation  to  the  GE  LM6000  and 
consists  of  a  15.24cm  x  8.28cm  x  7.01cm  rectangular  chamber  into  which  a  highly  swirling 
flow  enters  through  a  circular  pipe  of  3.35  cm  diameter.  The  inflow  turbulent  kinetic  energy 
is  approximately  14%  of  mean  kinetic  energy.  The  flame  speed  corresponds  to  a  premixed 
mixture  of  methane-air  at  an  equivalence  ratio  of  0.5,  75  psi  pressure  and  600  K.  The  flame 
temperature  is  around  3  times  the  initial  temperature.  A  101  x  89  x  61  Cartesian  grid  is 
used  to  simulate  this  flow  field.  In  the  experiments  (used  for  comparison  here),  cooling  air 
is  pumped  into  the  combustion  chamber  along  it’s  side  walls  at  a  location  around  5.0  cm 
downstream  of  the  inflow.  A  more  detailed  description  of  the  combustor  is  given  elsewhere 
(Kim  and  Menon,  1998;  Kim  et  al.,  1999).  However,  this  cooling  effect  is  not  included  in 
the  simulations.  Given  the  fact  that  the  flame  is  located  well  upstream  of  the  cooling  air, 
it  is  assumed  that  this  omission  does  not  affect  the  predictions  severely. 


4.  Results  and  discussion 

The  results  obtained  using  the  LES-LEM  method  is  compared  with  predictions  obtained 
using  conventional  flame  speed  model  and  experimental  data.  We  first  discuss  the  stagna¬ 
tion  point  flame  and  then  the  swirl-stabilized  flame. 
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4.1.  STAGNATION  POINT  FLAMES 

The  fluid  dynamics  are  substantially  altered  due  to  the  density  variations  across  the  wrin¬ 
kled  flame  surface  in  all  the  simulations.  While  the  flame  fluctuates  with  a  low  amplitude 
about  it’s  mean  location  in  case  of  low  u' /Si  flames,  the  fluctuations  are  more  pronounced 
at  high  u'/Sl  leading  to  a  highly  convoluted  flame  structure.  This  transition  from  wrin¬ 
kled  flamelet  regime  ( u'/Sl  ~  1)  to  the  corrugated  flamelet  regime  ( u'/Sl  =  8)  is  well 
illustrated  in  figure  3.  In  these  figures,  the  flame  surface  show  is  obtained  by  averaging 
the  subgrid  G  fields  and  thus,  represents  a  LES-resolved  flame  structure.  This  type  of 
’filtering’  loses  information  on  the  finer  3D  scales  of  wrinkling  as  discussed  later. 


(a )u'/SL  ~  1.5  u'/Sl  =  4  u'/SL  =  8 

Figure  3.  Effect  of  turbulent  intensity  on  flame  wrinkling 


TABLE  1.  ae  predictions  for  premixed  flames 


Case 

u'/Sl 

LEM-LES 

0.75  -  1.5 

0.47  -  0.55 

LEM-LES 

4.0  -  8.0 

0.706  -  0.74 

stagnation  flames  (Shepherd  and  Ashurst,  1992) 

0.6  -  0.8 

0.696  -  0.721 

oblique  planar  flame  (Driscoll  et  al.,  1994)  | 

1.7  -  2.7 

0.707 

freely  propagating  (DNS)  (Trouve  and  Poinsot,  1994)  | 

3.3  -  4.5 

0.7 

At  higher  u'/Sl,  the  instantaneous  flame  normal  tends  to  be  move  away  from  the 
normal  to  the  mean  flame  surface.  This  behavior  can  be  quantified  by  the  mean  direction 
cosine  (o$)  of  the  flame  normal  relative  to  the  flame  brush  plane  as  in  the  Bray-Moss-Libby 
(BML)  theory  (Bray  et  al.,  1984).  In  BML  theory,  it  is  computed  using  the  exact  flame 
shape  whereas,  the  flame  surface  resolved  on  the  LES  grid  is  used  here.  The  small  scale 
wrinkles,  which  are  more  three-dimensional  are  not  captured  on  the  LES  grid.  As  a  result, 
the  LES  resolved  flame  normal  is  likely  to  be  closer  to  the  normal  to  the  mean  flame  brush 
than  the  normal  to  the  actual  (exact)  flame  surface.  Hence,  an  under  prediction  of  ag  is 
expected  when  using  the  resolved  field  in  the  LEM-LES.  Table  1  compares  the  present  data 
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with  past  results.  For  the  stagnation  flames  simulated  here,  ag  is  found  to  increase  with 
u'/Sl,  which  indicates  an  increased  tendency  for  three-dimensional  wrinkling  (corrugated 
flamelets)  at  higher  intensities. 

The  flow  across  the  flame  surface  experiences  tremendous  acceleration  in  the  normal 
direction  due  to  a  significant  (factor  of  7)  drop  in  density.  When  a  surface,  across  which 
there  is  a  significant  velocity  gradient,  oscillates,  it  produces  a  very  high  level  of  inter- 
mittency  in  the  velocity  field.  Since  the  flame  normal  is  more  aligned  towards  the  axial 
direction  at  lower  turbulent  intensity,  the  velocity  changes  are  more  prominent  for  the 
axial  component  of  the  velocity.  The  rms  values  of  the  axial  and  radial  velocities  predicted 
by  LEM-LES  and  the  flame  speed  model  are  shown  along  with  the  experimental  data  in 
figure  4. 


distance  from  the  wall  (mm)  distance  from  the  wall  (mm) 


Figure  4 •  Prediction  of  turbulent  intensities  on  the  centerline 


Since  the  intermittency  is  higher  for  the  axial  component,  urms  attains  a  peak  value 
within  the  flame  brush.  In  the  post  flame  zone,  the  density  of  the  products  is  uniform  and 
there  are  no  density  fluctuations.  Thus,  urms  quickly  drops  almost  to  a  value  upstream 
of  the  flame  brush.  However,  the  radial  velocity  fluctuations  increase  steadily  through  the 
flame  brush  and  persist  in  the  post  flame  zone.  As  seen  in  the  experiments,  the  flame 
brush  has  essentially  created  anisotropy  in  the  (flame-generated)  turbulence  by  increasing 

vrms  • 

Both  the  flow  intermittency  and  the  turbulence  generation  mechanism  are  dependent 
on  the  density  gradients  across  the  local  flame  normal.  Since  the  flame  is  captured  as  a  thin 
front  in  LEM-LES,  it  captures  the  sharp  density  gradients  better  than  the  conventional 
LES  (which  captures  the  flame  profile  over  several  grid  points  thus  producing  a  thickened 
flame  width).  To  capture  sharp  density  gradients,  a  conventional  LES  would  need  a  much 
finer  (and  computationally  more  expensive)  grid  than  the  one  used  here.  It  is  worth  noting 
that  any  iso-surface  of  the  three-dimensional  G  field  can  be  considered  a  flame  (level  set 
method)  if  the  flame  is  passive.  If  there  are  density  changes  associated  with  the  flame,  the 
flame  speed  is  a  function  of  the  density,  i.e.  flame  speed  as  seen  from  the  products  side 
is  different  from  the  flame  speed  (usually  quoted)  with  reference  to  the  reactants  side.  If 
level  set  assumption  is  used,  the  flame  speed  is  discontinuous  across  the  infinitely  thin 
iso-surface  and  the  motion  of  three-dimensional  G  field  can  not  be  modeled  using  a  finite 
difference  equation. 
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distance  from  the  wall  (mm) 


Figure  5.  Effect  of  u' /Sl  on  axial  intermittency  of  the  flow 


With  increasing  u'/Sl,  the  axial  flow  intermittency  reduces  due  a  more  random  orien¬ 
tation  of  the  flame  and  the  peak  in  urms  is  less  pronounced.  This  is  illustrated  in  figure  5. 
However,  it  is  apparent  from  this  figure  that  a  small  peak  in  urms  is  produced  upstream 
of  the  flame  brush.  This  feature  is  also  observed  in  the  experiments  (Cho  et  al.,  1988; 
Cheng  and  Shepherd,  1989).  Interestingly,  although  most  features  of  planar  premixed 
flames  were  well  captured  by  the  Reynolds  averaged  second  moment  closure  method 
(Lindstedt  and  Vaos,  1999),  it  failed  to  predict  this  peak.  This  points  to  the  unsteady 
flame-turbulence  interactions  as  one  likely  reason  for  this  feature. 

The  topological  (structural)  features  of  the  flame  surface  cannot  be  extracted  from  the 
time  averaged  data.  Flame-turbulence  interactions  are  also  inherently  unsteady  and  have 
to  be  characterized  statistically  using  instantaneous  data.  This  is  done  by  constructing 
the  probability  density  functions  (PDFs)  of  local  properties  over  the  flame  surface.  Only 
the  geometric  features  of  the  flame  surfaces  are  presented  here  since  other  features  such  as 
the  flame  alignment  with  local  vortical  structures  and  strain  rates  are  discussed  elsewhere 
(Chakravarthy  and  Menon,  1999). 

The  principle  curvatures  (and  radii)  of  the  flame  surface  (Shepherd  and  Ashurst,  1992) 
are  computed  at  several  locations  and  PDFs  are  constructed.  Comparison  of  mean  cur¬ 
vature  PDFs  (non-dimensionalized  using  the  integral  length  scale)  predictions  in  figure  6 
show  that  the  curvature  PDF  is  more  symmetric  in  case  of  LEM-LES.  Also,  the  likelihood 
of  higher  negative  curvatures  is  seen  in  the  LEM-LES  approach.  At  low  turbulence  levels, 
premixed  flames  develop  cusps  (as  observed  in  experiments)  with  very  high  curvatures 
pointing  towards  the  product  side.  Hence,  there  is  likelihood  of  encountering  higher  nega¬ 
tive  curvatures  on  the  flame  surface.  The  flame  propagation  model  in  LEM-LES  is  capable 
of  handling  these  cusps  since  the  (subgrid)  averaged  G  field  is  not  necessarily  continuous 
on  the  LES  grid.  The  conventional  LES  on  the  other  hand,  requires  the  scalar  field  to  be 
continuous  and  smooth  for  stable  integration  and  therefore,  is  incapable  of  fully  resolving 
regions  of  high  curvature  in  the  scalar  field. 

In  addition  to  the  curvatures,  the  shape  factors  H  (ratio  of  curvatures)  (Shepherd  and 
Ashurst,  1992)  are  also  computed.  It  is  well  known  that  that  the  turbulent  eddies  are  most 
likely  cylindrical  ( H  =  0)  and  by  wrapping  the  flame  sheet  around  them,  cause  the  local 
flame  surface  to  be  predominantly  cylindrical.  This  is  predicted  by  both  the  LEM-LES 
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mean  curvature 
(a) 


shape  factor  (H) 

(b) 


Figure  6.  Geometric  characteristics  of  the  flame  surface 


and  the  flame  speed  simulations  as  shown  in  figure  6. 

It  is  seen  that  the  probability  of  finding  locally  spherical  (H  =  1)  and  saddle  ( H  =  —1) 
regions  is  higher  in  case  of  LEM-LES.  This  can  be  attributed  to  the  stochastic  nature  of 
burning  in  LEM-LES.  In  conventional  LES,  the  G  field  and  it’s  propagation  rate  are  rel¬ 
atively  continuous.  As  a  result,  the  flame  sheet  wraps  around  fairly  smoothly  cylindrical 
eddies.  Thus,  the  predicted  shape  factor  PDF  agrees  well  with  the  corresponding  predic¬ 
tions  from  a  DNS  (Shepherd  and  Ashurst,  1992).  It  is  also  interesting  to  note  that  heat 
release  seems  to  have  minimal  effect  of  the  shape  factor  PDF  since  the  DNS  data  was 
obtained  for  passive  (non-exothermic)  flames.  It  is  to  be  realized  that  the  heat  release 
effects  on  fluid  and  the  flame  dynamics  are  felt  through  density  gradients.  Due  to  artificial 
thickening  of  the  flame  and  the  subsequent  reduction  of  density  gradients  in  conventional 
LES,  it  is  likely  that  the  heat  release  effects  (density  gradients)  on  flame  surface  dynamics 
are  insignificant.  As  a  result,  the  conventional  LES  result  agrees  well  with  the  DNS  data 
for  no  heat  release  case. 

In  LEM-LES,  the  stochastic  nature  of  subgrid  processes  leads  to  perturbations  on  the 
cylindrical  flame  surface  which  would  result  in  non-zero  shape  factors.  This  reasoning 
is  consistent  with  observations  (Shepherd  and  Ashurst,  1992)  that  spherical  and  saddle 
shapes  are  formed  by  the  bending  of  a  cylindrical  surface  in  directions  opposite  to  each 
other. 

The  burning  rate  per  unit  volume  is  proportional  to  the  flame  surface  density  which  is 
the  flame  area  per  unit  volume.  The  variation  of  the  normalized  flame  surface  density  with 
the  mean  progress  variable  (<  C  >)  is  shown  in  figure  7  along  with  the  theoretical  BML 
expression:  k  <  C  >  (1—  <  C  >)  (Bray  et  al.,  1984)),  where  k  is  a  constant.  It  is  seen  that 
the  current  data  is  skewed  to  the  right  of  the  theoretical  symmetric  curve.  The  peak  occurs 
closer  to  <  C  >  of  0.6  instead  of  0.5.  This  skewness  is  often  seen  in  experimental  studies 
(Cheng  and  Shepherd,  1991;  Shepherd,  1996;  Mounaim-Rousselle  and  Gokalp,  1994)  and 
an  explanation  for  the  shift  (Cheng  and  Shepherd,  1991)  is  related  to  bimodal  flamelet 
combustion.  It  is  interesting  that  even  at  relatively  high  u'/Sl,  the  LEM-LES  approach 
retains  the  flamelet  type  characteristics. 
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Figure  7.  Flame  surface  density  variation  with  the  mean  progress  variable 


4.2.  COMBUSTOR  FLOW 

A  flame  shape  typical  of  corrugated  flamelet  regime  is  found  in  the  combustor.  Occasion¬ 
ally,  pockets  of  premixed  reactants  break  away  from  the  primary  reactants  zone  and  burn 
up  completely  in  the  midst  of  products.  This  is  expected  given  that  u'/Sl  is  extremely 
high  (around  55)in  this  case. 


Figure  8.  Geometry  of  the  resolved  flame  surface 


The  iso-level  surface  corresponding  to  resolved  G  field  (obtained  using  subgrid  aver¬ 
ages)  of  0.1  is  shown  in  figure  8.  This  surface  approximately  indicates  what  the  flame 
might  look  like  in  the  combustor.  The  surface  shown  here  is  relatively  more  wrinkled  than 
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(a)  reacting  flow  (b)  non-reacting  flow 

Figure  9 .  Effect  of  chemical  heat  release  on  the  axial  velocity  field 


the  surface  obtained  using  the  conventional  LES  predictions  (shown  in  (Kim  and  Menon, 
1998)).  As  seen  in  case  of  stagnation  flames,  this  is  once  again  due  to  the  difference  in  the 
flame  tracking  between  LEM-LES  and  the  conventional  simulations. 

The  maximum  swirl  velocity  at  the  inflow  is  higher  than  the  maximum  axial  velocity. 
Due  to  the  high  swirl,  there  is  tremendous  radial  acceleration  and  as  a  consequence,  the 
axial  velocity  drops  rapidly  downstream  of  the  inflow.  Eventually,  the  axial  flow  reverses 
direction  on  the  centerline  thus  creating  a  pocket  of  recirculating  flow.  This  recirculating 
flow  is  expected  to  hold  the  flame  in  position  by  preventing  it  from  moving  downstream.  As 
in  the  experiments,  the  recirculation  zone  is  pushed  farther  away  from  the  inflow  when  the 
flow  is  reacting  (when  compared  to  the  non-reacting  flow).  This  is  illustrated  graphically 
using  the  axial  velocity  fields  in  figure  9. 


axial  distance  from  the  inflow  (mm) 
Figure  1 0.  Prediction  of  axial  velocity  on  the  centerline 


The  mean  axial  velocity  predicted  by  LEM-LES  is  compared  to  the  experiments  in 
figure  10.  It  is  seen  that  the  velocity  drop  in  the  simulation  is  under  predicted  leading  to 
higher  axial  velocities  in  the  LES  when  compared  to  experiments.  As  a  result,  the  flame  is 
expected  to  be  farther  from  the  inflow  in  the  simulations  than  in  the  experiments.  Figure  11 
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shows  the  urms  predictions  from  the  reacting  and  the  non-reacting  simulations.  It  is  seen 
that  the  evolution  of  turbulence  is  not  captured  accurately  by  the  simulations.  These 
predictions  are  also  found  to  be  very  sensitive  to  the  inflow  turbulence  characteristics  such 
as  the  turbulent  length  scale.  Unlike  in  the  stagnation  flame  simulations,  the  turbulent 
length  scale  is  unknown  at  the  inflow  in  this  case.  Also,  the  wide  variations  in  the  velocity 
values  close  to  the  inflow  (evident  from  the  experimental  velocity  PDFs  not  shown  here) 
indicate  that  the  unsteadiness  in  this  inflow  may  consist  of  large  scale  structures  in  addition 
to  turbulence.  Since  the  simulations  use  mean  flow  with  added  isotropic  turbulence  as 
inflow  conditions,  the  kinetic  energy  growth  downstream  is  not  predicted  accurately. 


axial  distance  from  the  inflow  (mm) 


Figure  11.  Prediction  of  velocity  fluctuations  on  the  centerline 


vertical  distance  (mm) 


Figure  12.  Vertical  profiles  on  axial  velocity  moments  at  x  =  78mm 


Downstream  of  the  centerline  recirculation  zone,  the  velocity  and  turbulence  recover 
reasonably  well  in  the  non-reacting  flow  simulations.  The  vertical  profiles  of  mean  and  rms 
of  the  axial  velocity  at  a  location  78mm  from  the  inflow  are  shown  in  figure  12.  In  case  of 
reacting  flow,  the  vertical  profile  of  axial  velocity  (similar  to  figure  12  but  not  shown  here) 
obtained  using  experiments  indicates  a  value  of  8  m/s  of  the  axial  velocity.  However,  it’s 
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value  as  seen  from  figure  10  seems  to  be  negative  in  experiments  and  7  m/s  in  LEM-LES. 
This  points  to  some  error  in  the  experimental  measurements. 

The  error  in  turbulence  predictions  in  the  near  field  has  made  it  difficult  to  validate  the 
subgrid  combustion  modeling  approach  in  this  flow.  Better  inflow  conditions  and  perhaps 
a  finer  LES  grid  are  required  to  better  capture  the  turbulence  evolution.  LES  with  finer 
grids  are  currently  being  undertaken  and  the  subgrid  approach  can  be  better  tested  when 
the  turbulence  predictions  are  accurate. 


5.  Conclusions 

The  subgrid  flamelet  method  used  here  captures,  quite  accurately,  the  geometric  and 
propagation  characteristics  of  flame  surfaces  and  their  effects  on  the  fluid  dynamics.  The 
current  method  can  also  account  for  the  effects  of  exothermic  nature  of  the  flame  on 
flame-turbulence  interactions  (Chakravarthy  and  Menon,  1997;  Chakravarthy  and  Menon, 
1999)  accurately  and  predicts  counter-gradient  diffusion  (Chakravarthy  and  Menon,  1999) 
at  greater  than  unity  Bray  numbers  as  seen  in  DNS  (Veynante  et  ah,  1997).  The  contrast 
between  the  predictions  by  LEM-LES  and  a  conventional  LES  establishes  the  necessity 
to  model  each  of  the  physical  processes  at  their  characteristic  length  and  time  scales. 
The  validation  of  the  modeling  approach  for  real  combustor  still  remains  inconclusive. 
However,  it  is  establishes  the  feasibility  of  coupling  subgrid  modeling  strategies  with  large 
eddy  simulations  of  realistic  reacting  flows  using  parallel  computers. 
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Abstract.  This  paper  presents  techniques  for  optimal  control  of  turbulent 
flows  based  on  the  dynamic  subgrid-scale  LES  model.  This  control  scheme 
has  been  implemented  using  a  finite  time-window  approach  where  the  flow 
sensitivity  is  computed  from  the  adjoint  LES  equations.  LES  results  for 
optimal  control  of  terminal  turbulent  kinetic  energy  axe  compared  to  Direct 
Numerical  Simulation  (DNS)  under  similar  conditions.  These  comparisons 
indicate  that  optimal  control  based  on  LES  can  relaminarize  low  Reynolds 
number  turbulent  channel  flow  similar  to  results  obtained  using  DNS  but 
with  significantly  lower  computational  expense.  Results  are  also  presented 
for  a  novel  hybrid  LES/DNS  scheme  in  which  the  optimization  iterations 
are  performed  using  LES  while  the  flow  is  advanced  in  time  using  DNS. 
These  hybrid  simulations  retain  the  computational  efficiency  of  LES  and 
the  accuracy  of  DNS.  Results  from  hybrid  simulations  clearly  demonstrate 
that  the  controls  computed  based  on  LES  optimization  axe  also  viable  in 
the  context  of  DNS.  In  all  cases,  the  agreement  between  LES,  DNS,  and 
hybrid  LES/DNS  indicates  that  reliable  turbulence  control  strategies  can 
be  efficiently  developed  based  on  LES. 


1.  Introduction 

Flow  control  offers  the  potential  for  modifying  turbulent  flows  to  achieve  a 
variety  of  objectives  including  skin-friction  drag  reduction,  noise  suppres¬ 
sion,  and  heat  transfer  modification.  Previously,  both  passive  and  active 
turbulence  control  schemes  have  been  studied  and  [13]  provides  a  recent 
review.  In  this  article,  we  focus  on  optimal  control  which  provides  a  frame¬ 
work  to  systematically  derive  the  most  efficient  means  of  control  to  achieve 
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a  desired  effect.  The  control  distribution  that  results  from  optimal  control 
theory  can  be  used  to  guide  the  development  of  heuristic  control  approaches 
as  well  as  identify  the  merits  of  various  actuator /sensor  combinations. 

However,  optimal  control  theory  requires  a  high-fidelity  means  of  pre¬ 
dicting  the  flow  field  response  which  makes  the  method  computationally 
intensive.  In  the  context  of  turbulence  control,  optimal  control  theory  has 
been  applied  to  reduce  the  drag  in  a  low  Reynolds  number,  turbulent 
channel  flow  using  Direct  Numerical  Simulation  (DNS)  to  predict  the  flow 
response  [3, 11, 14]  and  recent  results  indicate  that,  for  certain  objective 
functionals,  relaminarization  is  possible  [4, 19].  Unfortunately,  the  com¬ 
putational  expensive  of  DNS  makes  the  method  intractable  for  the  high 
Reynolds  number,  complex-flows  typical  of  engineering  applications.  The 
current  work  addresses  this  limitation  by  modeling  the  flow  field  using  Large 
Eddy  Simulation  (LES)  with  a  dynamic  subgrid-scale  model.  LES  greatly 
reduces  the  computational  expense,  compared  to  DNS,  allowing  solutions 
at  higher  Reynolds  numbers  and  for  more  complicated  flow  systems.  The 
goal  of  the  current  work  is  to  determine  whether  realistic  optimal-control 
strategies  can  be  developed  based  on  LES.  For  this  purpose,  we  have  ap¬ 
plied  our  LES  formulation  to  turbulent  channel  flow  and  comparisons  are 
made  to  DNS  results. 

2.  Large  Eddy  Simulation 

We  begin  by  considering  incompressible,  fully-developed  turbulent  flow  in 
a  planar  channel  where  the  fluid  motion  is  predicted  using  LES.  In  the 
following  discussion  the  coordinate  system  for  the  channel  flow  is  x\  in 
the  streamwise  direction,  £2  in  the  wall-normal  direction,  and  £3  in  the 
spanwise  direction.  The  flow  in  the  streamwise  and  spanwise  directions  is 
assumed  to  be  periodic. 

Large  Eddy  Simulation  is  performed  by  removing  the  small  scale  tur¬ 
bulent  structures  through  a  low-pass  filtering  operation.  Doing  so  leads  to 
the  filtered,  nondimensional,  incompressible  Navier-Stokes  equations 

Ht  +  (uiUj)j  -  +  pti  +  /<  +  njj  =  0  (la) 

ui,i  =  0  (lb) 

where  a  bar  denotes  the  grid  filter  operator,  is  the  subgrid-scale  (SGS) 
stress  defined  as  ry  —  ujuj  —  UiUj ,  and  fi  =  SnPx  is  the  body  force  re¬ 
quired  to  enforce  the  mean  pressure  gradient  for  turbulent  channel  flow.  To 
close  the  equations,  the  anisotropic  component  of  the  SGS  stress  term  is 
approximated  using  the  Smagorinsky  model  [18] 

Tij  ~  \SijTkk  =  — 2CA2|5|5jj 


(2) 
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where  A  is  the  grid-filter  width,  Sij  is  the  strain  rate  tensor  defined  as  Sij  = 
^  (uij  +  uj,i),  and  151  =  (2 SijSij)1/2.  The  dimensionless  model  coefficient 
C  can  be  obtained  using  the  dynamic  procedure  [7, 12],  which  has  been 
successfully  used  to  study  a  variety  of  complex  inhomogeneous  flows  [1,2, 
6-8,15,16]. 

Using  the  dynamic  model,  the  parameter  C  in  the  model  (2)  can  be 
written  as 

q _  LjjMjj  > 

~~  <  MkiMki  > 

where  Ly  =  H ^  -  %Tij  and  Mjj  =  — 2A  \S\Sij  +  2A2|5|Sij.  The  <  > 
denotes  the  average  over  planes  parallel  to  the  walls  and  a  hat  denotes  the 
test-filtering  operator  with  the  width  as  A,  which  satisfies  A  >  A.  We  use 
S  =  2A. 

The  LES  equations  for  turbulent  channel  flow  are  solved  using  a  hybrid 
Fourier-spectral  and  finite  difference  method  [1, 14]  which  has  been  modi¬ 
fied  to  run  efficiently  on  workstation  class  computers  and  shared  memory 
parallel  computers.  Fourier  transforms  are  used  to  compute  spatial  deriva¬ 
tives  in  the  homogeneous  directions  and  a  conservative  second-order  finite 
difference  scheme  is  used  to  compute  spatial  derivatives  in  the  wall-normal 
direction.  The  computational  grid  is  staggered  in  the  wall-normal  direction. 
The  flow  is  advanced  in  time  using  an  implicit  Crank-Nicholson  method  for 
wall-normal  derivative  terms;  an  explicit,  third-order  Runge-Kutta  method 
for  terms  involving  derivatives  in  homogeneous  directions;  and  a  fractional 
step  algorithm  is  used  for  the  pressure. 

For  most  of  the  computations  reported  here,  the  computational  domain 
is  (47t<5,  26,  Air 8/ 3)  in  the  x\,  £2,  and  £3  directions  respectively,  where  6  is 
the  channel  half-height.  We  choose  6  as  the  reference  length  scale,  and  uT  = 
(Wp)1/2  as  reference  velocity  scale,  where  rw  is  the  average  stress  on  the 
walls.  The  reference  (convective)  time  scale  is  then  S/uT  and  Re T  =  uT8/v. 
In  presenting  results,  we  also  report  viscous  time  units  which  are  defined 
as  t+  =  tu2/v. 

Quantitative  comparisons  of  the  Rer  =  180  statistics  are  shown  in  Fig¬ 
ures  1  and  2.  In  Figure  1,  the  current  LES  statistics  are  compared  with  the 
results  of  a  filtered  DNS  [7,10].  Our  LES  results  match  the  DNS  results  very 
well  with  only  (48  x  65  x  48)  grid  points  compared  with  (192  x  129  x  160) 
grid  points  in  the  DNS  calculations  -  a  factor  of  32  reduction.  In  Fig¬ 
ure  1(a),  our  mean-flow  profile,  in  wall  units  (n+  =  u/uT,y+  =  yuT/v),  is 
in  excellent  agreement  with  the  DNS,  the  law  of  the  wall,  and  the  log  layer. 
Similarly  the  rms  velocities  from  our  LES  (also  shown  in  Figure  1)  are  in 
good  agreement  with  the  filtered  DNS.  Figure  2(a)  shows  the  spanwise  ve¬ 
locity  correlations  which  demonstrate  that  the  turbulence  is  uncorrelated 


4 


S.  SCOTT  COLLIS  AND  YONG  CHANG 


Figure  1.  Mean  and  Root-Mean-Square  velocity  profiles  at  Rer  =  180  with  48  x  65  x  64 

grid  points,  the  channel  domain  is  (4 ■n,  2,  47t/3)  .  (a)  Mean  velocity  profile. - :  present 

LES  result; - :  law  of  the  wall,  u+  =  y+  and  ti+  =  2.5  In  y+  4-  5.5  .  (b)  (c)  (d) 

Turbulence  intensities  <  uf  >1/2. - :  present  result;  o  :  filtered  DNS  [7,10] 


over  the  width  of  the  computational  domain.  The  spanwise  energy  spectra 
in  Figure  2(b)  shows  that  the  grid  and  test  filter  cutoffs  are  both  in  the 
inertial  range  in  the  present  LES.  The  total  stress  is  linear  in  Figure  2(d) 
which  indicates  that  second  order  statistics  are  well  converged.  The  rms 
velocity  profiles  in  global  coordinates  are  shown  in  Figure  2(c)  compared 
with  unfiltered  DNS  and  good  agreement  is  achieved  with  the  LES  slightly 
lower  than  the  DNS  as  expected.  In  summary,  our  no-control  LES  results 
are  in  excellent  quantitative  agreement  with  available  DNS  data  (similar 
agreement  is  obtained  at  i?eT  =  100)  and  the  LES  results  are  obtained  at 
a  fraction  of  the  computational  expense  required  for  DNS. 

3.  Optimal  Control  Formulation 

We  consider  optimal  control  of  fully  developed  turbulent  Jow  in  a  planar 
channel  that  is  subject  to  wall-normal  transpiration  tZj  =  $nj  on  the  walls 
with  the  initial  condition  tZj  =  g{  at  t  =  0,  where  g{  is  an  instantaneous 
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Figure  2.  (a)  Spanwise  two-point  correlations  at  y+  —  12.  - :  Rn] - :R2 2; 

- :R33-  (b)  Spanwise  one-dimensional  energy  spectra  at  y+  =  12. - :  E\\\ - 

■E22] - 'E33.  (c)  Profiles  of  rms  velocity  fluctuations.  -  :  urms ; - :ormJ; 

- :wr  ms-  o  :  DNS  [10].  (d)  Profiles  of  Reynolds  stress  and  total  stress: - :  Reynolds 

stress,  —u'v'\ - :  total  shear  stress,  —  u'v'  +  (1  /Re)du/dy. 


velocity  field  from  an  uncontrolled  LES  calculation. 

__  One  possible  formulation  of  optimal  control  is  to  determine  the  control 
4>,  such  that  the  drag  is  minimized  while  also  minimizing  the  magnitude  of 
the  control.  However,  prior  numerical  experiments  using  DNS  show  that  this 
is  not  the  most  effective  way  to  reduce  the  drag  [3].  Since  the  turbulence 
is  responsible  for  increasing  the  momentum  transport  from  the  center  of 
the  channel  to  the  near-wall  region,  and  thus  increasing  the  drag,  it  is 
reasonable  for  the  cost  functional  to  target  the  turbulence  directly  rather 
than  the  drag.  This  appears  to  be  advantageous  since  the  kinetic  energy 
responds  faster  to  changes  in  the  flow  than  does  the  drag.  In  other  words, 
turbulent  kinetic  energy  is  the  cause  and  drag  is  the  effect.  In  addition, 
temporary  increases  in  the  turbulent  kinetic  energy  are  allowable,  so  long 
as  the  value  at  the  end  of  the  optimization  interval  is  reduced  [4].  This 
leads  to  a  cost  functional  that  minimizes  the  turbulent  kinetic  energy  only 
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at  the  end  of  each  optimization  period, 


j(*)  =  /  f 

J  Tty  J 


io+71  7 _ n 

-<t>dtdr  + 


In  fTl  ^ 

Jo  L  J  h=t0+T 


(4) 


The  first  term  regularizes  the  control  and  is  integrated  over  the  wall  bound¬ 
aries,  r„,,  and  over  a  fixed  time  interval  [to,  to  +  T].  The  second  term  min¬ 
imizes  the  TKE  at  the  end  of  each  time  window.  Note  that  for  LES,  the 
cost  functional  only  acts  on  the  resolved  scales  of  motion,  the  implications 
of  which  wilLbe  discussed  below.  In  optimal  control,  the  objective  is  to  find 
the  control,  $,  (in  our  case  the  wall  transpiration  velocity)  which  minimizes 
(4).  This  is  achieved  using  the  methods  of  calculus  of  variations  which  leads 
to  the  gradient  of  the  cost  functional  with  respect  to  the  control 


pjm 


=  /$-p*  +  E2*  2 


(5) 


where  p*  and  E22  are  obtained  from  solutions  of  the  following  adjoint  LES 
equations 


ui  ,t  2uj  sij  Re  ui  ,jj  +  P*,i~ 


2CA2\S\S*j  +  4CA2^-S*kl 

K  1*1  J 


-  E*-  ■  -  F* 

*J  ,3  i 


(6a) 


ui,i  =  0  (6b) 

subject  to  the  boundary  condition  u*  =  0  on  the  walls,  with  periodicity  in 
the  streamwise  and  spanwise  directions,  and  the  end  condition  u*(to+T)  = 
Ui(to  +  T).  In  the  adjoint  equations  S*j  =  ( u*j  +  u’  J/2  is  the  adjoint 
strain  rate  and  the  two  tensors  E*-  and  F*  are  complicated  functions  of  the 
resolved  scales  given  by 


Etj 


-2A(\S\D*j)-4Al^jiD*kl\  + 


'!!  _ 

2A2|5|5*+4A2^ 


2-D? 


kl  ) 


f;  =  2  (B'fr  -  Bifr) 


(7a) 

(7b) 


LES  BASED  OPTIMAL  TURBULENCE  CONTROL 


7 


where 


n>*  <  2A  |S'|5,mn5£jn  >  Tit 

Bij  -  zrmLF~z  Mv  > 


<  2A2|5|5; 


<  MkiMM  > 


<  MkiMki  > 

mnS*mn  >(Lij  _2CMy)  , 


(8a) 

(8b) 


This  research  represent  the  first  derivation  and  solution  of  the  adjoint  LES 
equations  (6)  for  the  dynamic  subgrid-scale  model  as  initially  reported  in 
[5],  • 

Before  discussing  the  numerical  method  used  to  solve  the  adjoint  equa¬ 
tions,  it  is  instructive  to  observe  that  the  first  line  of  the  LES  adjoint 
momentum  equations  (6a)  is  exactly  the  adjoint  NS  operator  acting  on  the 
grid  filtered  state.  The  second  line  in  (6a)  is  entirely  due  to  the  variation 
of  the  SGS  model  with  respect  to  the  control.  Focusing  on  the  second  line 
in  more  detail,  the  terms  in  parentheses  arise  due  to  the  variation  of  the 
resolved  strain-rate  with  respect  to  the  control.  Likewise,  the  term  E-j 
represents  a  stress  and  Ff  a  body  force  where  both  terms  are  due  to  the 
variation  of  the  dynamically  predicted  model  coefficient  C  with  respect  to 
the  control. 

In  the  current  approach,  called  the  LES  adjoint ,  we  have  performed 
the  optimization  after  introducing  the  LES  model  into  the  state  equation. 
Similar  to  the  differences  that  arise  when  one  switches  the  order  between 
discretization  and  optimization,  the  relative  ordering  of  modeling,  optimiza¬ 
tion,  and  discretization  influences  both  the  tractability  of  the  procedure  as 
well  as  the  final  results.  For  the  large-scale  continuous  problems  under  con¬ 
sideration  here  it  is  likely  necessary  to  perform  discretization  as  the  final 
step  in  the  solution  process.  However,  it  is  feasible  to  consider  switching  the 
order  of  the  modeling  and  optimization  steps.  If,  instead  of  the  current  ap¬ 
proach,  we  had  first  optimized  then  modeled,  the  adjoint  equations  would 
be  exactly  the  adjoint  NS  operator  acting  on  the  grid  filtered  scales  plus 
an  adjoint  SGS  stress  that  must  be  modeled  in  order  to  close  the  equation. 
One  would  be  free  to  select  any  reasonable  model  for  these  term.  An  ad¬ 
vantage  of  this  approach  is  that  the  adjoint  SGS  model  could  be  selected 
to  be  computationally  simpler  than  that  given  in  (6-8). 

For  example,  a  reasonable  model  for  the  adjoint  SGS  stress  term  might 
be  the  terms  in  parentheses  in  equation  (6a)  which  would  be  a  Smagorin- 
sky  type  model  for  the  adjoint  where  the  coefficient  C  is  assumed  to  be 
fixed  by  the  dynamic  procedure  applied  to  the  state.  We  call  this  approach 
the  modeled  adjoint.  Another  way  of  interpreting  this  approach  is  that  C 
is  assumed  to  be  given  and  fixed  for  the  purpose  of  computing  the  adjoint 
using  (6a)  which  would  allow  both  E*j  and  F*  to  be  set  to  zero  in  (6a).  In 
this  context,  we  call  this  an  approximate  LES  adjoint.  In  either  case,  the 
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computational  expense  in  solving  the  adjoint  equations  is  reduced  and  in 
the  next  section  we  present  results  using  this  approach  along  with  inter¬ 
pretations  based  on  both  the  modeled  adjoint  and  approximate  LES  adjoint 
points  of  view. 

The  optimization  time  window  T  is  a  important  parameter.  The  larger 
the  window,  the  more  the  cost  functional  represents  the  optimal  control 
objective.  But  larger  T  increases  the  difficulty  of  the  computation  and  may 
even  cause  the  computation  to  diverge  because  the  adjoint  equations  are 
sensitive  to  errors.  By  choosing  a  suitable  time  window  T ,  we  minimize  the 
cost  functional  on  a  time  window  [to>^0  +  T] ,  then  repeat  this  on  the  next 
time  window  [f0  +  T,t0  +  2 T],  and  so  on  in  the  same  manner  as  [4].  In  the 
future  we  plan  to  combine  the  current  LBS  approach  with  more  efficient 
iterative  methods  for  solving  large-scale  optimal  control  problems  [9]. 

The  numerical  method  for  solving  the  adjoint  equations  (6)  is  analogous 
to  that  of  the  LES  flow  solver.  Since  the  last  two  terms  in  the  adjoint  equa¬ 
tion  are  quite  complicated,  these  terms  are  treated  explicitly  even  though 
they  include  derivatives  in  the  wall- normal  direction.  However,  these  terms 
arise  due  to  the  variation  of  the  dynamic  model  parameter  C  with  respect 
to  the  control  which  is  found  to  be  small,  so  that  this^  treatment  does  not 
cause  severe  time-step  limitations.  Due  to  the  term  SkiSki  in  the  adjoint 
momentum  equations,  the  LES  adjoint  equations  become  a  coupled  block- 
tridiagonal  linear  system  after  discretization  in  the  wall-normal  direction. 
This  is  in  contrast  to  the  three  independent  tridiagonal  systems  obtained 
for  the  adjoint  NS  equations.  Because  of  this,  the  adjoint  LES  equations 
are  more  expensive  to  solve  them  the  adjoint  NS  equations. 

Once  the  adjoint  equations  are  solved,  the  gradient  of  the  cost  functional 
to  the  control  can  be  obtained  by  equation  (5).  The  control  is  updated  for 
each  time  window  using  an  iterative  method  based  on  the  Polak-Ribiere 
conjugate  gradient  algorithm  [17], 

$fc+1  =  +  akhk  (9) 

where  the  update  direction  hk  =  -gk+(3khk~1,  gfc  is  the  gradient  obtained 

from  (5),  (3k  =  (gfc  -  gfe_1)  ■gk/{gk~1  'g*'1)-  The  best  value  of  a*  is  calcu- 
lated  by  using  several  test  ak  to  minimize  Jk+1  using  line  minimization. 


4.  Results:  Terminal  TKE  control 

Figure  3  shows  the  evolution  of  drag  and  turbulent  kinetic  energy  (TKE)  at 
ReT  =  100  using  the  terminal  TKE  optimal  control  described  in  §3.  These 
LES  results  are  for  a  mesh  resolution  of  (32  x  49  x  32)  and  computation 
domain  size  of  (47r,2,  |7r).  This  domain  size  is  the  same  as  the  DNS  simu¬ 
lations  reported  in  [4]  which  use  a  resolution  of  (42  x  65  x  42).  Similar  to 
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Figure  3.  Drag  and  TKE  histories  for  LES  based  terminal  TKE  control  for  different 
optimization  windows  T:  (32  X  49  x  32),  ReT  =  100. 


Figure  4.  Drag  and  TKE  comparison  for  LES,  DNS,  filtered  DNS  and  Hybrid  DNS/LES 
at  T  =  30,  ReT  =  100. 


the  DNS  results,  LES  based  optimal  control  achieves  relaminarization  for 
T  >  25,  and  the  LES  results  are  in  excellent  agreement  with  the  DNS  at 
all  values  of  T.  Similar  results,  not  shown  here,  have  been  obtained  with 
coarser  LES  meshes  (16  x  33  x  24)  which  are  five  times  smaller  than  the 
mesh  used  in  the  DNS  study  and  larger  savings  axe  expected  for  higher 
Reynolds  numbers. 

In  order  to  explore  the  viability  of  the  controls  predicted  by  LES,  we 
have  implemented  a  novel  hybrid  LES/DNS  algorithm  in  which  the  opti¬ 
mization  is  performed  based  on  LES  and,  once  the  optimal  control  is  found, 
the  flow  is  advanced  in  time  to  the  next  time  window  using  DNS.  The  details 
of  this  algorithm  will  be  discussed  in  a  future  article.  Figure  4  compares  the 
results  from  LES,  DNS,  and  hybrid  LES/DNS  for  T  =  30.  In  interpreting 
these  results  it  is  important  to  distinguish  between  the  different  forms  of 
the  objective  functions  used  in  each  simulation. 
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Although  the  general  form  of  the  objective  function  is  the  same  for 
all  cases  (terminal  observation  of  TKE),  in  LES  and  LES/DNS  both  the 
velocity  field  and  controls  are  on  the  grid  filtered  mesh  as  indicated  in 
(4),  whereas,  for  DNS,  the  full  control  $  and  velocities  Uj  are  used  in  the 
objective  functional.  As  seen  in  figure  4,  all  methods  converge  to  the  laminar 
state  for  this  value  of  T,  although  the  LES  takes  more  time  to  relaminarize. 
The  quickest  convergence  to  the  laminar  state  is  obtained  using  DNS,  which 
is  not  surprising  since  the  DNS  possesses  the  full  stage  of  the  turbulence. 
Interestingly,  the  hybrid  LES/DNS,  where  the  resolution  used  during  the 
optimization  is  the  same  as  the  full  LES  run,  relaminarizes  at  nearly  the 
same  rate  as  the  full  DNS.  It  appears  that  accurate  state  prediction  is 
more  critical  than  having  the  exact  DNS  optimal  control.  To  explain  this 
further,  results  from  a  filtered  DNS  run  are  also  included  in  the  figure  where 
the  velocity  field  is  filtered  to  the  LES  resolution  in  x  and  z.  The  filtering 
delays  the  relaminarization,  making  the  filtered  DNS  nearly  identical  to  the 
hybrid  LES/DNS.  This  again  is  strong  evidence  that  the  accuracy  of  the 
state  is  more  important  than  the  accuracy  of  the  control.  In  fact,  for  the 
first  500  viscous  time  units,  the  drag  and  TKE  evolution  for  all  methods, 
including  full  LES,  are  nearly  identical.  This  suggests  that  the  optimization 
initially  targets  the  large  scale  structures  in  the  turbulence  and  it  is  only 
after  the  large  scales  are  significantly  reduced  that  differences  due  to  the 
filtered  scales  and  modeling  errors  become  noticeable.  Importantly,  the  LES 
with  dynamic  subgrid-scale  model  not  only  converges  to  the  laminar  state 
consistent  with  DNS,  but  the  controls  computed  based  on  LES  optimization 
are  also  valid  for  DNS.  This  indicates  that  LES  can  be  reliably  used  as  a 
reduced  order  model  for  optimal  control  of  turbulence.  In  particular,  we 
have  also  performed  a  hybrid  LES/DNS  where  the  LES  resolution  is  very 
coarse  (16  x  65  x  16)  and  the  flow  still  relaminarized  with  a  convergence 
similar  to  the  LES  run  shown  in  figure  4.  This  run  was  four  times  faster 
than  the  full  DNS  run. 


As  a  final  result,  figure  5  shows  the  effect  of  fixing  C  as  described  in 
§3.  We  see  that  by  introducing  this  approximation  in  the  adjoint,  con¬ 
vergence  to  the  laminar  state  is  not  obtained  and  the  drag  saturates  at 
approximately  40%  reduction.  This  is  indicative  of  errors  in  the  gradient 
predictions  which  stem  from  making  approximations  in  the  LES  adjoint. 
Likewise,  this  suggests  that  modeled  adjoints  will  likely  not  be  able  to  fully 
converge  to  the  optimal  solution.  We  emphasis,  however,  that  depending 
on  the  application  and  the  objective  functional,  the  errors  incurred  by  ap¬ 
proximating  or  modeling  the  adjoint  may  not  be  important.  The  current 
example  case  is  particularly  demanding  of  the  optimization  algorithm  since 
we  are  requiring  the  flow  to  completely  relaminarize. 
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Figure  5.  Drag  and  TKE  comparison  for  LES  with  and  without  fixed  C:  T  —  30, 
Rer  —  100. 


5.  Conclusions 

Our  research  demonstrates  that  LES  based  optimal  control  can  relaminarize 
fully  developed  turbulent  channel  flow  with  results  that  are  in  complete 
agreement  with  DNS.  To  verify  that  the  controls  predicted  by  LES  are 
reliable,  a  novel  hybrid  LES/DNS  scheme  is  used  where  optimization  is 
performed  using  LES  and  the  flow  is  advanced  in  time  using  DNS.  Results 
from  hybrid  runs,  even  those  that  use  a  very  coarse  LES  optimization,  still 
give  results  that  are  in  excellent  agreement  with  full  DNS,  with  a  factor 
of  four  savings  in  computational  cost,  and  these  savings  are  expected  to 
increase  for  higher  Reynolds  number  flows.  The  current  results  demonstrate 
the  viability  of  LES  as  a  tool  for  studying  turbulence  control  that  engenders 
considerable  savings  over  DNS.  Based  on  these  findings,  we  are  currently 
extending  our  turbulence  control  research  to  higher  Reynolds  numbers  and 
complex,  multi-physics  flows. 
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Abstract.  Direct  numerical  simulations  of  transitional  and  developed  tur¬ 
bulent  flow  in  a  mixing  layer  are  performed.  We  discuss  reference  results  of 
a  numerical  simulation  using  inflow  perturbations  derived  from  linear  sta¬ 
bility  theory.  Furthermore  a  resolution  study  is  done.  Robustness  of  flow 
phenomena  is  studied  by  applying  an  alternative  inflow  forcing  which  uses 
random  perturbations.  The  results  are  discussed  and  compared  with  data 
from  physical  experiments. 


1.  Introduction 

Already  in  the  sixties  Bradshaw  (1966)  concluded  that  many  features  of 
miving  layers  are  very  sensitive  to  initial  and  boundary  conditions  while 
comparing  experiments  of  a  subsonic  mixing  layer  developing  either  from  a 
turbulent  or  a  laminar  boundary  layer.  Later  on,  the  results  of  several  more 
experiments  were  collected  and  compared  by  Brown  et  al.  (1974),  establish¬ 
ing  a  linear  relation  between  the  vorticity  thickness  and  a  velocity-difference 
parameter.  Some  years  thereafter  Browand  et  al.  (1979)  investigated  the 
growth  of  the  two-dimensional  mixing  layer  from  a  laminar  and  turbulent 
boundary  layer  and  found  the  momentum  thickness  growing  slower  when 
initiated  from  the  turbulent  boundary  layer.  A  review  of  the  very  extensive 
literature  on  the  topic  of  instabilities  and  their  sensitivity  to  upstream  per¬ 
turbations  is  given  in  Ho  et  al.  (1984).  Summarized  in  Mehta  et  al.  (1986), 
several  mixing  layer  properties  like  e.g.  turbulent  intensities  and  growth 
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rate  seem  to  be  very  sensitive  to  small  changes  in  the  state  and  thickness 
of  the  initial  boundary  layer,  in  the  free-stream  turbulence  intensity  and 
maybe  in  the  trailing  edge  thickness.  These  studies  all  concern  physical 
experiments.  No  numerical  simulation  study  is  known  that  considers  this 
dependence  on  the  inflow  boundary  condition  in  particular. 

Recently,  the  generation  of  turbulent  inflow  data  for  spatially-developing 
boundary  layer  simulations  was  discussed  in  Lund  et  al.  (1998).  The  physics 
of  a  mixing  layer  yields  a  more  unstable  flow  compared  to  a  boundary 
layer.  Therefore,  the  costs  of  a  calculation  starting  from  a  laminar  profile 
plus  some  disturbances  at  the  inflow  and  a  natural  transition  to  turbulence 
downstream  are  within  the  limits  of  todays  supercomputers.  So,  the  adapta¬ 
tions  to  generate  turbulence  that  are  required  in  boundary  layer  simulations 
are  not  necessary  in  mixing  layer  simulations.  Furthermore,  a  simulation 
with  inflow  perturbations  containing  only  Linear  Stability  Theory  (LST) 
modes  is  described  in  Wasistho  et  al.  (1997).  There,  a  turbulent  state  was 
reached  in  a  relatively  short  streamwise  extent  due  to  an  applied  adverse 
pressure  gradient.  Another  alternative  for  the  generation  of  inflow  pertur¬ 
bations  of  the  flat  plate  is  described  in  Ducros  et  al.  (1996)  where  the  most 
unstable  2D  mode  is  combined  with  3D  random  white  noise.  The  use  of 
different  initial  perturbations  was  also  considered  in  the  temporal  setting. 
In  Rogers  et  al.  (1994),  simulations  for  the  temporal  mixing  layer  were  ini¬ 
tialized  with  velocity  fields  obtained  from  a  DNS  of  a  turbulent  boundary 
layer  computation.  Finally  we  mention  the  temporal  mixing  layer  described 
in  Vreman  et  al.  (1997)  where  the  DNS  is  initialized  by  perturbations  based 
on  LST  modes.  There  the  LST  modes  had  to  be  combined  carefully  in  order 
to  generate  an  efficient  transition  to  turbulence. 

In  the  rest  of  this  paper  we  consider  two  quite  different  cases.  First,  we 
use  the  most  unstable  modes  arising  from  Linear  Stability  Theory  (LST) 
at  the  inflow  boundary  to  generate  a  turbulent  mixing  layer  further  down¬ 
stream.  Several  combinations  of  both  two  and  three  dimensional  modes  were 
used.  Moreover,  a  grid  refinement  in  all  three  directions  has  been  done  in 
order  to  study  the  quality  of  the  solution.  Next,  the  spatial  development 
from  random  perturbations  at  the  inflow  is  considered.  The  evolution  of 
characteristic  thicknesses  in  the  streamwise  direction  for  both  simulations 
is  compared  with  results  from  physical  experiments.  A  suitable  quantity 
used  for  comparison  purposes  is  the  momentum  thickness  as  well  as  its 
growth  rate  (Rogers  et  al.,  1994). 

Conclusions  regarding  the  robustness  of  the  spatially  developing  mixing 
layer  depend  on  the  quantities  that  are  considered.  For  example,  the  loca¬ 
tion  of  transition  is  changed  considerably  when  using  different  inflow  pertur¬ 
bations.  However,  e.g.  the  process  of  streamwise  evolution  from  transition 
to  turbulence  is  roughly  unchanged.  The  momentum  thickness  exhibits  a 
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linear  growth  which  makes  it  a  suitable  quantity  for  e.g.  similarity  studies. 
The  robustness  of  the  resulting  growth  rate  with  respect  to  changes  in  the 
inflow  perturbations  points  towards  the  existence  of  a  single  state  of  simi¬ 
larity.  This  is  in  contrast  to  other  studies  mentioned  before  that  report  the 
existence  of  several  similarity  states  although  it  is  remarked  that  a  longer 
streamwise  distance  (physical  experiments)  or  computation  time  (tempo¬ 
ral  DNS)  might  result  in  a  single  similarity  state.  The  outline  of  this  paper 
is  as  follows.  In  Section  2  we  will  introduce  the  numerical  method  and  pay 
attention  to  the  treatment  of  the  outflow  boundary.  Next,  the  numerical 
results  are  presented  and  compared  with  data  from  physical  experiments 
in  Section  3.  Finally,  in  Section  4  we  will  formulate  the  conclusions. 

2.  Numerical  method 

We  consider  direct  numerical  simulations  of  subsonic  spatially  developing 
turbulent  free  shear  flows.  Previously,  the  temporal  mixing  has  been  in¬ 
vestigated  with  DNS  and  the  results  were  used  e.g.  for  the  assessment 
of  the  quality  of  several  subgrid  models  in  large  eddy  simulations  (LES) 
(Vreman  et  al.,  1997).  However,  the  temporal  simulation  is  only  a  crude 
approximation  of  physical  reality  since  periodic  conditions  are  applied  in 
the  streamwise  direction.  Therefore,  we  extended  this  approach  to  enable 
spatial  simulations  containing  inflow  and  outflow  boundaries. 

In  the  spatial  setting,  the  computational  domain  is  limited  through  the 
introduction  of  artificial  boundaries.  For  the  flow  studied  here,  especially 
the  outflow  boundary  requires  careful  attention  since  no  simple  physical 
boundary  condition  is  available  in  case  of  turbulent  flow.  A  buffer  domain 
is  introduced  in  order  to  damp  the  reflections  that  may  occur  in  the  vicin¬ 
ity  of  the  numerical  outflow  boundary.  This  procedure  is  combined  with 
characteristic  wave  relations  (Poinsot  et  al.,  1992).  In  the  buffer  domain, 
the  turbulent  solution  which  enters  the  buffer  is  gradually  forced  towards 
a  steady  mean  flow  near  the  end  of  the  buffer.  The  damping  function  used 
here  is  formulated  such  that  its  effect  is  approximately  grid  independent 
and  is  found  to  be  robust  and  with  minimal  upstream  influence  in  both 
boundary-  and  mixing  layer  (Wasistho  et  al.,  1997;  de  Bruin  et  al.,  1998). 

We  focus  on  direct  numerical  simulations  in  a  rectangular  computa¬ 
tional  domain.  An  efficient  spatial  discretization  which  includes  a  fourth 
order  finite  volume  technique  suited  for  both  uniform  and  stretched  grids 
is  employed.  The  time-integration  method  uses  a  second  order  four-stage 
Runge-Kutta  scheme. 

Previously,  the  numerical  method  and  boundary  conditions  were  vali¬ 
dated  by  superimposing  small  perturbations  on  a  base  flow  at  the  inflow 
boundary  and  comparing  the  results  with  Linear  Stability  Theory  (Wa- 
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sistho  et  al.,  1997;  de  Bruin  et  al.,  1998).  These  perturbations  provide  a 
time  dependent  forcing  of  the  flow  at  the  inflow  boundary.  We  observed 
a  good  agreement  between  DNS  and  LST  results  at  sufficient  resolution. 
Furthermore,  it  could  be  inferred  that  the  upstream  influence  of  the  buffer 
domain  was  very  small  indeed. 

3.  Numerical  results 

We  consider  a  mixing  layer  flow  with  a  Reynolds  number  of  200  and  a 
Mach  number  of  0.8  based  on  the  upper  free  stream  velocity  and  viscosity 
and  half  the  vorticity  thickness  at  the  inflow.  Temperature  is  scaled  by  a 
reference  value  of  276  K.  The  dimensionless  lower  stream  velocity  is  equal 
to  0.5,  and  both  the  upper-  and  lower  stream  dimensionless  temperatures 
are  equal  to  one.  In  the  normal  direction  the  domain  size  is  60  which  was 
found  adequate. 

We  use  a  uniform  grid  in  all  directions.  Because  the  width  of  the  layer 
increases  and  transition  to  turbulence  arises,  a  fine  resolution  is  needed. 
Guided  by  previous  results  for  the  flat  plate,  (Wasistho  et  al.,  1997)  we  use 
a  reference  resolution  of  25  points  per  perturbation  wavelength  of  the  most 
unstable  mode  in  the  streamwise  and  128  points  in  the  normal  direction 
respectively.  This  resolution  was  fine  enough  for  the  turbulent  mixing  layer 
as  well.  Furthermore,  we  take  16  points  in  the  spanwise  direction  which 
extends  half  a  wavelength  using  the  symmetry  as  described  in  Sandham  et 
al.  (1992).  This  reduces  the  computer  time  and  storage  requirements  by 
a  factor  of  two.  Summarizing,  the  total  numerical  domain  is  covered  by 
450  x  128  x  16  grid  points  for  the  reference  case.  In  the  rest  of  this  section 
we  will  study  the  robustness  of  the  momentum  thickness  growth  rate  in  the 
turbulent  regime. 

3.1.  LINEAR  STABILITY  THEORY  PERTURBATIONS 

We  selected  the  most  unstable  2D  mode  from  a  linear  stability  analysis  as 
point  of  reference  in  the  construction  of  a  suitable  inflow  perturbation.  In 
this  particular  case  we  have  a  streamwise  wave  number  o  =  ar  +  ia,  = 
0.392  -  z0.0532  and  circular  frequency  u  =  0.296.  These  data  result  in 
a  phase  velocity  which  is  very  close  to  the  mean  velocity  of  the  two  free 
streams. 

Previous  investigations  in  a  domain  10  times  the  wavelength  of  the  dom¬ 
inant  2D  mode  showed  that  this  extent  was  too  short  to  reach  a  turbulent 
state  downstream  (de  Bruin  et  al.,  1998).  Here,  a  streamwise  domain  of  18 
wavelengths  is  used,  of  which  the  buffer  length  consists  of  two  wavelengths. 
We  observed  no  transition  when  only  the  most  unstable  fundamental  2D 
and  3D  modes  were  used  at  the  inflow,  which  shows  the  importance  of  the 
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subharmonic  modes.  The  well-known  pairing  process  was  observed  with 
the  inclusion  of  the  first  two  subharmonic  modes  of  the  fundamental  2D 
mode  (with  wavelengths  two  and  four  times  the  fundamental  mode).  For 
full  transition  to  turbulence  additional  subharmonic  3D  modes  were  needed 
as  well.  We  observed  that  both  the  relative  amplitudes  of  the  3D  modes  and 
the  total  amplitude  of  all  modes  together  should  be  large  enough  in  order 
to  generate  turbulence  further  downstream  well  within  the  computational 
domain  while  retaining  a  laminar  and  a  transitional  region.  A  suitable  total 
amplitude  of  the  perturbations  imposed  at  the  inflow  boundary  is  0.2.  In 
total,  we  have  three  2D  modes  (fundamental  and  the  first  two  subharmon¬ 
ics)  and  three  pairs  of  3D  oblique  modes,  resulting  in  the  following  total 
perturbation  v  at  the  inflow  boundary: 

N 

v{x2,x3,t)  =  (¥*(x2)cos(y)  -  ^(x2)sin(y)),  (1) 

j= i 

with  e  and  A>  the  total  and  j-th  relative  amplitude  and  the  complex 
eigenfunction  (consisting  of  a  r(eal)  and  i(maginary)  part)  that  is  multiplied 
with  a  goniometric  function  of  7J  =  otixi+(3{xz—u>H+4P  with  a,  (3  the  com¬ 
plex  streamwise  and  real  spanwise  wavenumbers,  u;  the  real  frequency  and 
4>  the  phase.  The  number  of  modes,  N,  equals  9  for  this  reference  case.  This 
simple  perturbation  leads  to  a  DNS  containing  turbulence  far  downstream. 
The  values  for  all  these  arguments  are  collected  in  Table  1.  We  take  no  phase 
differences  for  the  3D  modes  since  that  may  violate  the  symmetry  condi¬ 
tion  in  the  spanwise  direction.  The  phase  of  the  2D  subharmonics  (relative 
to  the  2D  fundamental)  was  chosen  differently  from  the  2D  fundamental 
mode  in  order  to  minimize  the  distance  between  pairings  (Moser  et  al.,  1993; 
Colonius  et  al. ,  1997). 

In  Figure  1,  the  spanwise  vorticity  is  shown  in  the  plane  Xz  =  tt/2.  We 
can  distinguish  the  different  stages  from  laminar  through  transitional  to 


Otr 

2D 

on  4> 

Ur 

Otr 

3D 

Oti  fir 

U)r 

F 

0.392 

-0.0532 

0.125  7T 

0.296 

0.391 

-0.0310 

±  0.391 

0.296 

SI 

0.196 

-0.0405 

0.375  7 r 

0.151 

0.196 

-0.0208 

±  0.391 

0.149 

S2 

0.0980 

-0.0235 

0.5  7T 

0.0772 

0.0978 

-0.0093 

±  0.391 

0.0745 

TABLE  1.  Wavenumbers  a  =  (Qr,ai),  p  =  pT,  phases  (j>  and  frequencies  u  —  wr  from 
the  fundamental  mode  (F)  and  its  first  two  subharmonics  (SI,  S2)  for  the  2D  and  3D 
perturbations.  Together  this  results  in  three  2D  modes  and  three  pairs  of  3D  modes. 
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Figure  1.  Contourplot  of  the  spanwise  vorticity  at  10  iso- values  equally  dis¬ 
tributed  in  the  interval  [-0.25,0.25]  in  the  plane  X3  =  ir/2.  The  streamwise  extent 
consists  of  16  perturbation  wavelengths  in  the  physical  domain  and  2  pertur¬ 
bation  wavelengths  in  the  buffer  (after  the  dashed  line).  The  perturbations  at 
inflow  consist  of  modes  from  Linear  Stability  Theory. 


turbulent  flow.  Furthermore,  we  performed  a  grid  refinement  in  all  three 
directions.  This  was  done  at  a  resolution  of  900  x  192  x  32  points.  The 
results  were  quite  close  to  the  coarse  grid  solution  as  illustrated  by  Fig¬ 
ure  2  where  the  time  evolution  of  the  streamwise  momentum  is  compared 
for  both  resolutions  at  a  location  in  the  laminar  and  turbulent  regime  re¬ 
spectively  starting  from  a  fluid  at  rest  at  time  t  =  0.  It  is  clear  from  these 
figures  that  the  time  evolution  of  both  streamwise  momenta  coincides  in 
the  laminar  regime  and  deviates  somewhat  in  the  turbulent  regime  while 
the  main  features  remain  the  same:  the  mean  value  deviates  1%  and  the 
standard  deviation  4%. 

3.2.  RANDOM  PERTURBATIONS 

In  order  to  study  the  downstream  dependence  of  the  flow  on  the  inflow 
condition,  we  next  consider  the  case  where  the  perturbations  at  the  in¬ 
flow  are  random  variables  multiplied  with  a  Gaussian  distribution  in  the 
normal  coordinate  to  locate  the  perturbations  near  the  centerline.  Three- 
dimensionality  was  introduced  by  including  a  sinusoidal  perturbation  in 
the  spanwise  direction.  The  perturbations  v  imposed  at  the  inflow  have  the 
following  form: 


v{x2,x3,t )  =  t  exp{-xl)(A2D  R2D{t)  +  A3D g(p x3)  RZD(t ))  (2) 

with  P  the  real  spanwise  wavenumber  taken  as  the  value  computed  with 
LST.  Furthermore,  g  is  either  a  sine  or  a  cosine  and  R2d  and  R3d  are 
random  functions  according  to  the  following  differential  equation  in  time: 


dR 

dt 


(*)  = 


m 


(3) 
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a:  X\  =  100 


Figure  2.  Time  evolution  of  the  midline  streamwise  momentum. 

The  relaxation  time,  r,  is  taken  equal  to  1.2  which  is  about  ten  times  the 
time  step.  Furthermore,  x(t)  is  a  random  function  with  a  Gaussian  distri¬ 
bution  around  zero  with  standard  deviation  3.0  and  being  updated  each 
time  stage.  For  all  four  2D  and  five  3D  components  of  the  perturbations, 
this  random  function  is  computed  independently.  These  perturbations  are 
added  to  the  similarity  solution  of  the  boundary  layer  equations.  The  value 
of  the  amplitude  e  is  taken  equal  to  0.2  as  in  the  reference  run  with  pertur¬ 
bations  from  LST.  The  differential  equation  is  solved  simultaneously  during 
the  simulation  with  the  four-stage  Runge-Kutta  method. 
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Figure  S.  Contourplot  of  the  spanwise  vorticity  at  10  iso-values  equally  dis¬ 
tributed  in  the  interval  [-0.25,0.25]  in  the  plane  x3  =  tt/2.  The  streamwise  extent 
consists  of  22  perturbation  wavelengths  in  the  physical  domain  and  2  pertur¬ 
bation  wavelengths  in  the  buffer  (after  the  dashed  line).  The  perturbations  at 
inflow  consist  of  random  perturbations. 


In  this  case,  with  the  same  streamwise  extent  of  the  domain  as  before, 
the  flow  does  not  become  turbulent  downstream,  since  some  extra  stream- 
wise  distance  is  required  to  allow  the  most  unstable  modes  to  arise  from  the 
noise  imposed  at  the  inflow.  Extending  the  streamwise  domain  by  about 
25%  resulted  in  a  simulation  in  which  a  turbulent  state  evolves  and  e.g. 
the  momentum  thickness  growth  rate  compares  well  with  the  results  aris¬ 
ing  from  the  LST  case  described  in  the  previous  section.  In  Figure  3  the 
spanwise  vorticity  is  shown  at  the  same  time  as  in  Figure  1.  It  is  clear  that 
the  flow  remains  longer  near  the  laminar  state  and  transition  arises  further 
downstream  compared  to  the  LST  case. 

In  Figure  4  the  momentum  thickness,  averaged  over  2600  units  of  time 
and  the  spanwise  direction,  is  plotted  as  a  function  of  the  streamwise  coor¬ 
dinate  for  both  inflow  perturbations.  The  computed  thickness  is  compared 
with  the  thickness  of  the  laminar  field  which  is  proportional  to  the  square 
root  of  the  streamwise  coordinate.  Because  the  solution  is  damped  towards 
the  local  laminar  solution  at  the  end  of  the  buffer,  it  is  clear  why  all  lines 
coincide  near  the  inflow  as  well  as  the  outflow  boundary.  If  we  compare 
the  momentum  thickness  from  the  LST  and  random  perturbation  case,  it 
is  clear  that  the  final  growth  rate  in  the  turbulent  regime  is  about  equal 
for  both  cases.  More  details  on  the  convergence  of  the  momentum  thickness 
and  its  growth  rate  can  be  found  in  de  Bruin  et  al.  (1999). 

3.3.  COMPARISON  WITH  PHYSICAL  EXPERIMENTS 

We  next  compare  the  growth  rate  with  physical  experiments.  As  stated  in 
Rogers  et  al  (1994),  it  is  more  common  in  experiments  to  use  the  vortic¬ 
ity  thickness  for  self-similar  scaling  instead  of  the  momentum  thickness, 
because  the  momentum  thickness  is  an  integral  quantity  while  the  vortic¬ 
ity  thickness  is  obtained  from  the  derivative  of  the  mean  velocity.  Con- 


momentum  thickness 
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Figure  4.  Streamwise  evolution  of  the  momentum  thickness. 


sequently,  the  momentum  thickness  evolves  smoothly  while  the  vorticity 
thickness  may  not.  Prom  Dimotakis  (1991),  for  incompressible  shear  layers 
with  equal  freestream  densities,  we  have  a  relation  for  the  vorticity  thick¬ 
ness  6U  : 

Sw  _  ^  Ui  ~  ^2 
xi  ~  Ui  +  U2 

where  TJ\  and  U2  denote  the  upper  and  lower  free  stream  velocities  respec¬ 
tively.  Results  from  various  physical  experiments  give  a  range  [0.125,0.225] 
for  the  constant  C.  For  the  present  case,  in  which  compressibility  effects  are 
small,  the  vorticity  thickness  growth  rate  should  be  in  the  range  [0.042, 0.075] 
since  the  dimensionless  free  stream  velocities  are  equal  to  TJ\  =  1  and 
jj2  =  0.5  respectively.  The  computed  vorticity  thickness  growth  rate  is 
equal  to  0.055  in  the  reference  DNS  and  falls  well  in  this  range. 


4.  Conclusion 

The  robustness  of  averaged  quantities  in  a  spatially  evolving  mixing  layer 
flow  has  been  tested  from  two  perspectives.  First,  a  grid  refinement  in  all 
three  directions  showed  acceptable  deviations,  even  in  the  turbulent  regime. 
Second,  we  used  a  totally  different  set  of  perturbations  at  the  inflow  which, 
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far  enough  downstream,  yield  a  flow  that  can  be  compared  well  with  the 
results  involving  LST  perturbations.  The  location  of  transition  shifted  fur¬ 
ther  downstream  in  the  random  perturbation  case.  The  robustness  of  the 
momentum  thickness  growth  rate  with  respect  to  changes  in  the  inflow 
perturbations  suggests  the  existence  of  only  one  similarity  state.  Future 
studies  involve  other  statistical  properties  such  as  e.g.  the  Reynolds  stress 
as  well  as  the  dependence  on  the  remaining  boundaries  in  the  computa¬ 
tional  domain.  The  results  presented  here  encourage  the  application  of  the 
numerical  method  to  evaluate  Reynolds  Averaged  Navier-Stokes  modelling 
and  Large  Eddy  Simulations  which  will  be  considered  in  the  nearby  future. 

References 

Bradshaw  R,  The  effect  of  initial  conditions  on  the  development  of  a  free  shear  layer,  J. 
Fluid  Mech.,  26,  pp.  225-236,  1966. 

Browand  F.K.  &  Latigo  B.O.,  Growth  of  the  two-dimensional  mixing  layer  from  a  tur¬ 
bulent  and  nonturbulent  boundary  layer,  Phys.  Fluids ,  22(6),  pp.  1011-1019,  1979. 
Brown  G.L.  &:  Roshko  A.,  Density  effects  and  large  structures  in  turbulent  mixing  layers, 
J.  Fluid  Mech. ,  64,  pp.  775-816,  1974. 

Colonius  T.,  Lele  S.K.  &  Moin  P.,  Sound  generation  in  a  mixing  layer,  J.  Fluid  Mech., 
330,  pp.  375-409,  1997. 

de  Bruin  I.C.C. ,  Wasistho  B.,  Geurts  B.J.,  Kuerten  J.G.M.  &  Zandbergen  P.J.,  Sim¬ 
ulation  of  Subsonic  Spatially  Developing  Turbulent  Shear  Flows,  Lecture  Notes  in 
Physics ,  515,  pp.  147-152,  Springer,  Berlin,  1998. 
de  Bruin  I.C.C.,  Geurts  B.J.,  &;  Kuerten  J.G.M. ,  Statistical  Analysis  of  the  Turbulent 
Mixing  Layer,  Proceedings  of  the  3rd  workshop  on  DNS  and  LES ,  Cambridge,  1999. 
Dimotakis  P.E.,  Turbulent  Free  Shear  Layer  Mixing  and  Combustion,  Progress  in  Astro¬ 
nautics  and  Aeronautics,  137,  pp.  265-340,  1991. 

Ducros  F.,  Comte  P.  &;  Lesieur  M.,  Large-eddy  simulation  of  transition  to  turbulence 
in  a  boundary  layer  developing  spatially  over  a  flat  plate,  J.  Fluid  Mech.,  326,  pp. 
1-36,  1996. 

Ho  C.-M.  &:  Huerre  P.,  Perturbed  free  shear  layers,  Ann .  Rev.  Fluid  Mech.,  16,  pp.  365- 
424,  1984. 

Lund  T.S.,  Wu  X.  &  Squires  K.D.,  Generation  of  Turbulent  Inflow  Data  for  Spatially- 
Developing  Boundary  Layer  Simulations,  J.  Comp.  Phys.,  140,  pp.  233-258,  1998. 
Mehta  R.D.  &;  Westphal  R.V.,  Near-field  turbulence  properties  of  single-  and  two-stream 
plane  mixing  layers,  Exp.  Fluids,  4,  pp.  257-266,  1986. 

Moser  R.D.  &:  Rogers  M.M.,  The  three-dimensional  evolution  of  a  plane  mixing  layer: 

pairing  and  transition  to  turbulence  J.  Fluid  Mech.,  247,  pp.  275-320,  1993. 

Rogers  R.D.  &:  Moser  M.M.,  Direct  simulation  of  a  self-similar  turbulent  mixing  layer, 
Phys.  Fluids ,  6(2),  1994. 

Poinsot  T.J.  &;  Lele  S.K.,  Boundary  Conditions  for  Direct  Simulations  of  Compressible 
Viscous  Flows,  J.  Comp.  Phys.,  101,  pp.  104-129,  1992. 

Sandham  N.  &  Kleiser  L.,  The  late  stages  of  transition  to  turbulence  in  channel  flow,  J. 
Fluid  Mech.,  245,  pp.  319-348,  1992. 

Vreman  B.,  Geurts  B.J.  &  Kuerten  J.G.M.,  Large-Eddy  Simulation  of  the  Turbulent 
Mixing  Layer,  J.  Fluid  Mech.,  339,  pp.  357-390,  1997. 

Wasistho  B.,  Geurts  B.J.  &  Kuerten  J.G.M.,  Simulation  techniques  for  spatially  evolving 
instabilities  in  compressible  flow  over  a  flat  plate,  Computers  and  Fluids ,  26,  pp.  713- 
739,  1997. 


THE  SUBGRID-SCALE  ESTIMATION  MODEL 


J.  ANDRZEJ  DOMARADZKI  AND  KUO-CHIEH  LOH 
Department  of  Aerospace  and  Mechanical  Engineering, 
University  of  Southern  California, 

Los  Angeles,  CA  90089-1191,  U.S.A. 


Abstract. 

The  subgrid  scale  estimation  procedure  provides  an  estimate  of  unfil¬ 
tered  quantities  appearing  in  the  definitions  of  the  subgrid-scale  tensors  and 
consists  of  two  steps.  In  the  deconvolution  step  an  approximate  inversion 
of  the  filtering  operation  is  performed.  Subsequently,  the  nonlinear  step  is 
used  to  generate  a  range  of  subgrid  scales  on  a  mesh  two  times  smaller 
than  the  mesh  employed  for  a  discretization  of  the  resolved  quantities.  The 
subgrid  scale  stresses  are  then  computed  directly  from  the  definitions  using 
the  estimated  fields.  The  modeling  procedure  is  described  and  evaluated  by 
comparing  results  of  large  eddy  simulations  of  turbulent  channel  flow  with 
the  corresponding  results  of  direct  numerical  simulations  and  experiments. 


1.  Introduction 

The  large  eddy  simulation  equations  for  an  incompressible  flow  are  conven¬ 
tionally  written  as 


d_  d  _  _  i  d  _  d2  d 

777 +  -£—Ui  Uj  = - -K~~P  +  - K—Ui  ~  —  Tjj 

at  ox  j  J  p  dxi  dxjdxj  dxj  3 


(i) 


d  _  n 

Ui  =  0. 

OXi 


(2) 


The  overbar  denotes  spatial  filtering  which,  for  a  quantity  /(x),  is  defined 
by  the  integral 


/(x)  =  J  G(x,x')/(x')dx', 


(3) 
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where  G  is  a  given  kernel  function.  In  Eq.  (1),  u,,  p,  and  v  are  the  ve¬ 
locity,  pressure,  and  the  kinematic  viscosity,  respectively,  and  the  effects  of 
subgrid-scale  quantities  on  the  resolved  velocity  are  described  by  a  subgrid- 
scale  stress  tensor 


Tij  =  UiUj  -  Ui  Uj,  (4) 

which  must  be  modeled  in  terms  of  the  resolved  quantities  to  close  Eq.  (1). 
Recent  reviews  of  SGS  modeling  procedures  are  given  by  Piomelli  [1]  and 
Lesieur  [2]  and  many  applications  are  described  in  the  Proceedings  edited 
by  Galperin  and  Orszag  [3]. 

The  continuing  work  in  the  field  of  SGS  modeling  is  motivated  by  the 
known  deficiencies  of  the  traditional  models.  For  instance,  SGS  quantities 
predicted  by  the  eddy  viscosity  models  correlate  poorly  with  the  exact 
quantities.  The  eddy  viscosity  assumption  also  implies  separation  of  scales 
between  interacting  eddies,  contrary  to  the  observed  locality  (in  scale)  of  the 
energy  transfer.  The  Smagorinsky  model,  by  design,  is  unable  to  account  for 
backscatter,  i.e.  the  energy  flux  from  the  unresolved  to  the  resolved  scales. 
The  backscatter  is  present  in  the  dynamic  model  but  may  cause  numerical 
instabilities  if  it  is  not  controlled  by  averaging  procedures.  Similarity  mod¬ 
els  have  been  developed  to  cure  such  deficiencies  but  were  found  to  lack 
sufficient  SGS  dissipation.  The  traditional  models  also  face  difficulties  if 
new  physical  phenomena  are  encountered.  For  instance,  in  convective  and 
compressible  flows  SGS  effects  involving  temperature  must  be  modeled.  In 
general,  the  modeling  principles  optimized  for  the  velocity  field  offer  very 
little  guidance  how  to  best  model  the  temperature  effects  and  new  modeling 
assumptions  must  be  developed  and  validated. 

An  alternative  approach  to  SGS  modeling  was  proposed  recently  by 
Domaradzki  et  al.  [4,  5]  with  the  goal  of  overcoming  the  shortcomings  of 
the  traditional  approaches. 

1.1.  SUBGRID-SCALE  ESTIMATION  MODEL 

In  the  proposed  method  the  primary  modeled  quantity  is  the  unfiltered 
velocity  field  appearing  in  the  definition  of  the  subgrid-scale  stress  tensor 
(4).  An  estimate  u ‘  of  the  unfiltered  velocity  is  obtained  by  expanding  the 
resolved  large  scale  velocity  field,  u,-,  to  subgrid-scales  two  times  smaller 
than  the  grid  scale.  Once  the  estimate  u*  of  the  full  field  u,  is  known  the 
SGS  stress  tensor  is  computed  directly  from  the  definition 

Tij  =  UiUj  —  Ui  Uj  «  u\uej  —  U*i  U*j.  (5) 

The  estimation  procedure  was  implemented  first  in  the  spectral  rep- 
resenation  [4]  and  extended  later  to  the  physical  space  representation  on 
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uniform  [5]  and  non-uniform  [6]  meshes.  The  physical  space  version  is  de¬ 
scribed  briefly  below. 

Consider  a  velocity  field  u,-  which  is  a  continuous  function  of  a  variable 
x  on  the  interval  [0,  Lx].  For  the  purpose  of  numerical  simulations  «,•  may 
be  approximated  in  terms  of  its  values  at  discrete  points  using  sufficiently 
small  mesh  size  A dns-  Assume  that  the  continuous  function  «,•  is  filtered 
with  a  top  hat  filter  with  the  width  A.  In  general,  the  filtered  velocity  ¥,  is 
smoother  than  the  unfiltered  field  ut  and  it  can  be  accurately  represented 
by  sampling  it  on  a  coarser  mesh  Ales  ~  A  »  A  dns-  Specifically,  we 
will  choose  Ales  =  A/2  and  the  computational  LES  mesh  points  are 
xn  =  nA les,  (n  =  0, 1, . . .,  N). 

The  SGS  estimation  procedure  consists  of  two  steps.  In  the  kinematic 
step  we  seek  a  function  w  ■’(x)  such  that 

«?(*  n)  =  u\N)(xn),  (6) 

on  the  LES  mesh  points  xn,  where  on  the  right  hand  side  of  Eq.  (6)  are  the 
known  values  of  the  resolved  field  on  the  LES  mesh.  Assuming  that  u?(x) 
may  be  accurately  represented  by  N  nodal  values,  u°(xn),  the  top  hat 
filtering  on  the  left  hand  side  of  Eq.  (6)  involves  integration  over  interval 
A  spanning  three  neighboring  points.  Using  the  Simpson’s  rule  for  the 
integration  results  in  a  tridiagonal  system  of  equations  for  the  values  of 
«?(*•) 


\  [tt? (xn_i)  +  4u?(*n)  +  u?(xn+i)]  =  (7) 

The  system  can  be  solved  if  values  for  the  end  points  are  provided.  Note 
that  the  l.h.s.  of  (7)  is  a  discrete  filter  based  on  the  continuous  top  hat  filter 
and  the  procedure  to  obtain  the  nodal  values  of  u®(x)  is  an  approximate, 
numerical  inversion  of  the  filtering  operation,  often  called  the  deconvolu¬ 
tion.  The  deconvolution  is  frequently  encountered  in  image  processing  and 
its  properties  are  discussed  in  many  textbooks  on  this  subject,  e.g.  [7,  8].  In 
the  context  of  SGS  modeling  approximate  deconvolutions  were  investigated 
recently  by  Geurts  [9]  and  Stolz  and  Adams  [10]. 

The  deconvolution  is  followed  by  the  nonlinear  step  which  generates 
the  subgrid  scales  twice  smaller  than  the  smallest  scales  resolved  on  the 
original  LES  mesh.  In  order  to  be  able  to  capture  these  subgrid  scales  a 
finer  mesh  is  required.  The  fine  mesh  is  constructed  by  halving  the  LES 
mesh  in  each  Cartesian  direction,  e.g.  in  the  homogeneous  directions  the 
fine  mesh  spacing  is  Ales/2-  Previously  computed  it”  is  first  interpolated 
from  the  coarse  LES  mesh  to  the  fine  mesh.  In  actual  numerical  simulations 
we  have  employed  interpolation  through  cubic  splines.  Next,  the  small  scales 
are  produced  as  a  result  of  nonlinear  interactions  among  large  scales.  The 
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details  of  the  procedure  are  explained  in  ref.  [5].  Briefly,  the  estimated 
velocity  is  obtained  as  a  sum  of  u°  and  a  perturbation  velocity  u't 

<  =  9N[.  (8) 

In  the  above  formula  N[  is  the  growth  rate  of  subgrid  scales  due  to  the 
nonlinear  interactions  among  resolved  scales.  It  is  computed  as 

N[  =  Nf  -  N?,  (9) 

where  N°  is  the  nonlinear  term  from  which  the  advection  effects  by  the 
large  scales  are  removed 

=  <10) 

The  time  scale  0  can  be  interpreted  as  the  large  eddy  turnover  time  and 
its  value  may  vary  with  the  position  in  a  flow  to  reflect  local  conditions 
of  turbulence.  It  is  estimated  assuming  that  locally  in  space  the  energy  of 
subgrid  scales  is  proportional  to  the  energy  of  the  smallest  resolved  scales. 
This  provides  the  following  expression 


where  the  constant  of  proportionality  C  is  found  to  be  approximately  1/2 
for  the  inertial  range  spectral  form.  All  calculations  in  the  nonlinear  step  are 
performed  on  the  fine  mesh.  In  particular  the  top  hat  filtering  is  performed 
by  integrating  over  intervals  spanning  five  mesh  points  using  the  Simpson’s 
rule.  Once  the  estimated  field  uf  =  +  u\  is  found  the  SGS  stress  tensor 

is  computed  on  the  fine  mesh  directly  from  the  definition  (4)  and  then 
sampled  on  the  coarse  mesh  for  use  in  the  LES  solver. 

For  the  sake  of  simplicity  the  estimation  procedure  was  described  above 
for  the  uniform  mesh.  Its  extension  to  an  arbitrary  non-uniform  mesh  is 
straightforward.  Consider  a  non-uniform  mesh  in  z  direction.  In  such  a 
case  the  top  hat  filtering  of  function  f(z)  is  defined  using  a  variable  filter 
width  A(z) 


The  discrete  version  of  (12)  is  constructed  as  follows.  Let  zn-\,  zn,  and 
zn+ 1  be  three  neighboring  grid  points  for  which  (zn  -  z„_i)  <  (2„+i  -  zn). 
We  define  the  filter  width  at  the  mid-point  zn  as  A (zn)  =  2 (zn  -  z„_ i). 
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The  limits  of  integration  in  formula  (12)  are  then  zn~\  and  z*+1  —  zn- 1  + 
A (zn)  <  zn+ 1.  The  numerical  integration  using  the  Simpson’s  rule  requires 
a  value  of  uf  (*n+l)  which  is  obtained  by  a  quadratic  interpolation  on  the 
mesh  points  zn-i,  4,  and  zn+ 1.  The  tridiagonal  system  for  the  non-uniform 
mesh  equivalent  to  (7)  for  the  uniform  mesh  has  then  the  form 


anti°(z„_i)  +  bnuf(zn)  +  cnu°(zn+1)  =  ujN)(zn),  (13) 

where  the  coefficients  an,bn ,  and  cn  depend  only  on  the  mesh  spacings 
(zn  -  zn-i )  and  (zn+1  -  z„ ). 

Formulas  (7)  and  (13)  involve  one  dimensional  filtering  and  deconvolu¬ 
tion  operations.  In  two  and  three  dimensions  the  filtering  and  inversion  are 
performed  as  a  sequence  of  one  dimensional  operations. 

As  demonstrated  recently  the  modeling  principle  used  for  incompressible 
turbulence  is  immediately  applicable  to  compressible  flows  [11].  The  LES 
equations  are  obtained  by  spatial  filtering  of  compressible  flow  equations. 
The  result  is  rewritten  in  terms  of  Favre  (or  density- weighted)  filtering, 
which  for  a  function  /  is  defined  as 


(14) 

where  the  overbar  denotes  spatial  filtering  with  a  top-hat  filter  with  the 
filter  width  A  and  p  is  the  density.  We  follow  Moin  et  al.  [12]  and  Erlebacher 
et  al.  [13]  in  neglecting  several  terms  in  the  equations  that  are  considered 
small.  Resulting  continuity  and  momentum  equations  for  spatially  filtered 
density  p  and  Favre  filtered  velocity  it,  are 


at  dxi 


dpui  d 

dt  dxj 


=  0, 

(15) 

d&ij 

dxj  dxj ' 

(16) 

2  duk  \ 

Zdxk  )  ’ 

(17) 

where  p  is  the  viscosity  and  r;j  represents  the  subgrid-scale  (SGS)  stress, 
Tij  =  p(uiUj  -  Uiiij)  =  puiu]  -  pul  puj/ p.  .  (18) 

The  energy  equation  can  be  written  as  follows: 
dET 


dt 


9  r/r,  v  i  d  ,  ,  d  (  dT\ 

+ ^ m + ?)«.]  -  -  w.  , 


(19) 
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where  the  total  energy  is  given  by  Et  =  pCvT  +  pukU^/2^  k  is  the  thermal 
conductivity,  and  Cv  is  the  specific  heat  at  constant  volume.  The  filtered 
total  energy  equation  is 


0Et 

dt 


+  w  ((. Er  +  pBT )ui)  =  -Wi  (Cpgt)  +  —  K— j  +  (**«,•) , 


d 


where  qi  is  the  subgrid-scale  heat  flux 

qi  =  p  ( Tui  -  Tui'j  =  pUiT  -pulpT/p. 


(20) 

(21) 


In  deriving  (20)  the  filtered  equation  of  state  was  used,  p  =  pRT,  and  the 
relation  Cp  =  Cv  +  R ,  where  Cp  is  the  specific  heat  at  constant  pressure. 
The  resolved  temperature  and  total  energy  are  related  by 

Et  =  pCvT  +  -pukUk  +  2Tkk'  (22) 

To  close  the  above  equations  for  the  primitive  variables  p,  u, ,  T  the  SGS 
stress  (18)  and  the  SGS  heat  flux  (21)  must  be  expressed  in  terms  of  those 
variables  using  the  model.  The  SGS  estimation  model  is  applied  as  follows. 
First,  the  deconvolution  for  p  is  performed  providing  unfiltered  p°.  To  avoid 
violating  the  conservation  of  mass  no  attempt  is  made  to  use  the  nonlinear 
correction  for  SGS  density  scales.  Next  the  deconvolution  is  performed  for 
spatially  filtered  velocities,  pui  =  pu,.  The  resulting  quantities  are  divided 
by  p°  to  provide  for  use  in  the  nonlinear  correction  step.  Similarly,  the 
deconvolution  for  Et  is  performed  and  the  relation  for  E^  in  terms  of 
p°,  and  T°  is  solved  for  the  temperature  T°.  The  nonlinear  correction 
to  T°  is  found  as  for  the  velocity  by  replacing  the  nonlinear  term  for  the 
velocity  by  the  nonlinear  term  for  the  temperature.  Estimated  density  pe  = 
p°,  velocity  uf  =  «°  +  and  temperature  Te  =  T°  +  V  are  used  to 
calculate  the  SGS  stress  and  the  SGS  heat  flux  from  formulas  (18)  and  (21), 
respectively.  In  a  priori  tests  for  spatially  evolving  compressible  turbulence 
and  shock/turbulence  interaction  the  estimation  model  showed  correlations 
over  90%  with  the  exact  DNS  values  and  it  performed  very  well  also  in 
actual  LES  [11]. 


2.  Numerical  simulations 

The  model  is  evaluated  in  LES  of  turbulent  channel  flow.  The  fluid  is  con¬ 
tained  between  two  parallel  rigid  walls  separated  by  a  distance  Lz  in  the 
vertical  direction  z.  The  horizontal  dimensions  of  the  computational  domain 
are  Lx  in  the  streamwise  direction  x  and  Ly  in  the  spanwise  direction  y. 
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TABLE  1.  Parameters  in  the  numerical  simulations 


Case 

Grid 

Lx  x  Ly  x  Lz 

hiDNS 

160  x  160  x  129 

3.6tt  x  1.9tt  x  2 

210 

loDNSl 

32  x  32  x  33 

47T  x  2?r  x  2 

205 

EPZ1 

32  x  32  x  33 

4?r  x  2tt  x  2 

184 

loDNS2 

48  x  64  x  49 

2.5tt  x  0.57 r  x  2 

1302 

EPZ2 

48  x  64  x  49 

2.5tt  x  0.5tt  x  2 

998 

The  details  of  the  simulations  are  described  by  Domaradzki  and  Loh  [5].  We 
employ  a  numerical  Navier-Stokes  code  developed  by  Chan  [14]  which  uses 
a  pseudo-spectral  numerical  method  for  spatial  discretization  with  Fourier 
expansions  in  the  streamwise  and  spanwise  directions,  and  Legendre  poly¬ 
nomials  in  the  wall  normal  direction.  The  equations  are  integrated  in  time 
using  a  second  order  predictor-corrector  method  introduced  by  Kim  and 
Moin  [15].  The  model  is  applied  using  top  hat  filtering  in  all  three  Carte¬ 
sian  directions,  including  the  wall  normal  direction  in  which  a  non-uniform 
mesh  is  used.  LES  were  performed  for  two  different  Reynolds  numbers  based 
on  shear  velocity  ReT  cs  200  and  ReT  «  1000.  The  parameters  used  in  the 
simulations  are  gathered  in  Table  1.  In  addition  to  the  LES  runs  EPZ1  and 
EPZ2  runs  loDNSl  and  loDNS2  with  the  same  spatial  resolution  but  with¬ 
out  the  model  were  performed.  The  performance  of  the  model  was  further 
evaluated  by  comparing  the  LES  results  from  the  low  Reynolds  number  case 
EPZ1  with  the  results  of  well  resolved  DNS  of  Gilbert  [16]  (run  hiDNS). 
For  the  high  Reynolds  number  case  EPZ2  comparisons  were  made  with  the 
experimental  results  of  Wei  and  Willmarth  [17]  and  the  results  of  the  large 
eddy  simulations  of  Piomelli  [18]  performed  with  the  dynamic  model.  All 
simulations  were  performed  with  the  constant  mass  flux  through  the  chan¬ 
nel  until  steady  state  was  reached  and  were  continued  in  the  steady  state 
to  collect  turbulence  statistics. 

A  number  of  quantities  were  computed  from  DNS  data  and  in  actual 
LES.  Without  exception  the  LES  results  were  in  a  very  good  agreement 
with  the  exact  DNS  data  and  the  experiments  [5,  6].  In  particular,  the 
SGS  stresses  were  predicted  accurately  and  the  model  was  found  to  give 
SGS  dissipation  comparable  to  the  Smagorinsky  model  and  sufficient  to 
guarantee  the  correct  evolution  of  the  flow.  The  new  model  also  predicted 
local  backscatter  without  any  adverse  effects  on  the  numerical  stability  of 
the  simulations.  As  an  illustration  consider  the  mean  LES  velocity  £7;  =< 
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10°  101  ioz 


Figure  1.  Mean  velocity  profile  for  low  Reynolds  number  cases.  Solid  line:  case  hiDNS; 
dotted  line:  case  loDNSl;  dashed-dotted  line:  case  EPZ1;  broken  line:  the  log  law 
u+  =  2.51n(z+)  +  5.5. 

w,  >  where  <  ...  >  denotes  an  average  over  horizontal  planes  and  over 
several  datasets  in  the  steady  state.  In  figure  1  we  plot  the  mean  velocity 
in  wall  coordinates  for  the  well  resolved  DNS  data  (hiDNS),  under-resolved 
case  loDNSl  and  case  EPZ1.  The  velocity  in  the  case  hiDNS  satisfies  the 
standard  linear  law  of  the  wall  for  z+  <  5  and  the  logarithmic  law  with  the 
additive  constant  5.5  for  z+  >  30.  For  the  case  EPZ1  we  get  rather  good 
agreement  with  these  DNS  data,  with  slight  under  prediction  in  the  buffer 
region  10  <  z+  <  40.  For  the  case  loDNSl  the  mean  velocity  in  the  log 
region  has  the  correct  slope  but  the  additive  constant  of  4.0  is  too  small. 
The  mean  velocity  for  the  higher  Reynolds  number  cases  EPZ2  and  loDNS2 
are  shown  in  figure  2  where  they  are  compared  with  the  corresponding 
results  of  the  large  eddy  simulations  of  Piomelli  [18]  and  the  experimental 
results  of  Wei  and  Willmarth  [17].  As  for  the  low  Reynolds  number  case 
the  estimation  model  gives  very  good  results  and  the  low  resolution  DNS 
significantly  under  predict  the  experimental  data,  by  about  21%  in  the 
midchannel. 

The  primary  reason  for  good  predictions  of  turbulent  quantities  pro¬ 
vided  by  the  estimation  model  is  that  it  correctly  represents  the  SGS  stress 


THE  SUBGRID-SCALE  ESTIMATION  MODEL 


9 


Figure  2.  Mean  velocity  profile  for  high  Reynolds  number  cases.  Solid  line:  Piomelli 
(1993);  o:  Wei  and  Willmarth  (1989);  dotted  line:  case  loDNS2;  dashed-dotted  line:  case 
EPZ2;  broken  line:  the  log  law  u+  =  2.51n(z+)  +  5.5. 

tensor  and  its  correlations  with  other  physical  quantities.  Indeed,  the  mod¬ 
eled  SGS  shear  stress  component  ri3  shown  in  Fig.  3  is  in  an  excellent 
agreement  with  the  exact  DNS  result.  In  Fig.  4  we  plot  the  correlation  co¬ 
efficient  between  ti3  and  the  negative  resolved  rate-of-strain  Sij.  Note  that 
this  correlation  is  uniformly  close  to  unity  for  the  eddy  viscosity  models 
which  assume  that  both  quantities  are  proportional.  This  assumption  is 
contradicted  by  the  DNS  data  that  show  the  correlation  between  0.2  and 
0.4  in  the  core  flow  and  a  sign  reversal  at  the  wall.  It  is  seen  that  the 
estimation  model  represents  all  features  of  the  actual  correlation  very  well. 
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Abstract 

A  numerical  tool  for  the  direct  numerical  simulation  (DNS)  of  instability  and  transition  to  turbulence  is 
presented  and  applied  to  problems  of  secondary  instability  of  complex  channel  flows.  The  Navier- Stokes  equations 
for  incompressible  flow  are  solved  in  generalized  curvilinear  coordinates  so  that  channel  flows  may  be  investigated 
in  which  the  walls  of  the  channel  are  both  curved  and  wavy.  The  channel  geometry  and  the  flow  solution  are 
assumed  to  be  periodic  in  the  stream  wise  and  span  wise  directions.  A  spectral  collocation  method  is  employed,  in 
which  the  periodic  directions  are  discretized  using  the  Fourier  collocation  method,  and  the  transverse  direction  is 
discretized  using  the  Chebyshev  collocation  method.  The  time  integration  is  performed  with  implicit  coupling  of 
velocity  and  pressure  at  each  time  step.  Both  fully-  and  semi -implicit  second-order  integration  schemes  were 
developed  in  this  study.  For  the  fully-implicit  method,  Newton’s  method  is  directly  applied  to  the  solution  of  the 
nonlinear  system  of  equations.  The  large  linear  algebra  system  obtained  from  the  linearization  of  the  spatial 
discretization  and  coupled  velocity  and  pressure  is  solved  using  a  preconditioned  iteration  scheme  based  on  the 
Generalized  Minimal  Residual  (GMRES)  method.  Preconditioning  is  performed  through  an  approximate 
factorization  of  the  linearized  Navier-Stokes  operator  which  decouples  the  solutions  of  the  velocity  and  pressure 
updates  during  the  iterative  algorithm.  The  velocity  and  pressure  sub-iterations  are  both  solved  using 
preconditioned  GMRES  as  well.  The  velocity  system  is  preconditioned  by  a  block  Jacobi  (line-implicit) 
approximation.  The  pressure  system  is  preconditional  by  left  and  right  Fourier  transform  operators  followed  by  a 
block  Jacobi  approximation. 

This  numerical  technique  was  applied  to  several  problems  of  instability  and  transition  in  curved  channel 
flows  and  in  curved  channel  flows  with  wall  waviness.  The  numerical  methodology  was  validated  by  carefully 
comparing  the  present  results  with  those  of  Finlay,  Keller  and  Ferziger  (JFM,  vol.  194,  1988)  and  Ligrani  et  al. 

( Phys .  Of  Fluids  A,  vol.  4,  no.  4,  1992)  for  two-  and  three-dimensional  Dean  vortex  flows  in  a  curved  channel.  Also, 
new  results  were  obtained  for  curved  channel  flows  with  two-dimensional  small  amplitude  wall  waviness.  The 
waviness  significantly  altered  the  evolution  of  both  Dean  vortex  and  Tollmien-Schlichting  wave  instabilities.  The 
traveling  wave  twisting  Dean  vortex  solution  of  Ligrani  et  al.  for  Reynolds  number  409  was  repeated  with  wall 
waviness,  and  resulted  in  a  highly  oscillatory  state.  Waviness  also  modified  the  secondary  instability  of  Tollmien- 
Schlichting  waves  at  Reynolds  number  5000  by  forcing  asymmetry  in  the  three-dimensional  A-vortex  structures 
near  the  upper  and  lower  walls  of  the  channel.  Finally,  highly  unsteady  and  complex  results  were  obtained  for 
saturated  Tollmien-Schlichting  waves  in  two-dimensional  channel  flow  with  large  amplitude  wall  waviness  at 
Reynolds  number  5000.  These  cases  were  used  to  demonstrate  the  capabilities  of  the  computational  tool  for  DNS  of 
instability  and  transition  in  complex  channel  flows. 

Introduction 

The  present  method  has  been  discussed  by  [1]  and  [2]  and  is  a  new  numerical  technique  based  on  a  spectral 
collocation  discretization  of  the  incompressible  Navier-Stokes  equations  in  generalized  curvilinear  coordinates.  A 
numerical  approach  was  selected  that  allows  non-constant  coefficients  in  the  governing  equations,  while  retaining 
the  requirements  of  periodicity  in  the  stream  wise  and  span  wise  directions.  The  discretization  yields  a  coupled  set  of 
nonlinear  or  linear  algebraic  equations  for  the  velocity  and  pressure  at  each  time  step.  The  resulting  algebraic 
equations  and  solution  approach  are  described  in  the  following  section. 


*  This  work  is  supported  in  part  by  AFOSR  Grant  No.  F49620-93-1-0393,  NSF  Grant  No.  CTS-95 12450  and  Ohio 
Supercomputer  Goiter  Grant  No.  PES070-5. 
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The  momentum  equation  is  integrated  in  time,  with  the  continuity  equation  as  a  constraint,  using  either  the 
fully-implicit  (FI)  or  semi-implicit  (SI)  second-order  scheme.  To  facilitate  numerical  solution  and  incorporate 
boundary  conditions,  the  momentum  and  continuity  equations  are  written  as  the  residual  functions  Fm  and  Fc, 
respectively: 
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where  for  the  FI  scheme: 
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Iterative  Approach 

The  above  algebraic  system  is  solved  using  a  multiple-level  iteration  method  which  produces  a  solution  to  a 
specified  tolerance.  For  the  system  obtained  from  the  FI  discretization,  the  system  is  nonlinear,  and  Newton’s 
method  is  used  on  the  outer  level.  Each  Newton  iteration  requires  the  solution  of  a  linear  algebraic  system,  in  which 
the  coefficient  matrix  is  the  linearized  Navier-Stokes  operator.  This  linear  system  is  solved  using  a  generalized 
minimum  residual  (GMRES)  method[6][7].  An  approximate  factorization  similar  to  those  shown  in  [8]  and  [9]  is 
used  to  precondition  the  system.  The  Jacobian,  A,  of  the  residual  function  is: 
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In  the  above,  D ,  G  and  L  are  matrices  representing  the  application  of  the  discrete  divergence,  gradient,  and  viscous 


stress  functions,  and  N  (U  )  is  a  matrix  containing  the  linearized  convective  terms,  evaluated  at  the  most  recent 
guess  for  the  velocity  solution. 

In  the  GMRES  method,  the  Jacobian  is  preconditioned  using  the  approximate  factorization: 
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which  differs  from  the  original  system  at  order  Ar2  in  the  momentum  equation  pressure  coefficient, 
approximate  factorization  decouples  the  velocity  and  pressure  in  the  solution  procedure. 
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The  momentum  equation  is  integrated  in  time,  with  the  continuity  equation  as  a  constraint,  using  either  the 
fully-implicit  (FI)  or  semi-implicit  (SI)  second-order  scheme.  To  facilitate  numerical  solution  and  incorporate 
boundary  conditions,  the  momentum  and  continuity  equations  are  written  as  the  residual  functions  Fm  and  FCl 
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Iterative  Approach 

The  above  algebraic  system  is  solved  using  a  multiple-level  iteration  method  which  produces  a  solution  to  a 
specified  tolerance.  For  the  system  obtained  from  the  FI  discretization,  the  system  is  nonlinear,  and  Newton’s 
method  is  used  on  the  outer  level.  Each  Newton  iteration  requires  the  solution  of  a  linear  algebraic  system,  in  which 
the  coefficient  matrix  is  the  linearized  Navier-Stokes  operator.  This  linear  system  is  solved  using  a  generalized 
minimum  residual  (GMRES)  method[6][7].  An  approximate  factorization  similar  to  those  shown  in  [8]  and  [9]  is 
used  to  precondition  the  system.  The  Jacobian,  A,  of  the  residual  function  is: 
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which  differs  from  the  original  system  at  order  At2  in  the  momentum  equation  pressure  coefficient, 
approximate  factorization  decouples  the  velocity  and  pressure  in  the  solution  procedure. 


This 


The  innermost  iteration  level  consists  of  iterative  solution  procedures  for  the  velocity  and  pressure 
corrections.  The  velocity  correction  is  obtained  using  GMRES  with  simple  block-diagonal  preconditioning.  The 
pressure  correction  is  obtained  through  a  two-dimensional  Fourier  transform  of  the  system,  and  GMRES  with  block- 
diagonal  preconditioning  is  used  to  solve  the  transformed  system.  For  the  SI  integration  scheme,  the  same  multi¬ 
level  procedure  is  used,  except  that  Newton’s  method  on  the  outer  level  is  replaced  with  a  single  step  in  which  the 
solution  is  updated  based  on  the  solution  of  the  linear  algebraic  system. 

The  multiple-level  iteration  method  differs  considerably  from  the  solution  procedures  used  in  the  time¬ 
splitting,  cm-  fractional  step,  method  that  has  been  used  in  many  previous  studies,  see  [5][10][11].  However,  die 
approximate  factorization  strategy  produces  a  linear  system  that  is  very  similar  to  that  used  in  the  time-splitting 
approach [9].  Also,  the  transformation  of  the  pressure  problem  into  Fourier  wave-number  space  produces  a  linear 
algebra  problem  for  pressure  similar  to  that  obtained  in  previous  studies,  yet  flexible  enough  to  handle  the  non¬ 
constant  coefficients  that  are  present  due  to  metric  terms. 

Results 

Previous  studies  on  the  effects  of  various  types  of  geometric  variations  on  die  stability  of  channel  and 
boundary  layer  flows  are  reviewed  in  [2],  These  variations  include  distributed  and  localized  surface  roughness,  wall 
waviness,  grooves,  compliant  boundaries  and  flow  obstructions  such  as  cylinders,  spheres  and  vertical  baffles.  Wall 
blowing  and  suction  has  been  used  to  imitate  the  effects  of  surface  roughness  and  waviness.  Small  geometric 
variations  can  have  the  effect  of  forcing  or  controlling  the  dominant  modes  of  instability,  see  [12][13][14]  for 
examples.  Larger  variations  can  bypass  the  dominant  instability  mode  and  can  alter  the  route  to  turbulence  by 
activating  an  instability  at  lower  Re  which  would  not  have  occurred  without  the  geometric  disturbance.  For 

examples,  see  [15][16][17].  . 

The  direct  numerical  simulation  code  for  periodic  channel  flows  was  used  to  study  the  effect  of  wall 
waviness  on  the  instabilities  leading  to  transition  to  turbulence  in  curved  channel  flows.  Two  competing  instability 
mechanisms  were  studied  for  3-D  flows:  the  secondary  instability  of  Dean  vortices,  and  the  secondary  instability  of 
Tollmien-Schlichting  (TS)  waves.  Also,  instability  leading  to  a  possibly  chaotic  2-D  flow  was  examined  for  flow  in 
a  2-D  curved  channel  with  large-amplitude  wall  waviness. 

The  formation  and  breakdown  of  Dean  vortices  is  the  dominant  transition  mechanism  in  channel  flows  with 
significant  stream  wise  curvature.  In  this  study,  a  3-D  twisting  Dean  vortex  state  was  computed  for  Re— 409  for 
comparison  with  the  experimental  and  numerical  results  of  [18].  This  state  occurs  as  a  supercritical  bifurcation  (as 
Re  is  increased)  from  2-D  axisymmetric  Dean  vortex  flow,  as  the  2-D  flow  encounters  secondary  instability  to 
stream  wise  disturbances  above  a  critical  Re  which  depends  on  the  curvature.  As  the  instability  grows,  nonlinear 
effects  cause  the  wave  to  saturate  at  a  finite  amplitude,  and  eventually  a  constant-amplitude  traveling  wave  results. 
This  wave  can  be  seen  experimentally  as  a  twisting  of  the  vortices  near  the  channel  cento-line,  and  can  be  measured 
quantitatively  as  an  oscillation  in  velocity  time  histories.  The  sample  of  the  results  for  this  case  is  shown  in  l- 
3.  The  time  history  of  stream  wise  velocity  at  three  locations  is  shown  in  Fig.  1,  demonstrating  the  periodic  variation 
of  the  flow  due  to  the  traveling  wave.  The  results  woe  averaged  in  the  stream  wise  direction  for  comparison  with 
the  results  of  [18]  in  Fig.  2.  Contours  of  vorticity  magnitude  on  the  centoline  plane  are  shown  in  Fig.  3. 

The  effect  of  wall  waviness  on  twisting  Dean  vortex  flow  was  examined  for  the  same  case.  The  waviness 
that  was  selected  was  quite  small,  with  amplitude,  0.01  times  the  channel  height.  The  wave  pattern  is  made  up  of  a 
combination  of  streamwise,  span  wise,  and  oblique  waves,  all  at  die  fundamental  stream  wise  and  span  wise 
wavenumbos,  as  shown  in  Fig.  4.  It  was  found  that  the  waviness  had  a  significant  effect  on  the  twisting  Dean  vortex 
flow.  For  the  same  Re  used  in  the  curved  channel  case,  Re=409,  the  simulation  produced  an  oscillatory  state  in 
contrast  to  the  traveling-wave  result  for  curved  channel  flow.  A  snapshot  of  this  state  is  shown  in  Fig.  5.  Further 
results  will  be  shown  in  the  presentation. 

The  route  to  turbulence  more  common  in  plane  flows  is  the  secondary  instability  of  TS  waves.  Though 
they  are  less  dominant  in  flows  with  streamwise  curvature  when  assuming  a  disturbance  environment  capable  of 
exciting  either  TS  or  Dean  modes,  they  offer  a  possible  route  to  turbulence  in  the  absence  of  Dean  vortices.  For  this 
study,  a  fully-developed  saturated  TS  wave  was  perturbed  with  a  small-amplitude  spanwise  disturbance.  It  was 
found  that  the  growth  of  the  spanwise  disturbance  occurred  very  rapidly  and  caused  the  formation  of  A-vortices  near 
both  walls  just  as  in  plane  channel  studies  such  as  [11].  The  simulation  was  continued  partially  through  the 
transition  process,  and  revealed  a  complex  vortex  stretching  and  reconnection  structure.  The  A-vortex  on  the  upper 
wall  formed  and  collapsed  twice,  while  the  A-vortex  on  the  lower  wall  formed  and  collapsed  once  during  the 
simulation.  The  vorticity  on  the  lower  wall  is  shown  in  Fig.  6  for  three  time  levels. 

The  effect  of  small-amplitude  wall  waviness  on  die  secondary  instability  of  TS  waves  was  investigated. 
The  wall  waviness  was  the  same  as  in  the  Dean  vortex  case,  and  was  used  to  trigger  the  secondary  instability.  In 
this  case,  growth  of  the  secondary  instability  was  even  more  rapid.  Also,  the  A-vortex  pattern  was  altered 


significantly  due  to  the  pressure  gradient  variations  caused  by  the  wall  waviness.  The  wall  waviness  pattern  is 
highly  asymmetric  and  oblique.  It  enhanced  the  growth  of  one  leg  of  the  A-vortex  on  each  wall  and  inhibited  the 
growth  of  the  other.  The  simulation  contained  one  cycle  of  formation  and  collapse  of  the  asymmetric  A-vortex  on 
the  top  wall  and  the  formation  of  the  first  asymmetric  A-vortex  on  the  lower  wall.  The  vorticity  on  the  lower  wall  is 

shown  in  Fig.  7.  .  ,  . 

The  first  two  studies  examined  the  effect  of  wall  waviness  on  the  two  secondary  instability  mechanisms 

which  occur  in  curved  channel  flows.  The  third  study  that  was  performed  was  the  examination  of  the  primary 
instability,  that  is,  the  evolution  of  a  saturated  TS  wave,  in  a  2-D  curved  channel  with  larger  wall  waviness 
amplitude.  As  reviewed  in  [2],  previous  studies  have  examined  the  temporal  development  of  the  flow  in  2-D 
channels  with  obstructions,  grooves,  and  wall  waviness.  Such  obstructions  or  large  wall  variations  can  cause  flow 
separation  and  unsteady  vortex  shedding.  These  interesting  flow  phenomena,  when  coupled  with  streamwise 
instabilities  in  the  form  of  TS  waves,  greatly  alter  the  stability  of  the  flow  and  create  more  complicated  2-D  states 
such  as  quasi-periodic  or  chaotic  flows.  Thus,  the  process  of  transition  to  turbulence  occurring  through  3-D 
secondary  instability  of  these  flows  would  be  greatly  altered.  In  this  study,  a  new  2-D  state  was  examined  at 
i?e=4000  in  a  curved  channel  with  large-amplitude  upper  and  lower  wall  waviness  such  that  the  channel  periodically 
diverges  and  converges,  creating  regions  of  significant  adverse  and  favorable  pressure  gradient,  and  causing 
unsteady  separation  and  vortex  shedding.  The  flow  increases  in  complexity  in  tune  for  the  duration  of  the 
simulation,  and  it  appears  as  if  the  flow  becomes  chaotic.  However,  this  could  not  be  quantified  without  longer 
simulation  time.  Snapshots  of  the  vorticity  are  shown  in  Fig.  8. 

Conclusion 

The  results  presented  here  and  in  [2]  validate  the  numerical  tool  developed  for  simulations  of  transition  and 
turbulence  in  complex  channel  flows.  The  tool  was  used  for  an  initial  study  of  the  effects  of  wall  waviness  on 
secondary  instability  of  curved  channel  flows,  and  showed  significant  modifications  to  the  evolution  of  Dean  vortex 
and  Tollmien-Schlichting  wave  instabilities. 
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Figure  1.  Here,  the  streamwise  (contravariant)  velocity  component  is  shown  at  three  arbitrary  points 
in  the  How,  for  the  twisting  Dean  vortex.  Locations  VI  and  V2  are  near  the  walls,  while  locabonV3 
is  in  the  center  of  the  channel  The  time  trace  of  these  velocities,  sampled  every  time  step,  shows  both 
the  low  frequency  transient,  and  the  high  frequency  oscillation  representing  the  traveling  wave.  In 
b),  the  final  40  characteristic  time  is  shown. 
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Figure  2.  Left:  The  results  from  the  twisting  Dean  vortex  simulation  were  averaged  in  the 
stream  wise  direction,  and  are  shown  here  in  the  cross-sectional  y-r  plane.  For  direct  comparison 
with  Ligrani  et  aL  (1992),  the  direction  of  the  r  axis  is  reversed.  CCPF  was  subtracted  from  the 
average  streamwise  velocity,  and  the  perturbation  streamwise  velocity  is  shown  in  a).  The  three 
components  of  vorticity  are  shown:  streamwise  in  b),  transverse  in  c)  and  spanwise  in  d).  Spectral 
resolution-24x24x32  (streamwise  x  spanwise  x  transverse),  A/=0.001  with  the  SI  method. 

Right:  DNS  results  are  shown  from  Ligrani  et  aL  (1992)  for  comparison  with  the  present  results. 
Between  their  heavy  dashed  lines  is  the  region  corresponding  to  their  photographs  of  twisting  Dean 
vortices.  The  Dow  quantities  are  a)  streamwise  velocity,  b)  streamwise  vorticity,  c)  transverse 
vorticity,  and  d)  spanwise  vorticity. 


Figure  3.  The  twisting  Dean  vortex  flow  field  is  shown  in  the  8-r  plane  in  the  center  of  the  domain,  at 
y=L2l 2.  Flow  is  from  left  to  right  Contours  of  vorticity  magnitude  are  shown.  The  twisting  of  the 
Dean  vortex  pair  can  be  seen  in  this  plane  as  streamwise  variations. 


Figure  4.  Contours  of  surface  displacement  for  the  lower  wall  of  the  curved  channel  with  streamwise 
and  spanwise  waviness.  The  combined  streamwise,  s panwise,  and  oblique  waviness  yields  a  rippled, 
asymmetric  surface. 


Figure  5.  The  twisting  Dean  vortex  result,  with  wall  waviness,  is  shown  here  in  a  8-r  plane  in  the 
center  of  the  domain,  at  y=L2/ 2.  Contours  of  vorticity  magnitude  are  shown.  Spectral 
resolution=8xI6x32,  At=0.001  with  the  SI  method. 


Figure  6.  Contours  of  vorticity  magnitude  on  the  lower  wall  are  shown  for  three  time  levels  for  a 
Tollmien-Schlichting  wave  in  a  curved  channel.  The  surface  is  projected  onto  the  x-y  plane.  Spectral 
resolution=64x64x64,  Af=0.001  with  the  SI  method. 


Figure  7.  Contours  of  vorticity  magnitude  on  the  lower  wall  are  shown  for  three  time  levels  for  a 
Tollmien-Schlichting  wave  in  a  curved  channel  with  wall  waviness.  The  surface  is  projected  onto  the 
x-y  plane.  Spectral  resolution=32x32x64,  Af=0.001  with  the  SI  method. 


Figure  8.  Contours  of  vorticity  magnitude  for  three  time  levels  for  2-D  flow  in  a  curved  wavy 
channel  The  vorticity  shows  the  complicated  vortex  shedding  events,  and  the  interactions  between 
vortical  structures  and  the  walls*  Spectral  resolution=128xlx!28,  Af=0.00©5  with  the  SI  method. 
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Abstract. 

The  dynamic  SGS  model  is  implemented  into  a  b-spline/Fourier  spec¬ 
tral  DNS  code.  The  entire  SGS  term  (minus  the  divergence  of  the  SGS 
stress)  is  computed  in  physical  space  and  then  expressed  in  terms  of  a  b- 
spline  expansion.  The  inner  product  operation  on  this  term  leads  to  four 
integrals  involving  double  products  of  b-splines.  Two  of  these  already  are 
part  of  the  formulation  of  the  other  terms  in  the  weak  form  of  the  Navier- 
Stokes  equation  and  are  being  computed  in  the  original  code  using  Gaussian 
quadrature.  This  approach  thus  leads  to  only  two  additional  integrations. 
An  LES  of  a  turbulent  axial  vortex  is  currently  being  performed. 


1.  Introduction 

The  work  presented  includes  a  description  of  the  implementation  of  the 
dynamic  SGS  model  into  a  b-spline/Fourier  spectral  DNS  code.  This  effort 
is  part  of  an  on-going  project  on  the  DNS  and  LES  of  turbulent  axial 
vortices  with  and  without  the  effect  of  an  external  strain  field.  The  overall 
project  is  motivated  by  the  wake  hazard  problem  for  commercial  aircraft 
where  the  wing-tip  vortices  behind  large  aircraft  present  a  serious  safety 
concern  for  the  following  aircraft.  In  order  for  progress  to  be  made  in  the 
prediction  and  control  of  these  vortices,  it  will  be  helpful  to  have  a  better 
understanding  of  how  turbulence  within  these  vortices  behaves  and  how 
the  turbulence  affects  the  distribution  of  vorticity.  Also,  current  turbulence 
models  do  not  perform  well  for  strongly  rotating  flows  and  the  current  study 
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provides  needed  data  for  the  improvement  of  turbulence  models  for  such 
flows. 

There  have  been  several  experimental  studies  of  turbulent  vortices, 
which  are  discussed  in  the  papers3’4  by  Devenport  et  al.  (1996)  and  Leweke 
and  Williamson  (1998).  Numerical  simulations  of  an  isolated  turbulent  ax¬ 
ial  vortex  have  been  presented  in  a  series  of  papers  by  Ragab  et  al.  (1995). 
More  recently,  DNS  have  been  done  by  Coppens  (1998),  Qin  (1998)  and 
Blaisdell  and  Qin  (1999),  who  considered  the  effects  of  an  external  strain 
field.  The  effect  of  strain  was  included  because  each  vortex  of  a  trailing 
vortex  pair  induces  a  strain  field  on  the  opposite  vortex.  The  strain  creates 
an  instability  (the  short  wavelength  instability  is  known  as  the  Widnall 
instability)  which  affects  the  development  of  turbulence  within  the  vortex. 
A  DNS  has  been  done  by  Orlandi  et  al.  (1998)  of  a  trailing  vortex  pair 
corresponding  to  the  experiment  of  Leweke  and  Williamson 

The  objective  of  the  current  study  is  to  extend  the  simulations  of  Qin  to 
higher  Reynolds  numbers  by  using  LES.  The  appropriate  Reynolds  number 
is  Re r  =  T/ u,  where  T  is  the  circulation  of  the  vortex  and  v  is  the  kine¬ 
matic  viscosity.  The  DNS  have  a  Reynolds  number  Re r  =  16, 500  which  is 
about  three  orders  of  magnitude  smaller  than  that  found  in  the  wakes  of 
large  commercial  aircraft.  While  LES  still  cannot  reach  full  scale  Reynolds 
numbers,  it  will  allow  the  effects  of  varying  Reynolds  number  to  be  studied. 
Also,  Reynolds  number  is  particularly  important  for  the  case  with  strain, 
because  viscosity  creates  a  high  wave  number  cut-off  for  unstable  modes. 
The  current  DNS  are  barely  able  to  capture  the  instability  due  to  strain 
because  the  smallest  unstable  mode  has  a  length  scale  comparable  to  the 
vortex  core  size.  It  is  desirable  to  have  a  wider  range  of  unstable  length 
scales,  and  this  should  be  achievable  with  LES. 

2.  Governing  Equations 

The  incompressible  Navier-Stokes  equations  can  be  written  as 

=  0  (1) 

^  +  +  (2) 

dt  Re 

where  it  =  velocity  and  p  =  pressure.  Here  all  quantities  are  normalized 
using  the  radius  of  the  computational  domain  (see  figure  1),  R,  as  the  length 
scale  and  the  initial  axial  velocity  deficit,  V0  =  Vz(r  =  oo)  -  Vz{r  =  0),  as 
the  velocity  scale,  where  Vz  (r)  is  the  mean  axial  velocity.  Re  —  VoR/u  is 
the  computational  Reynolds  number. 
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Figure  1.  The  coordinate  system  and  the  computational  domain. 


Upon  applying  a  spatial  filter  to  the  above,  assuming  that  the  filter 
commutes  with  differentiation,  we  get  the  governing  equations  for  LES 

^.ru  =0  (3) 


+  +  (4) 

at  tie 

’iere  the  overbar  denotes  the  filtering  operation  and  2^  =  - 

Jit  it  -li~u)  is  minus  the  divergence  of  the  SGS  stress. 

Now  we  can  use  the  identity  u  ^  u  =  —  u  x  u>  H  2  ^ 

the  filtered  momentum  equation  as 
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where  Uj  =  x  ~u  is  the  filtered  vorticity  and  P  —  p  +  -  is  the 
modified  pressure. 

3.  Numerical  Method 

The  vortex  under  consideration  is  time  developing  and,  therefore,  ho¬ 
mogeneous  in  the  axial  (z)  direction.  This  corresponds  to  a  vortex  far 
downstream,  under  the  approximation  that  the  flow  changes  slowly  in  the 
stream  wise  direction.  Also,  the  azimuthal  direction  is  naturally  periodic. 
This  enables  the  use  of  a  Fourier  spectral  method  in  the  streamwise  and 
azimuthal  directions.  Basis  spline  polynomials  (b-splines)  are  used  in  the 
radial  direction.  These  provide  spectral-like  accuracy  and  are  Ck~ 2  contin¬ 
uous,  where  k  is  the  order  of  the  splines  being  used.  Also,  since  b-splines 
have  local  support  on  a  given  interval  (see  figure  2),  they  lead  to  sparse 
matrices  that  can  be  efficiently  stored  and  solved. 

Loulou  (1996)  developed  a  computer  program  to  study  turbulent  pipe 
flow  that  solves  the  incompressible  Navier-Stokes  equations  in  cylindrical 
coordinates  using  a  Galerkin  formulation  with  a  Fourier  spectral  method 
in  z  and  0  and  a  b-spline  method  in  r.  The  program  was  modified  by  Qin 
(Qin  et  al  1998)  to  solve  the  vortex  problem  and  to  run  on  an  IBM  SP2 
parallel  computer.  This  code  has  been  further  modified  to  perform  large 
eddy  simulations  of  a  turbulent  axial  vortex  using  the  dynamic  SGS  model 
which  is  implemented  using  the  approach  described  below. 

Before  solving  the  filtered  Navier-Stokes  equations,  they  are  transformed 
to  a  form  that  is  better  suited  to  numerical  computation.  Let  1?  be  a  numer¬ 
ical  approximation  to  ~u  that  consists  of  a  truncated  expression  in  terms 
of  divergence  free  vector  functions  (Moser  et  al  (1983)).  Thus  equation  (3) 

drops  out  by  construction.  Also,  let  if  be  any  vector  function  representable 
by  an  additional  set  of  divergence  free  vector  functions  such  that  it  is  ho¬ 
mogeneous  at  the  domain  boundary.  Now  the  standard  weighted  residual 

technique  is  used,  with  if  as  the  weight  function,  to  get  the  weak  form  of 
the  Navier-Stokes  equation 


(f ,  ^fo  =  i(f ,  +  (? ,  (1  *  if)) + (?,  ?),  (6) 

where  ("a\  1?)  =  fD~c?.l?dV  is  an  inner  product.  £  being  divergence  free 
and  homogeneous  at  the  boundary  results  in  the  pressure  term  dropping 
out. 
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Figure  2.  Cubic  B-splines  on  an  11-knot  uniform  grid 


The  continuity  constraint  results  in  the  velocity  vector  having  only  two 
independent  components.  Hence  two  distinct  classes  of  divergence  free  vec¬ 
tors  are  required  to  represent  if.  For  the  current  problem,  since  homogene¬ 
ity  is  assumed  in  the  streamwise  direction  and  the  azimuthal  direction  is 

periodic,  if  is  represented  as 

^  =  'ZKmiitrft  (r,  ke,  k2)  +  (r,  ke,  fc2)]e*(M+M  (7) 

jml 

where  a±  are  the  expansion  coefficients,  kz  =  2irm/ Lz  (—Nz/ 2  <  m  < 
iV2/2-l)  are  the  streamwise  wave  numbers,  ke  =  j  (—N$/2  <  j  <  Ng/2-1) 
are  the  azimuthal  wave  numbers  and  uf  (1  <  l  <  Nr)  are  the  expansion 
vectors.  Since  a  Galerkin  formulation  is  used,  the  weight  functions  are  es¬ 
sentially  the  same  as  the  expansion  functions  used  to  represent  the  velocity. 

Upon  using  the  expansion  and  weight  functions  chosen  and  performing 
the  required  integrations,  a  system  of  ODEs  is  obtained  for  the  expansion 
coefficients.  For  details  regarding  the  above,  and  the  treatment  of  the  linear 
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viscous  term,  the  reader  is  directed  to  Loulou  (1996)  and  Qin  (1998).  The 
present  work  focuses  on  computing  the  non-linear  terms. 

4.  Non-Linear  Terms 

The  following  two  non-linear  terms  have  to  be  evaluated 


fni  =  7T1-  \U  r  fR2Wn-Cv  X  ~u)e~i^k'^rdrdedz  (8) 

^  27T L z  J o  J 0  Jo 

/±  =-i—  [ Lz  [2*  fR2  wf.’fe-W+WrdrdBdz  (9) 

n  2  2nLz  Jo  Jo  Jo 

The  first  term,  f* j  ,  is  present  in  the  original  DNS  formulation  and  is 
computed  using  a  pseudo-spectral  approach.  Fast  Fourier  transforms  are 

used  to  compute  the  product  w±.(lf  x  ~u)  in  physical  space.  The  vorticity 
is  directly  related  to  the  velocity,  and  so  can  be  determined  from  the  velocity 
expansion.  The  integrals  in  the  radial  direction,  involving  triple  products 
of  b-spline  functions,  are  computed  to  machine  accuracy  using  Gaussian 
quadrature.  The  final  result  is  obtained  by  using  the  Fourier  transform. 
For  a  complete  description  see  Loulou  (1996). 

A  similar  approach  cannot  be  used  for  ,  the  nonlinear  term  arising 
from  using  an  SGS  model  (eddy  viscosity  times  the  resolved  strain  rate). 
The  eddy  viscosity  cannot  be  expressed  in  terms  of  the  expansion  of  the 
velocity  field  as  the  vorticity  can.  One  approach  is  to  compute  the  eddy 
viscosity  in  physical  space  using  a  pseudo-spectral  approach.  Once  defined 
in  physical  space,  the  eddy  viscosity  can  be  expanded  in  terms  of  b-spline 
functions,  but  with  coefficients  that  are  not  directly  related  to  the  velocity 
field.  Unfortunately,  this  leads  to  a  large  set  of  additional  integrals  involving 
triple  products  of  b-spline  functions,  which  would  greatly  increase  the  cost 
of  the  simulation. 

An  alternate  approach  is  to  compute  the  entire  SGS  term,  T^,  in  physi¬ 
cal  space  and  to  express  this  quantity  in  terms  of  a  b-spline  expansion.  This 
leads  to  four  integrals  involving  double  products  of  b-splines.  Two  of  these 
already  are  part  of  the  formulation  of  the  other  terms  in  the  weak  form 
of  the  Navier-Stokes  equation  and  are  computed  in  the  original  code  using 
Gaussian  quadrature.  This  approach  thus  leads  to  only  two  additional  inte¬ 
grations.  This  is  the  approach  chosen,  and  is  implemented  in  the  following 
steps. 
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4.1.  STEP  1 


We  start  by  computing  the  resolved  strain  rate  tensor.  In  cylindrical 
coordinates  this  is  given  by 


S 


rr 


See 


dvr  tt  _l,ldvr  dve  ve.  _l,dvz 

dr'  r$  2  [r  86  +  dr  r}'  brz  ~  2  ^  8r  + 

ldve  vr  -  _ldve  ldvz  ^  dvz 

r  89  +  r  '  9z  2  dz  +  r  86  '  ^zz  ~  dz 


(10) 


The  velocity  components  are  computed  as 


vr(r,6,z,t)  =  Ktgi(r) 

vg(r,6,z,t)  =  Jirg'i(r)  +  I,gi(r)  (11) 

Vz{r ,  0,  z ,  t)  =  - Gig',(r )  -  F,^-^ 

r 

where  gi  are  the  b-spline  polynomials  (see  figure  2)  and  the  summation 
convention  is  used  for  repeated  indices.  Ki,  Ji,  I\,  Gi  and  F;  are  functions  of 
(6,z,t)  and  are  defined  in  Loulou  (1996),  for  example 

Fi{9,  z,t)=J2  (ke  ~  l)ar(0e''(M+/!z2)  (12) 

k$}kz 

Expressions  for  the  derivatives  of  the  velocity  components  can  be  obtained 
by  differentiating  the  relations  given  in  (11).  At  the  origin,  a  transforma¬ 
tion  to  the  Cartesian  coordinate  system  is  used  to  handle  the  singularity 
problems. 


4.2.  STEP  2 

Next  the  eddy  viscosity,  i/j,  is  computed  using  the  Smagorinsky  model 

vT  =  C(A/)25m  (13) 

where, 

SM  =  (25mn5nm)1/2 

and 


Aj  =  (rABAz)1'2 

is  the  filter  width.  The  coefficient  C  is  found  using  the  dynamic  procedure 
(Germano  et  al.  (1991))  and  is  given  by 
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where, 

Mij  =  -2A}Sm®)  + 

Here  the  hat  denotes  test  filtering  with  the  test  filter  width  A/  and  <> 
denotes  averaging  over  the  homogeneous  directions.  Note  that  test  filtering 
is  performed  only  in  the  z  and  6  directions,  which  is  analogous  to  the 
approach  used  in  LES  of  channel  flows  where  the  test  filter  is  applied  in 
planes  parallel  to  the  wall.  A  sharp  cut  off  filter  is  used  in  (, ke,kz )  wave 
space. 

4.3.  STEP  3 

The  SGS  stress  tensor  is  computed  as 

Trr  =  2vTSrr,  Tre  =  2vTSre,  Trz  =  2z/rSrz 

T$e  =  2vj 'S$$,  T$z  =  2i/tS0zi  Tzz  —  2vjSZz  (14) 

where  the  resolved  scale  strain  rates  are  given  in  equation  (10).  The  isotropic 
part  of  the  SGS  stress  tensor  is  absorbed  in  the  modified  pressure  term. 

4.4.  STEP  4 

The  SGS  term  is  now  put  together  as 

2*  =  prr,T,,rj,  (15) 

where 

Tr.  20=1 +  12^  +  12^1-1^) 

dz  r  or  r  ov  r 

Tt  =  ?!M  +  lagwi+isga  +  lpw 

dz  r  or  r  ov  r 

„  d(T„)  ldjrTzr)  1  d(T*) 

lz~  8z  '  r  dr  '  r  dB 

Here  derivatives  in  the  6  and  z  directions  are  evaluated  using  FFTs  while 
derivatives  in  the  r  direction  are  evaluated  using  b-splines.  At  the  origin, 
a  transformation  to  the  Cartesian  coordinate  system  is  used  to  handle  sin¬ 
gularity  problems. 

4.5.  STEP  5 

The  SGS  term  is  expanded  in  terms  of  b-splines  as 
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Nr 


f  =  [Tr,Te,Tz]  =  Mr),  (16) 

k=  1 


4.6.  STEP  6 


Upon  performing  the  inner  product  operation  on  the  b-spline  represen¬ 
tation  of  the  SGS  stress,  we  get  the  nonlinear  term  as 


For  kz  =  kg  =  0  : 


/, 


n/2 


2nLz  Jo  Jo 


a  - 

For  fc2  =  0,  >  0  : 

fx  = 

+-^r-  [LZ  [^[^bkmsle-^W+^dedz 
27rLz  Jo  Jo 

1  ,Lz  f2*{!£bkm6]e-i{k'ee+k ’z)d0dz 
7TLZ  Jo  Jq  ^ 


(17) 


/n(,  — 


2nL 

\  rLz  /-27T  Nr 


Jo  Jo  fc=1 


'n^  2ttL2 

+(1  -  fc,)^-  jf  *  jfE  (18) 

For  A*  ^  0,  k$  =  0  : 

ik,J—  fL‘  f'E«4m3]e-«*4*+*t*)dftb 
27rL2  Jo  Jo  £1} 

+fc  i  lL-  fEi^-wnM. 

27rL^  Jo  Jo 


n/2 
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27 tL 


l- -  JqLz  J^p  ckm^e-^+^mz 


+tV  r  r\^ckmle}e-iW+k'‘zU6dz 

2nLz  Jo  Jo  j“i 
For  kz  ^  0,  kg  >  0  : 

*  =  f  E*^4"^** 


(19) 


fnh  ~ 


[L‘  r^hm^e-'W^dMz 

2nLz  Jo  Jo  £zx 

-i  .r  -o-jr  Nr 

+kz——  f  Z  [  \^bkm&)e-i{k'e9+kl>z) d9dz 
2nLz  Jo  Jo 

ik,^—  fL‘  /2'[f>m3]e-'W+‘;!><tf<fa 

2nLz  Jo  Jo 

+kz- V  r&bkmsle-W+^dedz 

2nLz  Jo  Jo 

+tV  r  r&Wide-W^^dOdz 

2nLz  Jo  Jo  jjTj 


+(1  -  M  ^  ’  j (**& ckm15\e-^ee+k^d9dz  (20) 

Here  m3,  m6,  m15  and  m16  are  elemental  matrices  defined  a s 


fR  fR  f  2 

m3  =  /  gigkrdr,  m6=  g[gkr  dr 
Jo  Jo 

fR  fR  t 

"iis  =  /  gi9kdry  mm  =  /  gig^dr 

Jo  Jo 


(21) 


m3  are  %  are  already  being  computed  in  the  original  code.  m\ 5  and  mi6 
are  the  two  additional  integrations  added  into  the  code.  These  integrals  are 
computed  to  machine  accuracy  using  Gaussian  quadrature.  The  following 
are  computed  in  physical  space 

Nr  Nr  Nr 

h  =  =  h~Yl  ckm^ 

fc=l  k= 1  k- 1 

Nr  Nr 

h  =  CkTn  16>  h  =  XI  6fc7ne 


(22) 
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Now,  since  ^  /027r(....)e-i(<:^+fc^)  is  the  definition  of  a  Fourier  trans¬ 

form,  h  through  h  are  transformed  to  wave  space  using  FFTs  to  obtain 
h{ke,kz)  through  I5{ke,kz)  and  f%3  is  obtained  in  wave  space  as 


For  kz  =  kg  =  0  : 

/i  =  h 

fZ,  =  *>  <23) 

For  kz  =  0,  k$  >  0  : 

fnl2  =  ike^  +  ^2  +  ^5 

/n/2  =  /4+(l-W>  (24) 

For  kz  ^  0,  k$  =  0  : 

f~l2  —  ikzI\  +  kzI\ 2  +  I3  +  I4  (25) 

For  kz  7^  0,  kg  >  0  : 

fnl2  =  ikgkzTi  +  kz?2  +  kzI5 

f~j2  =  ikzI\  +  kzl2  +  I4  +  (1  —  k$)l3  (26) 


5.  Conclusions 

The  dynamic  SGS  model  has  been  implemented  into  a  b-spline/Fourier 
spectral  code.  Since  the  eddy  viscosity  cannot  be  expressed  in  terms  of  the 
expansion  of  the  velocity  field,  as  the  vorticity  can,  the  new  non-linear  term 
arising  from  using  the  SGS  model  cannot  be  obtained  exactly  within  the 
framework  of  a  Galerkin  formulation.  A  pseudo  spectral  approach  is  taken 
in  which  the  entire  SGS  term  is  computed  in  physical  space  and  expressed 
in  terms  of  a  b-spline  expansion.  This  leads  to  four  integrals  involving  dou¬ 
ble  products  of  b-splines,  two  of  which  already  are  part  of  the  formulation 
of  the  other  terms  in  the  weak  form  of  the  Navier-Stokes  equation  and 
are  computed  in  the  original  code.  Only  two  additional  integrations  are 
thus  required  to  be  performed.  This  approach  is  much  more  efficient  com¬ 
putationally  in  comparison  to  an  alternate  approach  which  would  involve 
expanding  just  the  eddy  viscosity  in  terms  of  b-spline  functions. 

An  LES  of  a  turbulent  axial  vortex  is  currently  under  progress.  The 
case  parameters  are  chosen  to  be  the  same  as  STRN2  in  Qin  (1998).  This 
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simulation  serves  the  purposes  of  code  validation  and  an  evaluation  of  the 
quality  of  LES  results.  This  shall  be  followed  by  large  eddy  simulations  of 
a  turbulent  axial  vortex  at  higher  Reynolds  numbers.  This  will  allow  the 
effects  of  varying  Reynolds  numbers  to  be  studied  and  provide  much  needed 
data  for  the  improvement  of  turbulence  models  for  strongly  rotating  flows. 
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1.  Introduction 

Large  eddy  simulation  (LES)  of  turbulent  reacting  flows  has  been  the 
subject  of  widespread  investigation  (McMurtry  et  al.,  1992;  Galperin  and 
Orszag,  1993;  Menon  et  al.,  1993;  McMurtry  et  al.,  1993;  Gao  and  O’Brien, 
1993;  Madnia  and  Givi,  1993;  Frankel  et  al.,  1993;  Cook  and  Riley,  1994; 
Givi,  1994;  Fureby  and  Lofstrom,  1994;  Moller  et  al.,  1996;  Branley  and 
Jones,  1997;  Cook  et  al.,  1997;  Jimenez  et  al.,  1997;  Mathey  and  Chol- 
let,  1997;  Colucci  et  al.,  1998;  DesJardin  and  Frankel,  1998;  Jaberi  and 
James,  1998;  Reveillon  and  Vervisch,  1998;  Vervisch  and  Poinsot,  1988). 
Amongst  these,  recently  Colucci  et  al.  (1998)  developed  a  methodology, 
termed  the  “filtered  density  function”  (FDF).  The  fundamental  property 
of  the  FDF  is  to  account  for  the  effects  of  subgrid  scale  (SGS)  scalar  fluc¬ 
tuations  in  a  probabilistic  manner.  This  is  similar  to  probability  density 
function  (PDF)  methods  which  have  proven  to  be  very  useful  in  Reynolds 
averaging  procedures  (Libby  and  Williams,  1980;  Libby  and  Williams,  1994; 
O’Brien,  1980;  Pope,  1985;  Dopazo,  1994).  Colucci  et  al.  (1998)  developed 
a  transport  equation  for  the  FDF  in  constant  density  flows  in  which  the 
effects  of  unresolved  convection  and  subgrid  mixing  are  modeled  similarly 
to  those  in  “conventional”  LES,  and  Reynolds  averaging  procedures.  This 
transport  equation  was  solved  numerically  by  a  Lagrangian  Monte  Carlo 
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procedure  and  the  results  were  compared  with  those  obtained  by  direct 
numerical  simulation  (DNS)  and  by  a  conventional  finite  difference  LES  in 
which  the  effects  of  SGS  scalar  fluctuations  are  ignored  (LES-FD).  It  was 
shown  that  in  non-reacting  flows,  the  first  two  SGS  moments  of  the  FDF, 
as  obtained  by  the  Monte  Carlo  solution,  are  close  to  those  obtained  by 
LES-FD.  The  advantage  of  the  FDF  was  demonstrated  in  reacting  flows  in 
which  its  results  were  shown  to  deviate  significantly  from  those  obtained  by 
LES-FD  but  compare  favorably  with  DNS  data.  The  encouraging  results 
generated  by  FDF  warrant  its  extension  and  application  to  more  complex 
flows.  Further  assessment  of  its  predictive  capability  is  also  in  order.  The 
primary  objective  in  this  work  is  to  extend  the  FDF  methodology  for  LES 
of  three-dimensional  (3D)  turbulent  reacting  jet  flows.  The  FDF  deals  only 
with  scalar  quantities;  the  hydrodynamic  field  is  obtained  via  conventional 
LES. 


2.  Formulation 


We  consider  constant  density  turbulent  reacting  jet  flows  involving  Ns 
species.  The  primary  transport  variables  are  the  velocity  vector  u,(x,  t), 
(i  =  1,2,3),  the  fluid  pressure  p(x,  t),  and  the  species’  mass  fractions 
(pa  (x,  t)  (a  =  1, 2, ...,  Ns).  These  variables  are  governed  by  the  conservation 


equations: 


(1) 


dui 

duiUj 

_  dp  drij 

dt 

dxj 

dii  dxj  ’ 

d<t>a 

d(f>auj 

dJja  ^ 

dt 

A - — 

dxi 

~  o  +  Wot 

dxj 

(2) 


(3) 


where  u>a  is  the  chemical  source  term.  Assuming  a  Newtonian  fluid  and 
Fickian  diffusion, 


Tij  =  " 


(4) 


where  v  is  the  kinematic  viscosity,  T  =  ^  is  the  molecular  diffusivity  and 
Sc  is  the  molecular  Schmidt  Number.  Large  eddy  simulation  involves  the 
use  of  the  spatial  filtering  operation  (Aldama,  1990;  Moin,  1991) 


/+00 

hs(x-x')<f)(x!,t),dx!  (5) 

-oo 

where  hs(x)  denotes  the  filter  function  of  width  A h,  and  (<f>(x,t))L  rep¬ 
resents  the  filtered  value  of  the  transport  variable  4>{x,t).  We  consider 
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spatially  &  temporally  invariant,  localized  and  “positive”  filter  functions 
(Vreman  et  al .,  1994).  The  application  of  the  filtering  operation  to  the 
transport  equations  yields: 


djujh  _  . 
dxj  ~U 


(6) 


d(u,)L  d{uj)L{u3)L  _  d{p)L  d(rtj)L  dTt] 

dt  dxj  dxi  dxj  dxj 

mh  .  , 

dt  ^  ^  (8> 

where  T,j  =  (u{Uj)i  -  (ui)i{uj)i,  and  Mf  =  {uj4>a)L  -  {uj)L(<t>a)L  denote 
the  SGS  stress  and  the  SGS  mass  flux,  respectively. 

The  closure  problem  in  LES  of  non-reacting  flows  is  essentially  one 
of  representing  the  unresolved  terms  T,y  and  M".  In  reacting  flows,  the 
problem  is  compounded  by  the  presence  of  the  chemical  source  term  (oJa)L, 
for  which  an  additional  model  is  required.  For  closure  of  the  hydrodynamic 
SGS  stresses,  the  gradient-diffusion  approximation  is  invoked: 


Tij  ($ij/3)Tkk  —  — 2i>t(Sij)i,  (9) 

where  is  the  resolved  strain  rate  tensor  and  i/t  is  the  SGS  viscosity 

modeled  via  the  modified  kinetic  energy  model  (MKEV)  (Colucci  et  al., 
1998): 

vt  =  CkAH\f\(u*)L{ul)L  -  ((u*)l)l'(«)l)l'I,  (10) 

where  u*  =  u,  —  ZV,  and  U{  is  a  reference  velocity  in  the  a:,-  direction.  The 
subscript  V  denotes  the  filter  at  the  secondary  level  which  has  a  char¬ 
acteristic  size  (denoted  by  AHi)  larger  than  that  of  grid  level  filter.  The 
gradient-diffusion  approximation  is  also  used  for  closure  of  the  SGS  mass 
fluxes  (Eidson,  1985): 

M°=-Tt^£r  (id 

where  =  vt/Sct,  and  5c<  is  the  SGS  Schmidt  number  and  is  assumed 
constant. 

The  filtered  density  function  (FDF)  is  utilized  to  represent  the  scalars 
in  a  probabilistic  manner.  For  the  scalar  array  <t>{x,t)  =  [4>i,<p2,  ■  • 
the  FDF,  denoted  by  //,,  is  defined  as  (Pope,  1990): 

fL it}  X,t)  =  J  £  <£(x',  t)J  hs  (x1  -  x)dx!,  ( 12) 

f  [±,  ±{x,  t) j  =  S[rp  -  ${x,  t)]  =  JJ  6[^a  -  <f>a(x, t)],  (13) 

a=l 


& 
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where  6  denotes  the  delta  function  and  ^  denotes  the  composition  domain 
counterpart  of  the  scalar  vector  <£.  The  term  e[</>  —  iA,x_,t) ]  *s  the  fine¬ 
grained”  density  (Lundgren,  1967;  O’Brien,  1980),  and  Eq.  (12)  states  that 
the  FDF  is  the  spatially  filtered,  fine-grained  density.  Thus,  fL  gives  the 
density  in  the  composition  space  around  x,  weighted  by  the  filter  hs.  With 
a  positive  definite  filter  (Vreman  et  al .,  1994),  /l  has  all  the  properties  of 
the  PDF.  For  further  development,  it  is  useful  to  define  the  “conditional 
filtered  value”  of  the  variable  Q(x,  t)  by 


(Q{x,t)\f/L  = 


J-oo  Q{—  1 '  0  hs(x,  x)dx_ 

fL{±,x,t) 


(14) 


where  (a| /3)L  denotes  the  filtered  value  of  a  conditioned  on  /3.  Equation 
(14)  implies 

(i)  For  Q{x,t)  =  c,  (Q(x,t) \f)L  =  c 

(it)  For  Q(x,t)  =  Q(£(x,t)),  (Q(x,t)\4>)L  =  Q{±)  (15) 


(Hi) 


/+oo 

-  oo 


where  c  is  a  constant,  and  =  Q(x_,t)  denotes  the  case  where 

the  variable  Q  can  be  completely  described  by  the  compositional  variable 
(f>(x_,t).  These  properties,  in  conjunction  with  the  FDF,  facilitate  the  cal¬ 
culation  of  the  moments  involving  the  scalar  variables  via  integration  over 
composition  space, 

r-f-oo  ^ 

( Q{x,t))L  =  /  (16) 


The  FDF  transport  equation  is  obtained  by  taking  the  time  derivative  of 
Eq.  (12)  and  making  use  of  Eq.  (3): 


df_L  +  d{uj)LfL  _  d[(u]\±)L  -  (mj)l]/l 


dt 


dxi 


d[Og(^fL] 

dipa 


(17) 


This  is  an  exact  transport  equation  for  the  FDF .  The  last  term  on  the  RHS 
is  due  to  chemical  reaction  and  is  in  a  closed  form.  The  second  term  on 
the  left  hand  side  represents  the  filtered  convection  of  the  FDF  in  physical 
space  and  is  also  closed  (provided  is  known).  The  unclosed  terms  are 

the  first  two  terms  on  the  RHS  which  represents  the  transport  of  the  FDF 
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via  SGS  convection  and  the  effects  of  diffusion  in  composition  space.  The 
SGS  convective  flux  is  modeled  via  the  gradient-diffusion  approximation, 


The  closure  for  the  conditional  SGS  diffusion  is  based  on  the  linear  mean 
square  estimation  (LMSE)  model  (O’Brien,  1980),  which  is  also  known 
as  the  interaction  by  exchange  with  the  mean,  or  the  IEM  model  (Borghi, 
1988).  Implementation  of  this  model  together  with  Eq.  (18)  yields  the  mod¬ 
eled  FDF  transport  equation: 


8/l  ^[(«»)l/l]  _  JL 
dt  dxi  dxi 


+  7T7-  IPm  (V'a  -  ( <f>a)L)fL ]  ~ 
Ulpa 


d[Za{±)fL)  .  . 


In  the  second  term  on  the  RHS  ,  is  the  frequency  of  scalar  mixing 
within  the  subgrid  and  is  modeled  via  =  Cn(r  +  rt)/ A2H.  This  equation 
may  be  integrated  to  obtain  transport  equations  for  the  SGS  moments.  For 
example,  the  first  moment,  (<f>a)L,  or  the  filtered  mean  is  governed  by: 


d{<j>g)L  +  ^(Mj)L(</>a)L 


dt 


dx; 


d 

dxj 


(r  +  r.)^ 


+  (wa)L> 


(20) 


3.  Numerical  Formulation 

The  numerical  solution  of  the  hydrodynamic  and  the  scalar  fields  involves 
a  two  step  explicit  procedure.  The  first  involves  the  advancement  of  the 
hydrodynamic  variables  and  is  accomplished  via  a  compact  finite  differ¬ 
ence  scheme  (Kennedy  and  Carpenter,  1994).  The  second  involves  the  time 
advancement  of  the  FDF  for  which  a  Lagrangian  Monte  Carlo  procedure 
is  used.  This  procedure  is  based  on  the  idea  of  “equivalent  systems  by 
considering  the  random  process  Xi(t ), 


dXi(t)  =  Di(X(t),t)dt  +  E1/2{X(t),t)dWi(t),  (21) 


where  Dt{2L, t)  is  the  drift  vector,  E{X_,t)  is  the  diffusion  coefficient  and 
represents  the  Wiener-Levy  process  (Karlin  and  Taylor,  1981).  With 
the  equivalence: 


£  =  2(r  +  rt), 


Di  =  (u;)l  + 


d£±£t) 

dxi 


2Y 


(22) 


6 


S.C.  GARRICK  ET  AL. 


the  Fokker  Planck  equation  corresponding  to  stochastic  differential  equa¬ 
tion  (21)  becomes  equivalent  to  the  spatial  transport  equation  of  the  mod¬ 
eled  FDF  equation  (19). 

In  the  the  numerical  solution,  the  FDF  is  represented  with  a  set  ol 
scalars  (X^  (t) ,  t)  assigned  on  the  particles  throughout  the  flow-field. 
The  location  of  the  notional  particles  are  given  by  X(n)  and  Eq.  (21)  is 
integrated  via  the  Euler-Maruyamma  scheme: 

X|n)(4+i)  =  Xfn)(4)  +  D\n\tk)At+  (E^(tk)At)1/2  €!n)(4),  (23) 

where  tin)(tk)  =  A(X(n)(4),t),  E^(tk)  =  E(X^(tk),t)  and  £<n)  is  a 
random  variable  with  the  standard  Gaussian  PDF.  This  schemes  preserves 
the  Markovian  character  of  the  diffusion  process  (Gardiner,  1990)  and  fa¬ 
cilitates  affordable  computations.  The  coefficients  Dt  and  E  require  the 
knowledge  of  the  filtered  mean  velocity  and  the  diffusivity  (molecular  and 
SGS).  These  are  provided  by  the  solution  of  Eqs.  (6)- (7)  by  a  finite  differ¬ 
ence  procedure  and  then  is  interpolated  to  the  particle  location. 

The  scalar  composition  of  each  particle  changes  due  to  the  effects  of 
chemical  reaction,  and  mixing  (SGS  and  molecular).  Both  mechanisms  are 
implemented  deterministically  and  the  scalars  evolve  according  to 

=  -nm{<t>+  -  ( 4>a)L )  +  Wa,  (24) 

at 

where  </>+  denotes  the  scalar  value  of  a  particle. 

4.  Results 

Both  FDF  and  LES-FD  are  employed  for  simulations  of  3D  turbulent  round 
jets  under  both  non-reacting  and  reacting  conditions  similar  to  those  con¬ 
sidered  in  the  experiments  of  Shea  (1977).  In  the  nonreactive  case,  the 
configuration  consists  of  a  jet  of  ozone  (03)  diluted  in  nitrogen  {N2)  issu¬ 
ing  into  a  coflowing  stream  of  JV2.  In  the  reacting  flow,  the  surrounding  fluid 
consists  of  nitric  oxide  {NO)  diluted  in  N2.  The  chemistry  is  modeled  via 
the  one-step  reaction  of  03  +  N0  ->  02  +  N02.  The  ratio  of  the  reactants 
concentration  to  that  of  the  carrier  gas  is  of  order  0(10  4).  With  such  di¬ 
lute  reactants,  the  effects  of  reaction  exothermicity  can  be  neglected  (Shea, 
1977).  In  reacting  flow  simulations  via  LES-FD,  the  SGS  scalar  correlations 

are  neglected.  .  .  .x.  ..  ,  ... 

The  streamwise  velocity  at  the  inflow  boundary  is  initialized  with  an 

approximate  top-hat  radial  distribution.  The  initial  velocity  is  U0  in  the  jet, 
and  Uoo  in  the  co-flow,  with  a  velocity  ratio  of  U0/U<x>  =  4.  The  Reynolds 
number  based  on  the  jet  diameter  (D)  and  the  inner  jet  velocity  is  ReD  = 
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4, 000.  The  space  coordinates  are  x  =  [x,  y,  z],  where  x  is  the  streamwise  di¬ 
rection,  and  y  &  2  are  the  radial/cross-stream  directions.  A  mesh  consisting 
of  101  x  61  x  61  grid  points  in  the  x,  y,  z  directions,  respectively,  is  used  to 
cover  a  domain  of  size  8D  x  AD  x  AD.  The  ratio  of  the  secondary  filter  size 
to  the  grid  filter  size  is  A#»/A#  =  3.  The  values  of  the  other  parameters 
are:  Sc  =  1,  Sct  =  0.7,  Ck  =  0.045,  Cn  =  2.  No  attempt  was  made  to 
find  the  optimum,  or  the  “dynamically”  determined  (Germano  et  al,  1991; 
Germano,  1996)  values  of  the  model  constants. 

The  simulation  results  are  statistically  analyzed  via  time  averaging  over 
16, 000  samples.  In  the  FDF  simulations,  the  filtered  values  of  the  scalar 
quantities  are  determined  by  performing  local  averaging.  The  volume  from 
which  an  ensemble  of  particles  is  constructed  is  A|.  By  increasing  A e,  the 
number  of  particles  in  the  ensemble  increases.  This  improves  the  statistical 
accuracy  but  increases  dispersion.  First,  LES  results  of  the  non-reacting 
jet  flow  are  considered  in  which  the  FDF  simulations  are  conducted  with 
A E  =  2 A h-  This  size  facilitates  the  use  of  fewer  particles  while  still  retain¬ 
ing  a  large  enough  sample  for  reliable  statistics.  The  instantaneous  density 
of  the  number  of  the  Monte  Carlo  particles  is  presented  in  Fig.  1.  This 
figure  provides  a  visual  demonstration  of  the  basic  methodology  and  the 
flow  structure,  as  captured  by  the  FDF .  To  establish  the  consistency  of  the 
PDF,  its  results  are  compared  with  those  of  LES-FD.  Shown  in  Fig.  2  are 
the  contour  plots  of  the  filtered  ozone  mass  fraction  at  planes  normal  to  the 
streamwise  coordinate.  The  results  via  FDF  are  very  similar  to  those  ob¬ 
tained  by  LES-FD;  the  latter  contain  slight  numerical  oscillations  which  are 
not  present  in  the  Lagrangian  Monte  Carlo  simulations.  The  comparison 
between  the  filtered  values  as  predicted  by  FDF  and  LES-FD  is  quantified 
by  performing  a  linear  regression  analysis  of  data  at  all  the  points.  This 
analysis  yields  a  correlation  coefficient  of  0.99  between  the  two  sets  of  re¬ 
sults  which  indicates  a  very  good  agreement  between  the  LES-FD  and  the 
FDF  in  predicting  the  filtered  mean  values. 

The  radial  distributions  of  the  time-averaged,  filtered,  normalized  ozone 
mass  fractions  (Y^)L  =  (Yo3)L/(Yo3)L{x  =  y  =  2  =  0)  are  shown  in  Fig. 
3.  In  the  non-reacting  case,  expectedly,  the  FDF  results  agree  well  with 
those  via  LES-FD.  Both  simulations  predict  a  similar  rate  of  decay  for 
the  centerline  values  of  the  mass  fraction  as  the  flow  evolves.  In  the  react¬ 
ing  case,  however,  there  is  a  significant  difference  between  the  results  of 
the  two  simulations.  It  is  noted  that  LES-FD  predicts  a  much  larger  rate 
of  reactant  conversion  in  comparison  with  FDF.  This  difference  is  due  to 
the  neglect  of  the  SGS  scalar  fluctuations  in  the  LES-FD.  This  trend  was 
observed  in  all  the  cases  considered  and  is  consistent  with  that  observed 
in  Reynolds-averaged  simulations  (Bilger,  1980).  An  attempt  was  made  to 
compare  the  results  with  experimental  data  of  Shea  (1977).  But  there  are 
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not  sufficient  detailed  data  reported  in  regard  to  the  initial  conditions  in 
this  experiments.  Also,  because  of  numerical  concerns  some  of  the  simula¬ 
tion  parameters  are  different  from  those  considered  experimentally.  Work 
is  in  progress  to  generate  DNS  data  for  3D,  turbulent  reacting  jet  flows 
with  simple  chemistry  schemes  of  the  type  considered  here.  Such  data  are 
needed  for  further  assessment  of  the  methodology  before  it  is  implemented 
for  simulations  of  more  complex  reacting  flows. 

Although  the  FDF  methodology  is  presented  here  for  isothermal,  con¬ 
stant  density,  reacting  flows  with  a  simple  kinetics  scheme,  the  extension  to 
variable  density  flows,  with  exothermic  reactions  imposes  no  serious  math¬ 
ematical  difficulties  (Jaberi  et  al. ,  1999).  For  LES  of  variable  density  flows, 
it  is  convenient  to  use  the  filtered  mass  density  function  (FMDF),  denoted 
by  Fl,  defined  as 

Fl(±,  X,t)  =  J  p(x!,  t)e  [v>,  £(x',  t)]  hs{x '  -  x)dx',  (25) 

where  p  is  the  fluid  density.  The  integral  property  of  the  FMDF  is  such 
that 


/+oo  r+oo 

/  p{x',t)ha(x!  -  x)dx'  =  (p(x,t))L.  (26) 

Jaberi  et  al.  (1999)  developed  a  transport  equation  for  the  FMDF  and 
applied  it  for  LES  of  several  reacting  flows.  All  the  results  as  compared 
with  DNS  and  laboratory  data  show  significant  advantages  over  LES-FD. 
With  inclusion  of  efficient  numerical  integration  routines  for  the  treatment 
of  complex  chemistry  mechanisms  (Pope,  1997),  it  is  conceivable  that  LES 
of  reactive  flows  with  realistic  chemical  kinetics  may  be  conducted  for  en¬ 
gineering  applications  in  the  near  future.  In  this  regard,  the  scalar  FDF 
methodology  is  attractive  in  that  the  present  Monte  Carlo  solver  can  be 
used  directly  in  available  CFD  codes.  Similar  to  PDF  methods,  the  closure 
problems  associated  with  the  FDF  (and  FMDF)  are  the  correlations  in¬ 
volving  the  velocity  field  (such  as  SGS  stresses  and  mass  fluxes).  This  may 
be  overcome  by  considering  the  joint  velocity-scalar  FDF  (FMDF)  simi¬ 
lar  to  that  in  PDF  methods  (Pope,  1994b).  This  issue  is  currently  under 
investigation. 

The  computational  requirement  for  FDF  simulations  with  2  x  106  parti¬ 
cles  is  about  2.5  times  that  of  LES-FD.  This  overhead  appears  tolerable  in 
view  of  the  attractiveness  of  the  methodology.  Also,  the  computational  re¬ 
quirements  for  FDF  is  significantly  less  than  that  of  DNS.  But  the  range  of 
flow  parameters  (such  as  the  Reynolds  and  the  Damkohler  numbers)  that 
can  be  considered  by  FDF  is  significantly  larger  than  can  be  treated  by 
DNS,  and  the  results  are  more  accurate  that  those  by  LES-FD.  Colucci  et 
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al  (1998)  and  Jaberi  et  al.  (1999)  report  a  comparison  of  the  computational 
requirements  of  LES-FD,  FDF  and  DNS  for  several  flow  configurations. 
This  comparison  could  be  made  only  in  flows  for  which  DNS  was  possible, 
i.e.  low  Damkohler  and  Reynolds  numbers.  At  higher  values  of  these  param¬ 
eters,  the  computational  cost  associated  with  DNS  would  be  exceedingly 
higher  than  that  of  FDF.  Thus  for  practical  flows  for  which  DNS  is  cur¬ 
rently  impossible,  the  FDF  would  be  a  good  alternative.  Several  means  of 
reducing  the  FDF’s  computational  requirements  are  possible  and  should  be 
considered.  These  could  be  useful  in  future  applications  in  complex  flows. 
The  FDF  method  will  benefit  from  ongoing  and  future  improvements  in 
PDF  and  other  LES  schemes  (Pope,  1994a;  Subramaniam  and  Pope,  1997; 
Pierce  and  Moin,  1998)  from  both  modeling  and  computational  standpoints. 
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Figure  1.  Monte  Carlo  particle  number  density. 


Fiaure  2.  Instantaneous  filtered  mean  ozone  mass  fraction  contours  at  streamwise 
planes:  (a)  LES-FD,  x/D  =  2.5;  (b)  FDF,  x/D  =  2.5;  (c)  LES-FD,  x/D  =  7.5;(d)  FDF, 
x/D  =  7.5. 


Figure  S.  Time-averaged  filtered  mean  ozone  mass  fraction. 
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1.  Introduction 

The  injection  of  liquid  fuel  is  a  common  procedure  in  turbulent  combustion 
devices  operating  in  the  non-premixed  regime.  In  these  systems,  disper¬ 
sion,  vaporization  of  the  fuel  droplets  and  turbulent  combustion  strongly 
interact.  The  understanding  and  modeling  of  these  complex  phenomena 
are  important  issues  when  optimizing  combustion  processes,  to  improve 
the  economical  and  ecological  output  of  the  device. 

Various  numerical  models  may  be  found  in  the  literature  to  calcu¬ 
late  turbulent  flames,  using  either  Reynolds  Averaged  Navier-Stokes  equa¬ 
tions  (RANS)  or  Large  Eddy  Simulation  (LES).  The  typical  inputs  of  non- 
premixed  turbulent  combustion  modeling  are  the  mean  and  the  fluctuations 
of  the  mixture  fraction.  In  this  paper,  we  study  the  effect  on  the  gaseous 
mixture  fraction  of  a  vaporizing  liquid  fuel.  To  this  end,  Direct  Numeri¬ 
cal  Simulation  (DNS)  is  utilized.  Previous  works  have  shown  the  ability  of 
DNS  to  study  the  dispersion  of  solid  particles  (or  non-vaporizing  droplets) 
in  a  turbulent  environment  (Elgobashi  and  Truesdell,  1989;  Squires  and 
Eaton,  1990).  Similarly,  DNS  is  now  a  standard  tool  for  studying  pre¬ 
mixed  and  non-premixed  single  phase  turbulent  combustion  (Givi,  1989; 
Poinsot  et  al.,  1996;  Vervisch  and  Poinsot,  1998). 

In  this  work,  a  two  way  coupling  (Elgobashi  and  Truesdell,  1992)  be¬ 
tween  the  droplets  and  the  turbulent  flow  has  been  utilized  to  simulate  3-D 
homogeneous  freely  decaying  turbulence  and  2-D  mixing  layers.  The  first 
part  of  this  paper  presents  the  physical  and  numerical  features  of  the  study. 
A  Lagrangian /Eulerian  formulation  for  disperse  sprays  has  been  selected. 
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Figure  1.  Classification  of  spray  combustion  regime,  group  combustion  diagram  of  Chiu 
et  al. 


Then,  a  special  attention  is  given  to  the  effects  of  the  vaporization  source 
terms  on  the  mean  fluctuations  of  the  mixture  fraction. 

2.  Euler ian/Lagrangian  formulation  for  DNS 

Direct  numerical  simulation,  in  theory,  allows  for  a  model-free  simulation, 
however  the  resources  required  to  perform  the  simulation  of  both  the  turbu¬ 
lent  gas  phase  motion  and  the  detailed  properties  of  the  liquid  phase  are  too 
great.  In  our  simulations,  the  flows  around  an  individual  drop  and  inside 
the  drop  are  not  fully  resolved.  Instead,  closures  discussed  below  are  intro¬ 
duced  for  the  liquid  phase  along  with  its  vaporization  rate  (Faeth,  1983; 
Law,  1982;  Sirignano,  1983).  These  simulations  are  restricted  to  droplets 
that  are  smaller  than  the  Kolmogorov  length  scale.  Therefore,  in  the  group 
combustion  diagram  of  Chiu  et  al  (Chiu  et  al.,  1982)  classifying  different 
combustion  regimes  (fig.  1),  the  present  simulations  are  limited  to  problems 
observed  in  external  combustion  around  clusters  of  droplets. 

The  spray  is  composed  of  a  collection  of  individual  droplets  convected  by 
the  turbulent  flow,  and  it  is  natural  to  follow  these  droplets  in  a  Lagrangian 
context.  Then,  two  major  issues  emerge:  the  description  of  the  droplets 
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themselves  and  their  coupling  with  the  turbulent  carrier  phase  that  is  solved 
in  an  Eulerian  context. 

2.1.  GOVERNING  EQUATIONS 

In  the  Lagrangian  context,  we  solve  for  the  position  (X,),  the  diameter  (0), 
and,  the  velocity  (Vi)  of  N  droplets.  This  system  (Faeth,  1983;  Kuo,  1986) 
may  be  written  for  each  k  droplet  as: 


with  the  mass  evaporation  rate  and  drag  force  given  by: 


cij  =  nSfcpD' In  (1  +  By)  ©*  , 

Di  =  , 

with  D*  —  ( p/pReSc ).  S^c  is  the  convective  Sherwood  number  taking  a 
value  of  2  in  a  quiescent  atmosphere  and  depending  in  the  turbulent  simu¬ 
lations  on  the  Reynolds  number  of  the  droplet  Re)-,  =  Re(\U^  —  Ffc|0fe)/i/. 
as 

„  0.55fie*Sc 

(1.232  +  Re^Sc*/*)112  ’ 

CkD  is  the  drag  force  coefficient, 


,4  =  6/  (npi)  is  a  constant  parameter  in  which  pi  is  the  liquid  constant 
density.  The  properties  of  the  gas  (p  viscosity,  p  density  and  Ui  velocity) 
are  obtained  at  the  droplet  position  from  the  grid  nodes  using  a  third  order 
interpolation  algorithm  (Guichard  et  al.,  1998).  These  equations  have  been 
made  dimensionless  with  Re  as  the  acoustic  Reynolds  number  of  the  DNS 
problem.  Sc  and  Pr  are  the  Schmidt  number  of  the  fuel  and  the  Prandtl 
number,  where  Pr  =  Sc  =  0.7. 
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The  Spalding  number  is  defined  a s  By  =  (7/  -  -  7/),  where 

Yp  and  Yfi°  are  the  gaseous  fuel  concentrations  at  the  surface  of  the  drop 
and  in  the  pure  gas  respectively  (Kuo,  1986).  In  a  first  approximation  By 
is  assumed  constant,  corresponding  to  situations  where  the  temperature  of 
the  spray  is  close  to  saturation. 

The  Eulerian  view  of  the  Lagrangian  sources  is  constructed  by  cumu¬ 
lating  sources  of  all  the  droplets  found  in  a  particular  mesh  volume,  V 
defined  in  the  vicinity  of  the  Eulerian  grid  point  (Crowe  et  al.,  1977).  The 
flow  is  described  in  the  Eulerian  context  by  solving  the  following  equations 
accounting  for  the  two-way  coupling: 


dp  dpUj 
dt  dxj 
dpUj  dpUjU, 
dt  dxj 

dpet  dpetUj 
dt  dxj 

dpYp  dpYpUj 
dt  dxj 

dpYp  dpYpUj 
dt  dxj 


with  A*  = 


pcp 

RePr' 


A  third  order  Runge-Kutta  scheme  with  a  minimal  data 

storage  method  (Wray,  1990)  is  used  for  time  stepping.  Spatial  derivatives 
are  estimated  using  the  sixth  order  Lele’s  PADE  scheme  (Lele,  1992). 


2.2.  DNS  PARAMETERS 

2.2.1.  Homogeneous  and  Isotropic  turbulence 

The  droplets  are  organized  in  clusters  (or  clouds)  homogeneously  embed¬ 
ded  in  a  3D  freely  decaying  turbulence,  with  an  initial  integral  length  scale 
that  is  twice  the  mean  radius  of  the  clusters.  The  density  of  droplets  is 
chosen  to  reproduce,  in  the  mean,  a  near-stoichiometric  dilute  spray  of  n- 
heptane  with  the  stoichiometric  value  Z„t  =  0.0625,  the  spray  is  initially 
monodispersed.  Table  1  summarizes  the  parameters  used  in  the  four  differ¬ 
ent  simulations,  featuring  various  Spalding  numbers  and  therefore  different 
mean  vaporization  time.  To  compare  the  time  evolution  of  Z"2  with  and 
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TABLE  1.  Parameters  of  the  simulations 
(65  x  65  x  65  Eulerian  nodes,  10800  droplets 
organized  in  9  clusters):  The  turbulence  is 
characterized  by  its  integral  length  scale 
It,  the  eddy  turnover  time  rt,  the  Kol¬ 
mogorov  time  t*,  and,  the  Reynolds  number 
Ren  =  (u  lt/v)  ~  The  properties  of  the 

spray  are:  0o  the  initial  diameter  of  the  droplets, 
By  the  Spalding  number  and  its  related  vapor¬ 
ization  time  Tv .  All  the  presented  results  are  nor¬ 
malized  using  It  and  rt . 


Case 

By 

©o  /l» 

Tt/rv 

rv/rk 

Reu 

TVg 

oo 

0.014 

OO 

0 

104 

TV i 

4 

0.014 

1.37 

7.5 

104 

tv2 

2.7 

0.014 

1.18 

8.66 

104 

TVs 

1.9 

0.014 

0.94 

10.97 

104 

without  droplets  vaporization,  a  simulation  with  an  infinite  value  of  the 
Spalding  number  By  was  also  performed.  This  case  corresponds  to  pure 
mixing  between  fuel  and  oxidizer,  the  mass  of  fuel  being  instantaneously 
released  by  the  droplets  at  the  initial  time  of  the  simulation. 

2.2.2.  Temporal  mixing  layer 
A  hyperbolic  tangent  velocity  profile  (fig.  3-top) 

u  (*,  t  =  0)  =  \  (Si  +  S2)  +  \  (5i  -  Si)  tanh  (^) 

has  been  chosen  to  initialize  the  mixing  layer.  S\  and  52  are  the  two  stream 
velocities.  Data  are  made  dimensionless  with  the  convective  velocity  5o  = 
(5j  -52)/2,  the  thickness  of  the  mixing  layer  So,  and,  to  =  So/ So-  To  help  in 
the  generation  of  large-scale  instabilities,  small  perturbations  issued  from 
a  white  noise  spectrum  are  superimposed  to  this  initial  velocity  field.  The 
streamwise  direction  has  periodic  boundary  conditions  and  non-reflecting 
boundaries  are  applied  on  the  spanwise  direction. 

A  Gaussian  function  centered  at  the  position  of  the  maximum  shear  is 
used  for  the  droplets  repartition  (fig.  3-top).  The  mean  droplet  density  is 
8000,  the  droplets  diameter  is  0.02  and  the  Spalding  number  takes  on  the 
value  0.06,  allowing  to  observe  vaporizing  droplets  during  the  development 
of  the  instabilities. 
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Figure  2.  2D  snapshot  of  droplets  tubulent  dispersion.  Isolines:  isovorticity  contours, 
vector:  droplet  velocity. 


3.  Mixture  fraction  analysis 

3.1.  MIXTURE  FRACTION  PROPERTIES 

The  mixture  fraction  is  defined  as  Z  =  {$Yf/Yf,0  —  Yo/Yo,0  +  l)/($  + 
1)  (Linan  and  Williams,  1993).  The  mass  fractions  in  pure  fuel  and  pure 
oxidizer  are  denoted  by  Yf,o  and  Yb>0,  respectively,  and  the  stoichiometric 
point  is  Zst  =  1/(1  +  $).  The  equivalence  ratio  of  the  mixture  is  $  = 
(voMc>Yf,o) / (vfMfYo,o) ,  with  the  molecular  weights  Mo,  Mp  and  the 
stoichiometric  coefficients  vo,  v F ,  vp  would  correspond  to  the  chemical 
reaction  vfYf  +  voYo  — >•  PpYp,  here  only  mixing  between  fuel  and  air  is 
considered. 

The  transport  equation  for  Z  may  be  written: 


dpZ  dpZUj 
dt  dxj 


+ 


(i  +  «)  ( 


*±Ypo 

Yf,o 


pWv, 


where  pWv  =  is  the  Eulerian  vaporization  rate.  From  this  equa¬ 

tion,  and  by  setting  Yp,0  —  1,  the  balance  equation  for  the  fluctuations  Z"2 
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Figure  3.  Temporal  mixing  layer,  top:  initial  configuration,  middle:  isovorticity  contours 
and  droplets  ( time  =  240),  bottom:  mixture  fraction  field  ( time  =  240). 

is  derived: 
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<N 


x 

a 


Figure  4.  Time  evolution  of  the  fluctua-  Figure  5.  Time  evolution  of  the  scalar  dis- 
tions  V*.  sipation  rate  ** 


Figure  6.  Time  evolution  of  pS~.  Figure  7.  Time  evolution  of  pS+ . 


and  ___ 

p's1  =  -pZ"2Wv  . 

In  a  previous  work  (Reveillon  et  al.,  1998),  it  has  been  shown  that 
the  mean  turbulent  mixing  time  and  related  quantities  are  dramatically 
affected  by  vaporization  of  the  liquid  phase.  In  dilute  spray,  this  is  due  to 
the  impact  of  vaporization  sources  on  the  small  scales  of  the  turbulent  fuel 
distribution.  Practically  speaking,  because  of  the  source  of  fuel  localized 
at  the  surface  of  the  drop,  the  value  taken  by  |VVf|  when  Yp  -4  1,  tends 
to  be  larger  in  the  case  of  droplets  than  for  a  pocket  of  a  pure  diffusing 
gas  without  local  source  of  fuel.  One  consequence  of  this  is  the  increase  in 
dissipation  rate  px  following  the  introduction  of  the  spray.  Using  the  DNS 
data,  the  time  evolution  of  the  various  terms  and  quantities  related  to  the 
fluctuations  of  mixture  fraction  are  now  studied. 


DNS  OF  SPRAY  TURBULENT  MIXING 


9 


3.2.  ANALYSIS  OF  Z "2  SOURCE  TERMS 


When  vaporization  and  turbulent  mixing  compete,  for  a  fixed  turbulent 
Reynolds  number,  different  behaviors  may  be  observed  depending  on  the 
Spalding  number.  The  vaporization  of  the  discrete  phase  tends  to  generate 
fluctuations  of  mixture  fraction,  turbulent  mixing  in  counterpart  tends  to 
reduce  Z"2  through  px ■  This  is  observed  for  the  homogeneous  flows  in  fig.  4, 
where  the  fluctuations  of  mixture  fraction  are  first  generated  by  the  local 
sources  of  fuel,  and  Z "2  increases  quickly  to  reach  a  maximum  point.  The 
value  of  Z"2  at  its  maximum  depends  on  the  characteristic  vaporization 
time  (fig.  4),  when  the  shorter  the  vaporization  time,  the  larger  this  value. 
After  reaching  this  maximum,  turbulent  micro-mixing  overcomes  vapor¬ 
ization  and  an  exponential-like  decay  representative  of  mixing  is  recovered. 
Since  the  initial  total  volume  of  liquid  and  Reynolds  number  are  fixed  in  the 
simulations,  the  time  required  to  vaporize  all  the  liquid  decreases  when  in¬ 
creasing  By ,  and  the  decay  of  Z"2,  significative  of  an  evolution  controlled 
by  fuel/air  pure  mixing,  appears  sooner.  When  vaporization  and  mixing 
times  are  of  the  same  order  (TV3),  after  increasing,  Z"2  reaches  a  plateau 
before  mixing  dominates  leading  to  the  decay  of  the  fluctuations. 


The  vaporization  terms  pS+  and  pS~  are  also  extracted  from  DNS.  In 
fig.  7 ,  pS+  is  identified  as  a  production  term,  that  is  of  the  same  order  as  the 
dissipation  rate  px.  In  opposition,  pS~  is  negative,  small,  almost  negligible 
compared  to  the  dissipation  rate  and  to  the  source  pS+  (fig.  6).  Therefore 
when  pS+  >  px,  the  generation  of  fluctuations  due  to  vaporization  dom¬ 
inates  and  Z"2  increases.  An  equilibrium  condition  would  correspond  to 
pS+  «  px,  this  is  observed  in  fig.  4  when  Z"2  reaches  its  maximum.  The 
situation  pS+  <  px  leads  to  the  decay  of  Z"2.  Notice  that  pS+  —  0  when 
all  the  fuel  is  in  the  gas  phase,  this  occurs  before  reaching  the  point  where 

Z"2  =  0,  and  since  px  -4  0  only  when  Z"2  =  0,  the  end  of  the  simulations 
is  always  mixing  controlled. 


Similar  trends  are  observed  in  the  mixing  layer  (fig.  8),  and  the  DNS 
results  confirm  that  it  is  difficult  to  neglect  the  effects  of  spray  evaporation 
on  the  fluctuations  of  mixture  fraction.  In  the  performed  simulations,  for 
the  same  initial  condition,  different  interactions  are  observed  between  the 
term  pS+  and  the  scalar  dissipation  rate  px.  The  results  depend  on  the 
Spalding  parameter  of  the  spray,  leading  to  various  time  evolutions  of  Z"2 
during  the  coupled  vaporization-mixing  process. 
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c  15.0  .  25.0 

Spanwise  direction 


Figure  8.  Time  evolution  of  quantities  averaged  along  the  streamwise  direction  of  the 
mixing  layer:  mixture  fraction  variance  Z"2,  dissipation  — px>  and  vaporization  source 
terms  pS+  and  ~pS~ . 


4.  Conclusion 

Spray  modeling  is  one  of  the  greatest  challenge  in  the  calculations  of  non- 
premixed  turbulent  combustion  chambers.  A  Lagrangian  model  for  two- 
phase  flows  has  been  applied  with  a  DNS  code  to  describe  mixture  frac¬ 
tion  evolution  during  the  vaporization  and  dispersion  of  droplet  clouds.  It 
has  been  shown  that  turbulent  micro-mixing  of  the  gas  phase  as  well  as 
mean  dissipation  rate  are  strongly  affected  by  the  liquid  phase  parameters 
(droplets  volume  and  distribution,  fuel  physical  properties,  etc)  during  the 
whole  vaporization  period. 

The  mean  source  of  fuel  due  to  liquid  phase  vaporization  leads  to  a 
mean  source  of  mixture  fraction  that  can  be  provided  via  an  Euler-Lagrange 
model  for  the  spray.  These  terms  in  the  case  of  a  dilute  spray  have  been 
studied  with  the  help  of  DNS,  and  it  was  found  that  they  cannot  be 
neglected,  models  for  these  terms  are  under  development  (Reveillon  and 
Vervisch,  1999). 
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1.  Introduction 

In  LES,  a  coarse  graining  of  the  small  scales  is  performed_by  using  a  filtering 
procedure,  i.e.  the  resolved  or  grid  scale  component^  /,  /,  is  derived  via  the 
convolution  integral  of  f  with  the  filter  function,  G (x)  (x  =  (xj,  xi,  ^3))*  ^ 
the  present  study,  the  spherically  symmetric  Gaussian  filter  function  was 
used,  in  which  the  characteristic  filter  width,  A,  was  set  equal  to  2A.  A  is 
the  grid  interval  for  the  LES  mesh.  We  consider  the  flow  which  is  homoge¬ 
neous  in  the  x,  y,  and  2  directions.  The  subgrid-scale  (SGS)  component  is 
denoted  as  /'  =  /  —  /. 

The  SGS  stress  tensor,  =  ufuf-UiUj,  results  from  filtering  the  Navier- 
Stokes  equations.  The  SGS  models  for  nj  commonly  used  are  divided  into 
two  groups:  SGS  eddy  viscosity  coefficient  model  (Smagorinsky  1963)  and 
scale-similarity  model  (Bardina  1983).  These  SGS  models  generally  require 
proper  optimization  of  the  parameters  contained  in  the  models.  Remarkable 
progress  was  made  for  the  determination  of  the  model  parameter  value  by 
the  dynamic  procedure  proposed  by  Germano  et  al.  (1991).  An  alternative 
theoretical  approach  to  determine  the  parameter  values  is  the  utilization 
of  the  invariance  constraints  on  the  SGS  stress  under  a  change  of  frame 
(Speziale  1985  a).  In  Speziale  (1985  f>),  the  constraints  on  the  SGS  stresses 
in  non-inertial  frames  of  reference  which  undergo  rotations  were  explored 
for  some  class  of  filter  functions.  It  was  shown  that  the  SGS  stress  ten¬ 
sor  depends  on  the  motion  of  the  frame  of  reference,  but  the  divergence 
of  the  SGS  stress  is  a  frame-indifferent  vector.  Consistency  of  the  linear 
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combination  models  of  Clark  et  al.  (1979)  (the  nonlinear  model)  as 


^  duj  &Uj 

n^a^-2CsA  |S|Sw’ 


(i) 


with  these  constraints  was  discussed.  Fureby  and  Tabor  (1997)  showed  that 
the  total  summation  of  the  Leonard  and  cross  terms  is  invariant.  The  pur¬ 
pose  of  the  present  work  is  to  assess  the  consistency  of  the  recent  dynamic 
SGS  models  with  the  constraints  in  turbulence  subjected  to  rotation. 


2.  Subgrid-scale  stress  tensor  in  a  rotating  frame 

We  explore  the  transformation  properties  of  the  SGS  stress  tensor  in  a 
non-inertial  frame  of  reference  which  is  undergoing  rotation.  We  obtain  the 
transformation  rule  for  the  filtered  velocity  as  (Speziale  1985  b ) 

Hi  —  11  i  ■+■  (^) 


where  f2fc  denotes  the  angular  velocity  of  the  non-inertial  frame  of  reference 
relative  to  an  inertial  framing,  and  e,jk  the  alternating  tensor.  Quantities  in 
an  inertial  frame  of  reference  are  denoted  as  f ,  and  those  in  a  non-inertial 
frame  of  reference  as  /*.  We  assume  (fii,  fi2>  ^3)  ==  (0,  0,  fi)  and  f2  is  set  to 
a  time-independent  constant.  Here,  we  utilized  the  relation,  x±  =  Xj ,  which 
is  true  for  isotropic  filter  functions  (Speziale  1985  6;  Fureby  &  Tabor  1997). 
From  (2),  we  derive  the  following  relations: 

u'i  =  Ui  -Ui  =  u'*,ui  -Ui  =  u*-%.  (3) 

Subsequently,  when  the  Gaussian  filter  function  is  used,  the  SGS  stress 
tensor,  ,  is  transformed  as 

UjUj  —  U i  Uj  =  («*Uj  —  Uj)  +  T^j ,  (4) 


r-j  eikitlk  12  qx 


“2  ffn*  A2  ftn*  A2 

i  +  +  ToW***6*  -  (5) 


12  dx\  12 


The  nj  term  is  not  indifferent  to  frame  rotation  (Speziale  1985  6),  but 
the  characteristic  feature  of  the  correction  terms,  t£,  in  (5)  is  that  it  is 
solenoidal,  i.e. 

$1  =  0.  (6) 


dx* 


The  SGS  stress  tensor  depends  on  the  motion  of  the  frame  of  reference. 
However,  this  is  not  of  any  serious  consequence  because  only  its  divergence 
enters  into  the  filtered  momentum  equation. 
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The  modeled  SGS  stress  tensor  must  have  the  same  properties  as  the 
exact  SGS  stress  tensor,  and  the  rotational  constraints  must  be  satisfied  by 
any  reliable  SGS  model.  The  SGS  stress  tensor,  nj,  consists  of  three  terms 

nj  =  uiuj  —  ui  uj  =  L ™  +  C™  +  RjJ1 ,  (7) 


where 


L™  =  UiUj  - u i  uj,  C™  =  uiu'j  +  u\uj  -  (ui  u'j  +  u[  Uj ), R™  =  uju'- 


£.*r*  denotes  the  modified  Leonard  term,  Ctf  the  modified  cross  term,  and 
Rrn  the  modified  SGS  Reynolds  stress.  These  three  terms  are  transformed 

as 


r  m 

Lij 


A2 


A2  du* 


A2 


L$  *  +  eiWftfc— +  ejk&ki 2  j),  (8) 


C-J1  —  c™ *  +  tikfok  ^2 


A2  d(uj  —  Uj)* 


dxf 


A2  d(uj  —  Uj)* 

12  drt 


(9) 


and  R™  is  invariant  under  this  transformation.  Note  that  the  correction 
terms  for  the  L%  and  the  C*  terms  are  solenoidal.  The  order  of  the  cor¬ 
rection  terms  for  the  L™  and  C™  terms  are  A  and  A  ,  respectively. 


3.  Formulation  of  the  generalized  scale-similarity  model 

In  the  generalized  scale-similarity  model,  the  velocity,  Ui,  is  approximated 
by  a  representative  velocity,  u j,  and  substituted  into  Tij  as 

Tij  =  (UJUj  -  Ui  Uj)  CZ  (uiUj  -  Ui  Uj).  (10) 

We  propose  to  approximate  Ui  as 

€t»  =  [I  —  (I  —  G)n]  Ui,  (11) 

where  1  denotes  the  identity  operator,  G  the  operator  corresponding  to 
application  of  the  Gaussian  filter.  We  term  the  model  (10)  with  (11)  as  the 
multilevel  filtered  model.  As  n  is  increased,  the  amplitude  of  the  truncation 
errors  is  reduced. 

When  n  =  2,  we  obtain  the  following  model  as  (Horiuti  1997): 

Tij  =s  ClL%  +  CcLg  +  CBLif,  (12) 

L§  =  L™  -  (ui  %  - 1 j), 


where 


(13) 
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Lij  ~  u'i  uj  ~  u'i  u'j  =  ( ui  ~  ui )  («j  “  Uj)  ~  (ui  -  Ui )  ( Uj  -  Uj).  (14) 

We  allowed  the  dependence  of  the  model  terms  on  the  parameters  CL,  Cc 
and  Cb,  because  these  parameters  cannot  be  determined  using  only  the 
Galilean  invariance  constraint  (Horiuti  1997). 

As  a  subset  of  a  linear  combination  of  the  scale-similarity  model  (12)  and 
the  Smagorinsky  model,  the  following  models  are  derived. 

When  Ci  =  Cc  =  Cb  =  0,  the  dynamic  Smagorinsky  model  (DSM,  Ger- 
mano  et  al.  1991)  is  derived.  When  Cl  =  1,  Cc  =  CB  =  0,  the  mixed  model 
(Bardina  1983)  is  derived.  The  nonlinear  model  ((1))  (Clark  et  al.  1979)  can 
be  derived  using  the  Taylor  expansion  for  the  L™  term  in  Bardina’s  mixed 
model  (Horiuti  1993).  Zang,  Street  &  Koseff  (1993)  proposed  the  dynamic 
mixed  model  (DMM).  As  an  extension  of  DMM,  Liu,  Meneveau  &  Katz 
(1994)  proposed  the  dynamic  two-parameter  mixed  model  (DTM).  When 
Cc  =  Cb  =  0,  we  derive  the  DTM  proposed  by  Salvetti  and  Banerjee 
(1995)  (Cl  -  Cs  model).  When  Cl  =  1  and  Cc  =  0,  we  derive  the  DTM 
(Cb  —  Cs  model  (Horiuti  1997)). 


4.  Compatibility  of  the  models  with  rotational  constraints 

A  linear  combination  model  of  the  scale-similarity  (12)  with  Cc  =  0  and 
Smagorinsky  models  yields  the  transformation  of  the  exact  and  modeled 
SGS  stress  tensor  as 


(u*Uj  ^  Uj )  +  eiki^lk 


"I"  tjklQk 


A2  du* 
12  dxj 


+—(£lkttk6ij-tti£lj)  (15) 


+C£Lif*-2Cs*A2\S*\Fij. 

Although  the  modeled  SGS  stress  is  not  form  invariant  (Speziale  1979), 
when  constant  values  are  assumed  for  the  model  parameters,  this  non¬ 
invariance  does  not  cause  any  serious  consequence,  because  the  constraint 
(6)  is  satisfied.  When  the  model  parameters  are  determined  using  the  dy¬ 
namic  procedure,  the  non-invariance  of  the  L™  term  generates  an  incon¬ 
sistency  of  the  model  with  the  constraints. 

In  the  DSM,  by  comparison  of  (15)  and  (16),  we  notice  that  there  is 
no  constant  term  in  the  modeled  stress  tensor  corresponding  to  that  in 
the  exact  stress  tensor.  This  modeled  stress  tensor  is  inconsistent  with  the 
exact  SGS  stress  tensor  in  the  limit  of  fi  — ►  oo,  or  when  u*  is  set  equal  to  a 
constant  value,  unless  the  additional  condition,  A  <C  1/Q,  is  satisfied.  This 
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discrepancy  is  also  reflected  in  the  equation  for  the  dynamical  parameter 
Cs  in  the  DSM  as 

Cs  =  (17) 


£ij£ij 


where 


£ij(u)  —  ( U{Uj  UiUj^y  —  2{A  —  A  |5|<Siji}. 

The  tildes  ({])  denote  the  ‘test’  filter,  G  (Germano  et  al  1991),  the  char¬ 
acteristic  width  A  of  which  was  chosen  as  A2  =  3A2  in  the  present  study. 
Eij  =  £*j,  but  the  u)  term  is  not  indifferent  because 

A2  dTL*  A2  du  A2 

£ij(u)  ==  Cij(u)  +  eikitt  ~ 

(18) 

which  is  of  the  order  of  ft2 A2,  and  the  contribution  of  this  correction  term 
is  large  when  Q  is  large. 

In  the  Cl  —  Cs  model,  the  constant  terms  in  (15),  (A  /12 — 

fiifij)),  and  (16),  (C^  A  /12(Qk^k^ij  —  fi*fij)),  must  be  identical  because 
these  constant  terms  become  predominant,  when  f2  — »  oo,  or  when  u*  is 
set  equal  to  a  constant  value.  To  equate  these  two  terms,  we  find  that  Cl 
is  not  arbitrary,  but  must  be  set  equal  to  unity.  The  same  result  for  the 
value  of  Cl  can  be  obtained  when  the  dynamic  procedure  is  actually  used 
to  determine  Cl .  When  (18)  is  inserted  into  the  dynamical  equation  for 
Cl,  we  find  that  Cl  is  dependent  on  x*,  implying  that  the  constraint  (6) 
is  not  satisfied.  Thus,  Cl  must  be  a  constant  independent  of  x*.  When  fi 
was  large,  the  dominant  term  in  the  equation  for  Cl  became 

/A2\2 

\T2/  {^p^q^pq){^k^l^kl)]i  (19) 

in  both  the  denominator  and  the  numerator  of  the  equation.  Thus,  Cl 
tends  to  be  equal  to  unity  when  is  large.  The  constant  value  for  Cl  must 
be  equal  to  unity.  It  is  interesting  to  note  that  the  present  value  of  1.0  for 
Cl  is  close  to  the  previous  estimate  obtained  using  the  dynamic  procedure 
(Cl  is  approximately  in  the  range  of  1.0  ~  1.4  with  its  variance  «  0.2  (e.g. 
Salvetti  &  Banerjee  1995;  Horiuti  1997)). 

In  the  DTM  proposed  by  Liu  et  al.  (1994),  the  proportionality  coefficient 
for  the  scale-similarity  part  had  to  be  set  equal  to  1/3  to  equate  the  modeled 
and  exact  constant  terms.  The  estimated  value  obtained  using  experimental 
analysis  was  close  to  this  theoretical  estimate  (in  the  range  of  0.45  ±  0.15 
(Liu  et  al  1994)). 
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In  the  following,  we  consider  the  models  in  which  Cl  is  set  equal  to  unity. 
The  relation,  Cs  ~  C*s,  should  be  satisfied  for  the  models  to  be  compatible 
with  the  constraint  (6). 

In  the  DMM,  the  model  parameter  Cs  is  determined  as 

Cs  =  I (20) 

The  constant  terms  found  in  the  DSM  ((18))  and  the  Cl  —  Cs  model  ((19)) 
were  eliminated  in  the  DMM.  The  correction  terms  became  of  the  order  of 
flA4.  A  similar  result  was  obtained  for  the  Cg  —  Cs  model. 

It  should  be  emphasized  that  the  correction  term  for  the  DSM  in  (18) 
was  similar  to  that  for  the  Ljj1  term  in  (8),  while  the  correction  term  for  the 
DMM  and  Cg—Cs  model  was  similar  to  that  for  the  C™  term  (equation  not 
shown).  These  results  indicate  that,  when  the  dynamic  procedure  is  used, 
an  accurate  model  must  be  implemented  at  each  level  of  decomposition  for 
the  SGS  stress  tensor;  the  L  ■/•*,  C.'J1  and  RJJ1  terms. 

Accordingly,  we  need  to  implement  accurate  models  for  the  C™  term. 
Thus,  we  restore  the  Lfj  term  in  (12).  Due  to  the  constraint  for  the  correc¬ 
tion  term,  the  value  for  parameter  Cq  should  be  set  equal  to  unity.  Then, 
in  the  correction  term  arising  in  the  term,  the  magnitude  of  the  correc¬ 
tion  term  was  reduced  to  the  order  of  ft  A6.  We  consider  the  incorporation 
of  the  Lfj  term  with  Cc  =  1  into  the  DMM  (modified  DMM)  and  into  the 
Cg  -  Cs  model  (modified  Cg  -  Cs  model). 

For  the  analysis  shown  above,  we  have  utilized  the  formulation  for  the 
test-filtered  stress  tensor  proposed  by  Zang  et  al.  (1993).  The  same  conclu¬ 
sion  was  drawn  when  the  formulation  by  Vreman  et  al.  (1994)  was  used. 

All  dynamic  models  assessed  above  are  only  approximately  compatible 
with  the  rotational  constraints,  whereas  in  the  nonlinear  model  (1),  the 
exact  and  modeled  correction  terms  become  identical  (Speziale  1985  b). 
When  the  proportionality  coefficient  for  the  first  term  in  the  nonlinear 
model  was  determined  using  the  dynamic  procedure,  its  asymptotic  value 
in  the  limit  of  Cl  — ♦  oo  was  unity,  as  similarly  shown  for  Cl  in  the  Cl  —  Cs 
model.  In  the  dynamic  equation  for  Cs  contained  in  the  nonlinear  model, 
the  correction  terms  were  eliminated,  and  C*s  =  Cs- 

5.  Assessment  in  homogeneous  turbulence  subjected  to  rotation 

We  directly  assess  the  SGS  models  using  the  DNS  database  for  incom¬ 
pressible  homogeneous  turbulence  which  was  subjected  to  rotation,  and 
generated  using  128,  128  and  128  grid  points  in  the  x,  y,  and  z  directions, 
respectively.  The  size  of  the  computational  domain  was  27t  in  each  direction, 
the  initial  rms  turbulent  velocity  was  set  equal  to  1.0,  and  the  kinematic 
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viscosity,  v ,  was  set  equal  to  0.005.  Cl  was  chosen  equal  to  0.0,  1.0,  4.0  and 
10.0.  The  SGS  stresses  computed  by  filtering  the  DNS  data  are  compared 
with  those  calculated  using  the  SGS  models.  The  SGS  models  were  assessed 
at  t  =  0.5  for  the  case  with  Cl  =  10.0.  The  DNS  flow  field  was  filtered  to 
32  x  32  X  32  in  the  x,  y  and  z  directions,  respectively. 

In  the  ‘a  priori’  test,  the  SGS  stresses  computed  by  filtering  the  DNS 
data  were  compared  with  those  calculated  using  the  SGS  models.  In  the 
correlation  coefficients,  4>(r\i,  /),  shown  in  table  1,  the  DSM  results  had 
the  lowest  correlation  with  the  filtered  DNS  data.  This  poor  correlation 
improved  considerably  in  the  DMM,  but  further  improvement  was  achieved 
using  the  modified  DMM.  The  correlation  coefficient  was  rather  low  in  the 
Cg  —  Cs  model,  but  it  was  improved  in  the  modified  Cg  —  Cs  model.  The 
ratios  of  the  rms  values  for  modeled  and  exact  SGS  stresses,  i?rms(rn>  /)> 
were  generally  close  to  unity  except  for  the  DSM.  Note  that  the  result 
obtained  using  the  Cl  —  Cs  model  is  similar  to  that  obtained  using  the 
DMM.  High  correlation  was  achieved  in  the  nonlinear  model  because  the 
correction  term  for  this  model  is  identical  to  the  exact  correction  term. 

The  temporal  variations  of  the  grid-scale  energy  obtained  using  the  DSM 
in  the  a  posteriori  test  for  Cl  —  10.0,  when  the  correction  terms  were  imple¬ 
mented,  showed  very  large  deviation  from  the  exact  DNS  data,  indicating 
that  the  DSM  is  inconsistent  with  the  rotational  constraints.  The  temporal 
variations  calculated  using  the  DMM  and  the  Cl  ~  Cs  model,  in  which  the 
correction  terms  were  implemented,  were  almost  identical.  In  fact,  the  av¬ 
erage  value  of  Cl  was  close  to  unity  («  1.02),  with  its  rms  value  being  very 
small  («  0.02)  in  accordance  with  the  theoretical  estimate  that  Cl  —  1- 

Figures  1  shows  the  temporal  variations  of  the  grid-scale  energy,  Kg,  for 
the  cases  with  fl  =  10.0,  obtained  using  DNS  and  that  calculated  using 
the  DMM  and  the  modified  DMM.  In  all  tested  cases,  the  results  obtained 
using  the  modified  DMM  yielded  better  agreement  with  the  filtered  DNS 
data  than  those  obtained  using  the  DMM.  Also  contained  in  figure  1  are 
the  results  obtained  by  implementing  the  correction  terms.  The  difference 


TABLE  1.  Correlation  coefficients  and  ratio  of  root-mean-square  values  between  the 
exact  SGS  stress,  m,  and  those  obtained  Using  the  different  models.  DMM’  denotes 
the  modified  DMM,  and  Cb~Cs’  the  modified  CB-CS  model.  The  correction  terms 
were  implemented  into  both  exact  and  modeled  terms. 


/ 

DSM 

DMM 

(i) 

DMM’ 

Cl  —  Cs 

Cb  —  Cs 

CB  —  Cs' 

0.033 

0.66 

0.85 

0.94 

0.64 

0.71 

0.95 

-ftrmsCril  y  /) 

9.84 

1.06 

1.18 

0.93 

1.14 

1.19 

0.98 

cp 
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Figure  1.  Temporal  variations  of  the  grid-scale  energy,  Kg,  obtained  using  DNS 
and  those  calculated  using  the  DMM,  modified  DMM  and  nonlinear  models  for 
n  =  10.0.  The  lines  with  the  blank  circles  (O)  denote  the  results  obtained  by 
implementing  the  correction  terms.  DMM  (Zangj  and  DMM  (Vreman)  denote  the 
results  obtained  using  the  DMM  in  conjunction  with  Zang  et  al.  ’s  and  Vreman  et 
al.  ’s  formulations,  respectively. 


between  those  obtained  without  and  with  implementation  was  significantly 
large.  The  difference  was  considerably  reduced  for  the  results  obtained  using 
the  modified  DMM,  i.e.  an  inclusion  of  the  Lfj  term  is  crucial.  When  the 
correction  terms  were  implemented  into  the  Cb  —  Cs  model,  the  result 
was  inferior  to  those  obtained  using  the  modified  DMM,  but  the  modified 
Cb  —  Cs  model  improved  the  prediction  accuracy,  implying  that  the  SGS 
models  with  a  low  accuracy  for  modeling  the  term  may  even  yield 
incorrect  results  for  a  rotating  turbulence. 

6.  Higher-order  models  for  the  modified  cross  term 

In  the  previous  section,  it  was  shown  that  the  correction  terms  for  the  SGS 
models  in  rotating  turbulence  can  be  better  approximated  by  incorporating 
the  Lfj  term.  However,  even  in  the  modified  DMM  and  modified  Cb  —  Cs 
models,  differences  between  the  results  obtained  with  and  without  imple¬ 
mentation  of  the  correction  terms  were  still  large.  The  truncation  error 
for  the  correction  term  can  be  reduced  as  n  is  increased  in  the  multilevel 
filtered  model.  We  propose  a  linear  combination  model  of  the  multilevel 
filtered  model  (10)  and  the  Smagorinsky  model  (the  dynamic  multilevel 
mixed  model  (DMLM)).  In  the  dynamic  equation  for  the  model  parameter 
Cs  in  the  DMLM,  the  truncation  error  for  the  correction  term  became  of 
the  order  of  DA2(n+1)  when  (11)  was  used  with  n. 
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It  was  found  that  the  correlation  coefficients  between  the  exact  rn  term 
and  modeled  rn  term  estimated  using  the  DMLM  with  n  =  6  and  8,  as  well 
as  the  ratios  of  the  rms  values  between  them,  were  very  close  to  unity.  In 
the  temporal  variations  of  the  grid-scale  energy,  the  difference  between  the 
results  obtained  with  and  without  implementation  of  the  correction  terms 
was  reduced  with  an  increase  of  n:  they  were  almost  identical  when  n  =  8, 
and  were  close  to  the  filtered  DNS  data. 

We  examined  the  behavior  of  the  multilevel  filtered  model  in  the  limit  of 
n  — >  cxd.  In  the  profiles  for  the  Fourier  transform  of  the  operator  [l-(l-G)n], 
it  was  found  that  as  n  -*•  oo,  the  filter  function  tends  to  converge  to  the 
identity  operator,  I.  Thus,  the  multilevel  filtered  model  converges  to  the 
defiltered  (deconvoluted)  model  as 

U{  —  [I  —  (I  —  G)"]  Ui  — ♦  I  Ui  =  G  m  =  Ui  ,  (21) 

where  uf  is  the  component  of  uh  the  Fourier  transform  of  which  resides 
in  the  resolved  wave  number  range.  The  defiltered  model  possesses  an  ad¬ 
vantage  in  that  the  correction  term  for  a  frame  rotation  is  identical  to  the 
exact  correction  term,  i.e.  Cg  =  Cg  and  this  model  is  form  invariant. 

The  temporal  variations  of  the  grid-scale  energy  obtained  using  the  de¬ 
filtered  model  were  generally  close  to  that  obtained  using  the  DMLM  with 
n  =  8,  confirming  that  the  multilevel  filtered  model  actually  converges 
to  the  defiltered  model.  The  defiltered  model,  however,  tended  to  under¬ 
estimate  the  decay  rate  of  the  grid-scale  energy,  i.e.  the  defiltered  model 
possesses  a  drawback  in  that  the  dissipation  of  the  grid-scale  energy  into 
the  SGS  caused  by  this  model  is  insufficient.  _ 

In  the  profiles  of  the  volume-averaged  production  terms,  P  =  —Tij  Sij, 
it  was  found  that  P  was  overestimated  in  the  DMLM  with  n  =  2  and 
underestimated  in  the  DMLM  with  n  =  8.  This  difference  between  the  cases 
with  n  =  2  and  n  =  8  was  due  to  the  difference  in  the  magnitude  of  the 
Smagorinsky  model  part  in  the  modeled  SGS  stress,  i.e.  the  contribution  of 
the  Smagorinsky  model  part  was  substantially  reduced  as  n  was  increased. 
The  scale-similarity  model  shows  high  correlation  with  the  exact  Tij  term, 
whereas  the  strain  rate  tensor  possesses  very  low  correlation  with  the  exact 
nj  term.  Therefore,  when  the  model  parameters  are  determined  using  the 
dynamic  procedure  for  the  mixed  model,  the  solution  tends  to  align  more 
with  the  scale-similarity  model  part  than  with  the  eddy  viscosity  model 
part.  Thus,  the  contribution  of  the  Smagorinsky  model  part  is  reduced, 
and  the  net  energy  flux  from  the  grid  scale  to  the  SGS  is  underestimated. 

The  estimation  of  the  P  term,  however,  was  found  to  be  dependent  on  the 
formulations  for  the  test-filtered  SGS  stress.  When  Vreman  et  al.  ’s  formu¬ 
lation  was  used,  the  reduction  of  the  Smagorinsky  model  part  contribution 
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occurred  considerably  gradually  as  n  was  increased.  Its  complete  conver¬ 
gence  was  achieved  when  n  was  increased  to  ~  500,  but  the  contribution 
of  the  Smagorinsky  model  part  was  still  significantly  large.  Therefore,  the 
Smagorinsky  model  caused  a  significant  contribution  to  the  dissipation  of 
the  grid-scale  energy  into  the  SGS.  When  Zang  et  al.  ’s  formulation  was 
used,  its  convergence  was  very  fast,  and  was  complete  when  n  =  8. 

In  figure  1,  we  contained  the  results  for  the  temporal  variations  of  the 
grid-scale  energy,  Kgi  calculated  using  the  DMM  and  the  nonlinear  model, 
in  which  Vreman  et  al.  ’s  formulation  was  used.  The  decay  rate  of  the  grid- 
scale  energy  was  overestimated  when  Vreman  et  al.  ’s  formulation  was  used, 
in  comparison  to  the  result  obtained  using  Zang  et  al.  ’s  formulation.  The 
result  obtained  using  the  nonlinear  model  was  close  to  that  obtained  using 
the  DMM  with  Vreman  et  al.  ’s  formulation  without  the  implementation  of 
the  correction  term.  The  advantage  of  the  nonlinear  model  is  that  the  result 
calculated  with  the  implementation  of  the  correction  terms  is  identical  to 
that  calculated  without  the  implementation. 

In  the  defiltered  model,  the  average  P  term  even  became  negative.  As  a 
result,  the  decay  rate  of  the  grid-scale  energy  was  underpredicted  when  us¬ 
ing  the  defiltered  model.  This  insufficient  drain  of  the  grid-scale  energy  into 
the  SGS  for  the  defiltered  model  was  previously  reported  by  Domaradzki 
&  Loh  (1998),  who  showed  that  the  fields  derived  by  a  simple  deconvolu¬ 
tion  for  the  resolved  wave  number  range  do  not  yield  sufficiently  high  SGS 
dissipation,  and  the  inclusion  of  SGS  with  sizes  below  the  LES  mesh  size 
is  necessary  to  achieve  sufficiently  high  dissipation. 


7.  Conclusions 

Theoretical  consideration  is  presented  for  the  constraints  on  the  subgrid- 
scale  (SGS)  models  for  the  SGS  stress  tensor  in  a  non-inertial  frame  of 
reference  undergoing  rotation.  IVe  derived  the  exact  expression  for  the  cor¬ 
rection  term  for  the  SGS  stress  tensor  in  a  rotating  frame  relative  to  an 
inertial  framing  so  that  the  transformed  SGS  stress  tensor  became  compat¬ 
ible  with  the  transformation  of  the  frame  for  the  spherical  Gaussian  filter 
function.  Conformity  of  the  modeled  SGS  stress  tensor  estimated  using  the 
previous  dynamic  SGS  models  (the  dynamic  Smagorinsky,  dynamic  mixed, 
dynamic  two-parameter  mixed  and  nonlinear  models)  with  the  constraints 
imposed  by  these  correction  terms  is  examined.  It  is  shown  that  values  for 
certain  model  parameters  contained  in  the  mixed  models  can  be  theoreti¬ 
cally  determined  by  imposing  these  constraints.  The  nonlinear  model  was 
compatible  with  the  constraints,  but  other  dynamic  models  were  found  to 
violate  the  constraints  when  the  angular  velocity  of  a  rotating  frame  was 
large.  Failure  of  previous  models  was  attributable  to  insufficient  accuracy 
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in  approximating  the  modified  cross  term  in  the  decomposition  of  the  SGS 
stress  tensor.  A  new  dynamic  mixed  model  is  proposed  to  improve  the 
approximation  accuracy  for  the  modified  cross  term,  in  which  multilevel 
filtering  of  the  velocity  field  was  utilized  to  systematically  eliminate  the 
truncation  error  for  the  modeled  correction  term.  In  both  the  a  priori  and 
a  postepriori  numerical  assessment  of  the  SGS  models  in  decaying  homoge¬ 
neous  turbulence  which  is  subjected  to  rotation,  the  proposed  model  per¬ 
formed  better  than  the  previous  models,  when  the  level  of  the  multifiltering 
operation  was  large.  The  difference  between  the  results  obtained  with  and 
without  implementation  of  the  correction  terms  into  the  proposed  model 
was  negligible  as  it  should  be  for  a  SGS  model  which  is  compatible  with 
the  constraints.  Formulations  for  the  test-filtered  SGS  stress  in  the  dynamic 
procedure  were  compared,  and  it  was  shown  that  the  results  are  dependent 
on  the  formulation.  The  relationship  of  the  proposed  model  with  the  de- 
filtered  model  is  discussed  in  the  limit  of  the  infinite  level  of  multifiltering, 
showing  that  the  defiltered  model  is  compatible  with  the  constraints. 

This  work  was  partially  supported  by  a  Grant-in-Aid  for  Scientific  Re¬ 
search  from  the  Ministry  of  Education  of  Japan  (No.10650162). 
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Abstract.  A  combustion  DNS  code  has  been  developed  to  solve  a  fully  compress¬ 
ible  reacting  flow  and  applied  to  studying  the  effects  of  a  turbulent  flame  kernel. 
High  accuracy  numerical  techniques  have  been  employed  which  are  10th  order  ex¬ 
plicit  in  space  and  a  third  order  explicit  Runge  Kutta  method  in  time.  Parallel 
coding  is  achieved  using  the  Message  Passing  Interface  (MPI)  and  a  performance 
test  is  presented  showing  efficiency  and  speed  up  factors.  Turbulence  is  generated 
numerically  for  64  independent  simulations  using  the  same  laminar  flame  as  an 
initial  condition.  Each  initial  turbulence  field  has  been  tested  as  a  simulation  of 
decaying  isotropic  turbulence  without  the  inclusion  of  a  flame.  Initial  results  for 
the  turbulent  reacting  simulations  on  a  grid  of  963  points  are  presented  along  with 
a  laminar  flame  on  a  grid  of  3843  points. 


1.  Introduction 

A  physical  problem  of  practical  interest  is  the  growth  of  a  flame  kernel  in  a  tur¬ 
bulent  environment.  The  early  flame  once  established  is  laminar  and  propagates 
spherically  outwards.  Its  motion  is  accelerated  by  flow  divergence  due  to  thermal 
expansion  and  it  begins  to  interact  with  the  surrounding  turbulence  becoming 
wrinkled  and  increasing  in  surface  area.  A  difficulty  that  arises  in  this  kind  of  com¬ 
bustion  problem  involves  the  strong  coupling  between  the  turbulence,  the  chemical 
kinetics  and  the  heat  release.  The  interactions  are  generally  three  dimensional  and 
time  dependent,  and  are  not  easily  accessible  to  experimental  investigation. 
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A  combustion  DNS  code  called  SENGA  has  been  developed  at  Cambridge  to  ex¬ 
tract  information  on  flame  structure  which  is  obtainable  by  no  other  means.  This 
information  can  be  extracted  in  the  form  of  statistics  (  such  as  mean  turbulent 
kinetic  energy)  or  data  sets  for  post-processing,  and  time  dependent  data  may  be 
obtained  “on  the  fly”  if  the  quantities  of  interest  are  known  in  advance.  The  code 
solves  a  fully  compressible  reacting  flow.  In  combustion  DNS  this  implies  that 
density  is  a  function  of  pressure  as  well  as  temperature  and  all  acoustic  activity  is 
fully  resolved  (Cant,  1994).  A  fully  compressible  scheme  enables  complex  bound¬ 
ary  conditions  to  be  implemented  (Poinsot  et.al. ,  1996)  using  the  Navier  Stokes 
characteristic  boundary  condition  (NSCBC)  formalism  (Poinsot  and  Lele,  1992). 
Inflow  and  outflow  conditions  are  of  particular  interest,  and  the  formulation  allows 
the  inclusion  of  realistic  heat  release  in  a  thermodynamically  open  system. 

The  computational  requirements  for  combustion  DNS  are  very  large  due  to  the 
conflicting  demands  of  resolution  at  the  smallest  scales  and  the  need  to  include 
a  reasonable  range  of  turbulence  length  scales.  Therefore,  to  simulate  physically 
relevant  problem  sizes  parallel  supercomputers  need  to  be  employed.  Bearing  this 
in  mind,  the  code  was  designed  from  the  outset  to  run  in  a  parallel  environment. 
Due  to  the  computational  requirements  of  combustion  DNS,  two  approaches  to 
simulation  have  been  followed.  The  first  is  two  dimensional  DNS  with  complex 
chemistry  (Baum  et.al ,  1992),  while  the  second  is  three  dimensional  DNS  with 
heat  release  adopting  simple  chemistry.  Three  dimensional  DNS  with  heat  release 
has  been  used  by  (Rutland  and  Cant,  1994)  to  study  turbulent  transport.  However 
boundary  conditions  to  incorporate  heat  release  were  applied  in  the  streamwise 
direction  only,  the  other  directions  incorporating  Fourier  pseudo  spectral  meth¬ 
ods.  (Trouve  and  Poinsot,  1994)  have  also  used  three  dimensional  DNS  with  heat 
release  to  investigate  flame  surface  density.  Again  only  one  direction  incorporates 
inflow  and  outflow  boundaries  with  two  periodic  boundaries.  The  study  of  ignition 
and  early  flame  kernel  growth  using  DNS  has  been  undertaken  by  (Poinsot,  1991). 
However,  this  study  involved  two  dimensional  simulation 

Three  dimensional  simulations  are  chosen  in  preference  to  two  dimensional  due  to 
the  differing  dynamics  of  turbulence  (Batchelor,  1953),  (Bradshaw,  1971),  (Herring 
et.al ,  1974).  In  two  dimensions,  the  vortex  stretching  mechanism  for  the  cascade  of 
energy  to  progressively  smaller  scales  of  motion  is  absent  and  the  smallest  scales 
of  motion  do  not  follow  the  Kolmogorov  scaling  laws.  Therefore  to  capture  the 
Kolmogorov  scales,  SENGA  uses  three  dimensional  DNS  with  heat  release,  incor¬ 
porating  outflow  boundaries  in  all  directions.  The  advantage  of  the  present  work 
is  that  it  enables  the  investigation  of  a  flame  away  from  all  boundaries,  thus  re¬ 
moving  any  statistical  skewness  from  numerical  interaction  at  the  boundary. 

The  objective  of  this  research  is  to  study  flame  kernels  in  a  turbulent  environment. 
In  the  following,  a  fully  compressible,  three  dimensional,  parallel  combustion  DNS 
code  is  used  to  get  basic  information  on  flame  structure.  The  paper  is  organised  as 
follows.  The  equations  governing  the  simulation  of  this  flow  problem  are  outlined 
with  the  non  dimensionalsation  procedure.  The  theoretical  background  and  numer¬ 
ical  method  of  generating  an  initial  turbulent  field  which  satisfies  the  conditions 
of  continuity,  homogeneity  and  isotropy  is  given.  The  main  numerical  procedures 
are  outlined  along  with  parallel  implementation.  Finally  results  are  presented  for 
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a  single  laminar  flame  simulation  of  3843  points,  and  for  sixty  four  turbulent  sim¬ 
ulations  of  963  points. 


2.  Problem  Definition 

The  motion  and  reaction  of  gases  in  a  combustion  system  are  governed  by  con¬ 
servation  equations  which  describe  the  transport  of  properties  of  the  flow  (Kuo, 
1986).  These  are  partial  differential  equations  describing  conservation  of  overall 
mass,  momentum,  energy  and  a  conservation  equation  for  each  individual  species. 
It  is  convenient  to  non  dimensionalise  these  governing  equations  with  respect  to 
reference  values.  There  are  many  possible  choices  for  the  reference  values  depend¬ 
ing  on  the  exact  problem  under  consideration.  The  form  adopted  here  begins  with 
time  scales  that  are  non  dimensionalised  with  respect  to  domain  size  x0  and  lam¬ 
inar  flame  speed  5,-. 

_  r*  a  X0 

Uo  —  to  — 

Uo 

Density  and  pressure  are  non  dimensionalised  using  reference  values  (  in  the  un¬ 
burned  state)  po  and  P0,  and  following  the  same,  viscosity,  thermal  conductivity 
and  diffusion  are  non  dimensionalised  using  po,  Ao  and  Do.  Finally  the  physical 
temperature  T*  is  non  dimensionalised  using 

rp  _  T'  -  To 
Tad -To 

which  has  values  between  zero  and  one  for  an  adiabatic  combustion  process  with 
a  starting  temperature  To  and  flame  temperature  Tad.  Substituting  these  defini¬ 
tions  into  the  governing  equations  yields  the  following  set  of  equations  for  overall 
conservation,  momentum,  energy  and  species  conservation.  All  variables  are  non 
dimensional  terms  and  standard  tensor  notation  is  applied. 


dt 

dxk 

dpui 

dpUkUi 

dt  + 

dxk 

dpE 

dpUkE 

dt  + 

dxk 

dpc 

dpukc 

dP_  +  —Ql hi 
dxk  Re  dxk 


=  -(7-l)M 


2  dPuj, 
dxk 

\»^2  dTkittj 


+——tA 

.  r  d  .  dc 
+  ReScdxk[P  dxk’ 

,  1  d  1  n  X 

Wa+  RaScdxk^pD  dxj 
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where  c  is  a  reaction  progress  variable  or  normalised  mass  fraction,  7  is  the  ratio 
of  specific  heat  capacities  and  r*,-  represents  the  viscous  stress  tensor,  given  by 


dui  duj  2  dum 


The  symbol  r  without  subscripts,  denotes  a  heat  release  parameter  defined  as 


T"  To 


Note  that  in  the  governing  equations  above,  the  non-dimensional  forms  p,  A  and  pD 
are  retained  explicitly.  Therefore  each  form  may  be  specified  as  a  known  function 
of  temperature  if  required. 

For  combustion  DNS,  it  is  usually  necessary  to  limit  the  number  of  chemical  species 
by  using  reduced  kinetic  mechanisms  due  to  equation  4.  Therefore  the  flame  is 
considered  premixed  with  a  simple,  single  step  reaction  mechanism  controlled  by 
Arrhenius  kinetics.  This  one  step  mechanism  has  a  single  reaction 


R  P 


where  R  represents  the  reactants  and  P  the  products.  Assuming  species  diffu- 
sivities  are  equal  the  reaction  progress  variable  c,  can  be  used  to  describe  the 
chemical  state  of  the  system.  The  non  dimensional  reaction  progress  variable  has 
values  between  zero  and  one,  representing  an  unburned  gas  and  a  fully  burned  gas 
respectively. 

The  non  dimensional  parameters  appearing  in  the  above  equations  are  the  Reynolds, 
Prandtl,  Schmidt  and  Mach  numbers  given  by 


Re  = 


PQttQSQ. 
Po  ’ 


n_  VoCpo 


Sc  = 


P  o  . 
PoDo  ’ 


M  =  — 


ao 


where  ao  is  the  speed  of  sound  in  the  unburned  gas 

To  solve  the  problem  numerically,  the  six  differential  equations  above  must  be 
supplemented  by  the  thermal  and  caloric  equations  of  state.  These  two  equations 
of  state  in  non  dimensional  form  are  given  by 


p(l+rT) 

7  M2 

E  =  ^  +  ill  +  ^ukuk{y  -  1  )M2  +  r(l  -  c) 

7  ^ 


(5) 

(6) 


Finally  to  close  the  problem,  a  non  dimensional  reaction  rate  term  wa  is  required. 
This  reaction  rate  represents  the  rate  at  which  the  reaction  progress  variable  is 
produced  and  is  given  by 


0(1 -T)  . 
1  —  q(1  —  T) 


ua  =  Bp{  1  -  c)exp(- 


(7) 
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where  B  is  the  pre-exponential  factor,  0  is  the  non-dimensional  activation  energy 
or  Zel’dovitch  number: 


Q  _  E(Tad-T0) 
R°T2ad 


and  a  is  the  heat  release  parameter 

_  T  _  Tad  ~  To 

a“  1  +  T  “  Tad 


3.  Numerical  Procedure 

In  combustion  DNS,  the  most  popular  method  of  spatial  discretisation  has  been 
the  6th  order  compact  scheme  developed  by  (Lele,  1992).  This  method  produces 
spectral  like  accuracy  in  finite  difference  form  and  removes  the  restriction  of  spec¬ 
tral  methods  with  respect  to  the  treatment  of  boundary  conditions.  In  the  present 
case,  explicit  methods  are  used  in  three  dimensional  space  and  time  with  paral¬ 
lel  implementation  achieved  through  the  Message  Passing  Interface  (MPI).  The 
explicit  method  for  space  was  chosen  over  the  more  traditional  compact  method 
to  improve  efficiency  in  a  parallel  environment,  since  compact  schemes  require  a 
tridiagonal  solver. 

First  and  second  spatial  derivatives  are  discretised  using  a  central  10th  order  ex¬ 
plicit  scheme.  This  scheme  provides  accuracy  comparable  to  that  of  the  compact 
schemes  and  allows  boundary  conditions  to  be  implemented  more  easily.  To  pro¬ 
duce  a  solution  in  time,  all  time  derivatives  are  discretised  using  the  third  order 
compact  Runge-Kutta  method  (Wray,  1990).  This  requires  three  sub  steps  for  each 
main  time  advancement  step  and  requires  only  two  storage  locations,  one  for  the 
time  derivative  and  one  for  the  dependent  variable. 

An  initial  field  of  isotropic  homogeneous  turbulence  is  generated  numerically  to 
satisfy  the  continuity  constraint  for  incompressible  flow.  The  central  requirement 
for  this  turbulent  field  is  the  specification  of  an  energy  spectrum  E(k),  where  k  is 
a  wavenumber  in  the  Fourier-space  representation  of  the  turbulent  velocity  field. 
Fourier  modes  having  random  phase  angles  but  satisfying  continuity,  homogene¬ 
ity  and  isotropy  are  generated  to  produce  the  initial  turbulent  field.  The  energies 
contained  in  these  modes  were  selected  from  a  curve  known  to  be  representative 
of  the  energy  spectrum  of  isotropic  turbulence.  The  energy  spectrum  used  here  is 
that  of  (Lee  and  Reynolds,  1985),  given  by 

7 k2  ko  <  k  <kp 

E(k)  =  -fk^k^  kp  <k  <k c 

0  otherwise 

where  ko ,  kp  and  kc  are  the  minimum,  peak  and  cut  off  wavenumbers,  identifying 
portions  of  the  spectrum  corresponding  to  the  energy  containing  eddies,  inertial 
subrange  and  the  dissipation  range  (Tennekes  and  Lumley,  1972)  and  7  is  a  mag¬ 
nitude  factor.  kp  and  7  are  variables  which  control  the  form  and  magnitude  of  the 
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energy  spectrum  and  thus  predetermine  the  total  kinetic  energy  and  other  prop¬ 
erties  of  the  initial  turbulent  flow. 

Boundary  conditions  are  implemented  using  the  Navier  Stokes  characteristic  bound¬ 
ary  conditions  (NSCBC)  (Poinsot  and  Lele,  1992).  The  tenth  order  finite  differ¬ 
ences  are  evaluated  over  an  eleven  point  stencil.  Therefore  for  outflowing  boundary 
conditions  5  grid  points  are  required  outside  the  domain.  To  accommodate  this 
problem,  the  code  uses  explicit  schemes  of  increasing  accuracy  away  from  the 
boundary.  These  schemes  starting  at  point  1,  the  boundary,  for  the  first  and  sec¬ 
ond  derivatives  are  given  in  table  1 


TABLE  1.  SENGA  Outflow  Numerical  Boundary  Schemes 


Grid  point 

Numerical  Scheme 

1st  deriv  Stencil 

2nd  deriv  stencil 

1 

2nd  order  one  sided 

3 

4 

2 

2nd  order  centered 

3 

3 

3 

4th  order  centered 

5 

5 

4 

6th  order  centered 

7 

7 

5 

8th  order  centered 

9 

9 

Various  boundary  schemes  have  been  used  in  relation  to  the  main  body  schemes  in 
SENGA.  These  methods  have  included  a  interior  sixth  order  compact  scheme  with 
boundaries  treated  using  a  sixth  order  compact  scheme  over  points  5,4  and  3  with 
points  2  and  1  treated  using  a  fourth  order  Pade  scheme  and  a  third  or  fourth  or¬ 
der  compact  boundary  scheme  of  (Lele,  1992).  Explicit  interior  schemes  using  the 
above  boundary  treatment  have  also  been  used.  Using  explicit  schemes  for  both 
the  interior  and  the  boundaries,  as  shown  above,  yielded  a  most  satisfactory  result. 
Instability  and  reflection  was  not  a  problem,  especially  at  the  corner  points  if  all 
three  boundaries  are  specified  as  outflow.  Therefore  the  present  method  requires 
no  extra  features  such  as  filtering,  thus  maintaining  a  minimum  computational 
effort. 


4.  Parallel  Implementation 

SENGA  was  developed  with  modular  “plug  in”  differentiators,  thus  enabling  dif¬ 
ferent  numerical  schemes  and  parallel  transfer  interfaces  to  be  implemented  with 
ease.  For  a  full  description  of  the  code,  numerics  and  parallel  methodology  see 
(Jenkins  and  Cant,  1999). 

Parallel  implementation  is  achieved  by  domain  decomposition  in  three  dimensions 
for  1  — >  Np ,  where  Np  represents  the  number  of  processors  available.  Initially,  the 
global  initial  parameters  are  distributed  together  with  boundary  conditions  on  to 
all  Np  processors.  Then  for  each  time  advancement  sub-step,  subroutines  transfer 
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the  parallel  data. 

In  order  to  calculate  all  spatial  derivative  relationships  in  parallel,  six  variables  ( 
p,  E,  c,  u,  v  and  w)  are  transferred  across  neighbouring  processors  which  do  not 
have  a  boundary  constraint.  The  transfer  operations  require  a  halo  width  of  five 
grid  points  to  accommodate  the  stencil  width  of  the  explicit  schemes  discussed  in 
section  3. 

Second  cross  derivative  terms  in  the  viscous  stress  tensor  were  initially  calculated 
using  successive  first  derivatives.  Using  this  method,  a  64  processor  job  required 
an  extra  288  transfers  on  top  of  the  1728  passes  required  from  the  data  trans¬ 
fer  subroutines.  Therefore  to  eliminate  the  extra  transfers  and  improve  parallel 
efficiency,  cross  derivatives  are  now  calculated  directly.  This  requires  corner  data 
which  is  easily  obtained  by  transferring  x,  y  and  z  direction  data  in  succession  and 
avoids  more  than  one  face  of  a  processor  being  in  transfer  mode  at  the  same  time. 
A  rigorous  parallel  performance  test  for  1  -4  64  processors  on  a  Hitachi  SR2201 
was  undertaken  to  demonstrate  speed  up  values  Sp  =  ^  and  parallel  efficiency 

§  * 

Ep  =  -j*.  where  1 1  and  tp  represent  the  wall  clock  times  on  one  and  number  of  pro¬ 
cessors  p  respectively.  Performance  tests  are  normally  carried  out  with  the  same 
number  of  grids  on  each  processor.  However,  SENGA  was  tested  with  a  constant 
global  domain  size  of  603  as  the  number  of  processors  increases.  Increasing  the 
number  of  processors  reduces  the  local  computational  domain  size  on  each  proces¬ 
sor  which  is  603  for  1  processor  and  153  for  64  processors.  Therefore,  for  each  test, 
the  number  of  communications  remain  constant  compared  with  the  local  domain 
sizes,  giving  a  clear  indication  of  the  parallel  benefits.  Results  for  1,  2,  4,  8,  27  and 
64  processors  are  shown  in  Figure  1.  For  1728  send  and  receives  using  64  proces¬ 
sors,  a  parallel  efficiency  of  nearly  60  %  is  achieved  with  a  speed  up  factor  of  over 
30  for  a  constant  global  domain.  (Emerson,  1996)  gives  reasons  for  not  achieving 
perfect  efficiency  and  speed  up. 


5.  Simulation  Method  and  Parameters 

Results  from  two  problem  definitions  will  be  shown,  one  for  a  laminar  flame  on  a 
grid  size  of  3843  points  and  the  other  for  a  turbulent  flame  on  a  grid  size  of  963 
points.  For  each  case,  the  same  problem  parameters  were  used  as  shown  in  table 
2. 


TABLE  2.  Problem  Parameters 
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Figure  1.  Parallel  Speed  up  and  Efficiency 


Method  one  was  initialised  by  setting  up  a  Gaussian  distribution  of  the  progress 
variable  c  decomposed  onto  64  processors,  each  with  a  grid  size  of  963.  Results  ob¬ 
tained  using  the  numerical  schemes  described  above  with  six  outflowing  boundaries 
are  shown  in  Figure  2  as  profiles  of  temperature,  density,  velocity  and  reaction  rate. 
Note  that  the  profiles  are  taken  through  the  flame  along  the  centre  x-axis  which 
shows  the  left  and  right  flame  front  of  the  kernel.  These  profiles  were  obtained 
by  allowing  the  flame  to  evolve  from  the  initial  condition  in  a  time  dependent 
computation  with  a  fully  resolved  acoustic  field. 

This  test  was  undertaken  to  demonstrate  the  stability  and  symmetry  obtained 
from  the  code  and  to  use  this  3843  laminar  solution  as  a  data  base  comparison  to 
the  turbulent  3843  case,  which  is  in  progress.  The  density  and  temperature  pro¬ 
files  shows  there  is  a  significant  heat  release  due  to  the  left  and  right  flame  front. 
The  figures  also  show  the  preheat  zone  ahead  of  the  thin  reaction  zone,  a  rapid 
change  in  velocity  behind  the  flame,  and  the  slope  of  the  temperature  profile  to 
equilibrium  (fully  burned)  is  well  captured.  Figure  3  shows  contours  of  progress 
variable  ranging  from  0.1  to  0.9  at  the  centre  x-y  plane.  The  reaction  progress 
variable  shows  the  stages  of  the  combustion  process  from  the  unburned  case  (c=0) 
to  the  fully  burned  case  (c=l)  with  a  non  dimensional  flame  thickness  of  0.36.  The 
simulation  was  run  over  4000  time  steps  with  a  non  dimensional  laminar  flame 
speed  of  0.401  and  an  initial  mass  raction  burned  of  0.0719  (t=0). 

Method  two  employs  a  64  processors  in  parallel  to  simulate  64  turbulent  cases, 
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Figure  2.  Profiles  along  centre  x-axis 


each  with  a  different  initial  turbulent  field.  Each  simulation  takes  place  on  a  963 
grid  with  outflowing  boundaries  on  each  face,  and  since  there  is  no  passing  of  data 
a  parallel  efficiency  of  100  %  is  achieved.  Initially  64  different  turbulent  fields  were 
generated  with  initial  values  ranging  from  0.516  to  15.96  and  large  eddy  turn 
over  times  ranging  from  0.10  to  3.19,  were  L  is  the  turbulent  integral  length 
scale.  A  laminar  flame  evolved  over  100  time  steps  was  then  centred  in  each  de- 
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Figure  4 •  Turbulent  kinetic  energy  and  dissipation  decay  from  processor  0 


Figure  5.  RaxM  energy  spectra  after  300  and  1500  time  steps 


caying  turbulent  field  to  start  the  flame  turbulence  interactions. 

In  the  absence  of  any  source  of  energy  the  initial  turbulence  described  in  section 
2  should  decay  to  isotropic  turbulence  with  time.  This  decay  was  checked  on  each 
processor  before  any  flame  inclusion  following  the  work  of  (Lee  and  Reynolds, 
1985).  First,  the  turbulent  kinetic  energy  and  dissipation  were  calculated  to  en¬ 
sure  isotropic  decay  on  each  processor.  Figure  4  shows  the  results  from  processor 
0,  note  the  first  100  time  steps  shows  a  non  decaying  section  due  to  the  approx¬ 
imation  of  the  initial  turbulence.  Therefore  the  turbulent  field  in  each  case  was 
allowed  to  run  200  time  steps  before  the  inclusion  of  the  flame.  Also,  the  diagonal 
component  of  energy  tensor  Eu(k)  at  two  time  intervals  was  calculated.  Figure  5 
show  clear  evidence  of  isotropy  at  300  and  1500  time  steps  for  all  wave  numbers 


Finally,  Figure  6  shows  a  three  dimensional  surface  plot  of  the  progress  variable 
c,  ranging  from  0.15  to  0.75  from  processor  10  after  4000  time  steps.  The  figure 
indicates  the  initial  period  from  the  laminar  flame  (t=0)  to  the  onset  of  flame 
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Figure  6.  3D  surface  plots  of  progress  variable  after  4000  time  steps 


wrinkling,  more  noticeable  at  the  lower  value  of  progress  variable. 


6.  Conclusions 

Initial  results  up  ' to  4000  time  steps  for  a  wide  variety  of  turbulent  simulations 
indicate  that  the  flame  is  still  stabilising  with  an  almost  linear  increase  in  mass 
fraction  burned.  Considering  that  two  weeks  of  cpu  time  was  used  to  reach  this 
stage,  up  to  three  months  of  elapsed  time  may  be  needed  to  see  extensive  flame 
wrinkling. 

However  the  code  has  shown  excellent  performance  for  such  a  robust  test  and 
isotropic  decaying  turbulence  has  been  achieved.  Therefore  further  turbulent  re¬ 
sults  will  emerge  in  due  course. 
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Abstract 

Direct  numerical  simulation  is  used  to  study  leading  edge  receptivity  to 
free-stream  disturbance.  The  full  compressible  Navier-Stokes  equations  in 
generalized  curvilinear  coordinates  are  solved  by  LU-SGS  implicit  scheme, 
which  requires  no  tridiagonal  inversion  and  is  capable  of  being  completely 
vectorized  and  parallelized.  A  fourth-order  centered  compact  scheme  is  used 
for  spatial  derivatives  and  second-order  Euler  Backward  scheme  is  applied 
for  temporal  discretization.  A  sixth-order  implicit  filter  is  employed  to 
reduce  the  numerical  oscillation.  The  non-reflecting  boundary  conditions 
are  imposed  at  the  far-field  and  outflow  boundaries  to  avoid  possible  non¬ 
physical  wave  reflection.  The  code  is  developed  in  a  form  of  total  flow  and 
no  base  flow  with  perturbation  assumption  is  needed.  The  code  also  does 
not  need  buffer  or  sponge  domain  for  DNS.  The  leading-edge  receptivities 
of  the  compressible  boundary-layer  over  the  flat  plate  and  the  Joukowsky 
airfoil  to  free-stream  disturbances  are  simulated. 

1.  Introduction 

The  boundary-layer  receptivity  is  the  process  by  which  the  external  distur¬ 
bances  enter  the  boundary-layer  and  excite  instability  waves.  These  distur¬ 
bances  include  environmental  sound,  vorticity,  and  free-stream  turbulence. 
In  the  process  of  transition  from  laminar  to  turbulent  flow,  receptivity  is 
the  initial  stage.  Investigation  of  the  receptivity  mechanism  contributes  to 
understanding  of  where  and  how  the  instability  waves  are  generated.  Ob¬ 
viously,  it  plays  an  important  role  in  transition  prediction. 

The  receptivity  problem  is  different  from  the  stability  problem,  which 
is  an  eigenvalue  problem.  The  receptivity  is  modeled  as  an  initial  value 
problem.  The  boundary-layer  receptivity  to  free-stream  disturbance  has 
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been  investigated  theoretically,  experimentally  and  numerically,  and  much 
progress  has  been  made  during  the  past  decades. 

Theoretical  analyses  based  on  asymptotic  solutions  of  the  Navier-Stokes 
equation  [1]  have  shown  that  the  boundary-layer  receptivity  to  free-stream 
long- wave  disturbance  is  generated  by  wavelength  adjustment  mechanism. 
This  adjustment  can  be  attributed  to  the  rapid  streamwise  variations  in  the 
mean  boundary-layer  flow  and/or  sudden  changes  in  surface  boundary  con¬ 
dition.  Therefore,  many  different  factors  can  be  regarded  as  to  introduce  a 
disturbance  into  the  boundary-layer,  for  example,  leading-edge,  discontinu¬ 
ity  in  surface  curvature,  and  strong  pressure  gradient.  Though  theoretical 
study  has  made  much  progress  in  understanding  receptivity  mechanism,  it 
is  still  a  long  way  from  practical  application  for  complex  flow. 

In  recent  years,  numerical  study  is  becoming  more  appealing  because 
of  the  development  of  powerful  computers  and  efficient  numerical  tech¬ 
niques.  As  far  as  computational  approaches  are  concerned,  the  numerical 
scheme  must  have  high  resolution  and  high  accuracy  in  order  to  resolve  a 
wide  range  of  physical  waves,  such  as  the  free-stream  disturbances  with  long 
wavelength  and  the  generated  instability  waves  with  short  wavelength.  Low 
dissipation  is  required  to  accurately  predict  the  development  of  the  instabil¬ 
ity  waves  which  have  much  smaller  amplitudes  compared  to  the  mean  flow. 
The  treatment  of  boundary  conditions  is  also  important  to  prevent  waves 
from  reflecting  on  the  boundary  which  may  contaminate  the  actual  insta¬ 
bility  waves.  So  receptivity  calculation  is  a  great  challenge  to  DNS  code. 
However,  some  encouraging  results  have  appeared  in  literatures.  Most  work 
has  been  concerned  with  leading-edge  receptivity  to  free-stream  sound  and 
vorticity.  For  incompressible  flow,  Lin  ct  ol.  [2]  simulated  the  receptivity  to 
free-stream  sound  of  the  flat-plate  boundary-layer  over  a  semi-infinite  flat 
plate  with  an  elliptic  leading  edge.  In  their  simulation,  the  full  incompress¬ 
ible  Navier-Stokes  equations  in  the  form  of  vorticity  and  stream  function 
were  solved  with  a  second-order  finite  difference  scheme.  Spatial  and  tem¬ 
poral  developments  of  Tollmien-Schlichting  (T-S)  waves  in  the  boundary- 
layer  were  observed.  The  effects  of  the  leading-edge  shape(ellipse  ratio 
AR  =  3,6,9)  and  juncture  continuity  were  studied.  The  results  showed 
that  the  sharper  leading  edge  is  less  receptive  and  the  contribution  of  the 
discontinuity  in  curvature  to  receptivity  is  substantial.  The  same  geometry 
and  flow  parameters  as  [2]  were  chosen  by  Buter  and  Reed  [3],  but  the  exter¬ 
nal  disturbance  was  free-stream  vorticity.  The  Modified  Strongly  Implicit 
Procedure  was  used  to  solve  incompressible  Navier-Stokes  equation  in  the 
form  of  vorticity  and  stream  function  with  a  second-order  finite  difference 
scheme.  On  the  outflow  boundary  the  second-order  derivatives  were  spec¬ 
ified.  To  avoid  wave  reflection,  the  unsteady  simulations  were  terminated 
before  the  disturbance  wave  front  reached  the  downstream  boundary.  Their 
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results  showed  distinct  development  of  T-S  waves  in  the  boundary-layer 
along  the  flat- plate.  The  effects  of  disturbance  amplitude,  orientation,  the 
shape  of  the  leading  edge,  and  the  surface  curvature  were  also  investigated. 
Some  valuable  conclusions  were  achieved.  Osamah  et  al.  [4]  studied  the  re¬ 
ceptivity  to  free-stream  sound  of  boundary-layer  over  a  slender  body  with 
a  parabolic  leading  edge.  The  incompressible  Navier-Stokes  equations  in 
the  stream  function  and  vorticity  form  were  converted  to  two  systems  of 
equations  describing  the  basic  flow  and  perturbation  flow.  These  two  sys¬ 
tems  were  solved  separately  using  a  second-order  finite  difference  scheme. 
To  avoid  wave  reflection,  a  buffer  domain  is  used  near  the  outflow  bound¬ 
ary,  where  the  governing  equations  are  parabolized.  The  effects  of  leading 
edge  nose  radius  and  angle  of  attack  were  investigated.  Both  two-  and 
three-dimensional  leading-edge  receptivity  have  been  simulated  by  Liu  et 
al.  [6].  The  geometries  include  the  flat-plate  with  elliptic  leading  edge  and 
the  Joukowsky  airfoil.  The  total  flow  was  divided  into  two  parts:  the  base 
flow  and  the  disturbance  flow,  which  were  solved  separately  with  different 
equations.  The  buffer  domain  is  used  to  damp  the  possible  reflecting  waves 
on  the  outflow  boundary.  The  vortical  disturbance  was  introduced  at  up¬ 
stream.  T-S  waves  were  observed  developing  along  the  flat-plate  and  airfoil. 
For  compressible  flow,  Collis  and  Lele’s  [5]  worked  on  the  numerical  simu¬ 
lation  of  the  boundary-layer  receptivity  of  a  flat-plate  with  a  super-elliptic 
leading-edge  to  the  free-stream  acoustic  wave  at  Mach  number  M  =  0.1  and 
M  =  0.8  respectively.  The  total  flow  and  the  disturbance  flow  were  solved 
with  different  equations,  which  were  discretized  using  the  hybrid  finite  dif¬ 
ference  and  the  spectral  approximation.  For  the  base  flow,  a  non-reflecting 
boundary  condition  with  viscous  correction  was  used  on  the  outflow  bound¬ 
ary,  while  a  first-order  Reimann  extrapolation  was  performed  on  the  inflow 
boundary.  For  the  disturbance  flow,  in  addition  to  these  boundary  condi¬ 
tions,  extra  terms  were  added  to  the  Navier-Stokes  equations  at  the  sponge 
domains  near  the  inflow,  outflow  and  far-field  boundaries  to  absorb  the 
out-going  waves.  The  T-S  wave  growth  was  clearly  presented  by  their  re¬ 
sults.  The  results  also  showed  that  the  disturbance  amplitude  significantly 
increases  with  Mach  number,  which  suggests  that  the  flow  is  more  unstable 
at  higher  Mach  numbers. 

In  summary,  there  are  two  kinds  of  numerical  approaches  to  simulate  the 
boundary-layer  receptivity  to  free-stream  disturbance.  One  is  to  solve  the 
base  flow  and  the  disturbance  flow  separately,  the  other  is  to  solve  the  total 
flow.  The  advantage  of  the  first  approach  lies  in  the  fact  that  high  accuracy 
is  more  likely  preserved  when  the  disturbance  flow  is  solved  separately, 
because  the  perturbation  is  several  orders  smaller  than  the  base  flow.  But 
this  approach  becomes  impractical  when  the  flow  with  complex  geometry 
is  concerned,  where  the  base  flow  does  not  exist  or  is  hard  to  estimated. 
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In  this  case,  from  the  physical  point  of  view,  the  second  approach  is  more 
reasonable.  Because  of  the  huge  amplitude  difference  between  the  base  flow 
and  the  perturbation,  the  second  approach  needs  more  effective  numerical 
techniques.  In  this  work,  a  compressible  Navier-Stokes  solver  for  total  flow 
is  developed  to  simulate  the  leading  edge  receptivity  of  boundary-layer 
over  complex  geometry  to  free-stream  sound  and  vorticity.  The  numerical 
method  and  computational  results  are  presented  in  the  following  sections. 

2.  Governing  Equations 

The  three-dimensional  compressible  Navier-Stokes  equations  in  generalized 
curvilinear  coordinates  can  be  written  in  conservative  forms: 

1  dQ  ,  d{E-Ev)  f  d{F  -  Fv)  ,  d(G  -  Gy)  _  n 
j~m+~~~dT~+  dr,  +  dc 

The  flux  vectors  for  compressible  flow  are 

pu  \  pv  \ 

1  pU u  +  p£x  1  9^ u  "F  PVx 

=  -  pUv  +  pZ  y  F  —  ~j  pVv  +  PVy 

J  pUw  +  p£z  pVw  +  priz 

U(e  +  p)  /  \  V(e  +  p)  / 

\ 

pCx  i 

PCy  Ev=  ~ 

pCz 

p)  / 

0  \ 

TyxVy  4"  1“zxVz  2 

•  TyyVy  +  TzyVz  Gv  ~  J 

■  Tyzr,y  +  TzzT,z 

h  qyr,y  +  QzVz  / 

where  J  is  Jacobian  of  the  coordinate  transformation,  and  £x,  £y,  £z,  r,x, 
rjy,Vz,Cxy  Cyi  C z  are  coordinate  transformation  metrics. 

U  =  tt&  +  v(y  +  w£z,  V  =  UT]x  +  VT)y  +  WT,z,  W  =  uCx  +  v(y  +  wCz  (2) 

e  =  -i-r  +  ip(“2  +  )  (3) 

7  —  1  z 

The  components  of  the  viscous  stress  and  heat  flux  are  denoted  by  T~XX)  Tyy, 
tzz,  rxy,  rxz ,  Tyz,  and  qx,  qy,  qz,  respectively.  All  the  equations  are  cast  in 


TxxZx  +  ryx£y  +  rzx€z 

Txy^X  4"  Tyy£y  4"  Tzy£z 
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nondimensional  forms,  and  the  resulting  parameters  are  defined  as: 


Mr  = 


u; 


Re  = 


Rr 


Pr 


Kt 


1  = 


Cp 

cv 


(4) 


The  superscript  *  represents  the  reference  value.  R,  Cp  and  Cv  are  the  ideal 
gas  constant,  the  specific  heat  at  constant  pressure  and  constant  volume, 
respectively.  The  viscosity  is  derived  from  the  Sutherland  s  law  in  dimen¬ 


sionless  form: 


M 


1  +  5 

T  +  S' 


S  = 


110.3 


(5) 


3.  Numerical  Method 

In  Eq.  (1),  the  second-order  Euler  Backward  scheme  is  used  for  time  dis¬ 
cretization.  The  fully  implicit  form  of  the  difference  equation  is: 

3Qn+l_4Qn  +  Qn-l  Q^n+1  _ 

2JAf  d£ 

0(Fn+1  -  F„n+1)  ,  d(Gn+1  -  Gg+1)  _  n  ^ 

+  dj  d<; 

Qn+1  is  estimated  iteratively  as: 

Qn+1  =QP  +  SQP  (7) 

SQP  =  Qp+1  -  Qp  (8) 

At  step  p  =  0,  Qp  =  Qn.  As  8QP  is  driven  to  zero,  Qp  approaches  Qn+1. 
The  flux  vectors  are  linearized  as  following: 

Fn+1  «  Ep  +  Ap6Qp,  Fn+1  »  Fp  +  BpSQp,  Gn+1  «  GP+CP8QP  (9) 


So  that  Eq.  (6)  can  be  written  as: 

[ll  +  AtJ(DiA  +  DvB  +  DcC)]8Qp  =  R  (10) 


where  R  is  the  residual: 

R  =  _(|QP_2Qn  +  iQn-1) 

-  A tJ[{D^E  -  Ev)  +  DV{F  -  Fv)  +  DC{G  -  Gv)]p  (11) 


D^,  Dv,  represent  partial  differential  operators,  A,  B,  C  are  the  Jacobian 
matrices  of  flux  vectors: 


-  EL 

~  dQ' 


B  —  EL 
B~  dQ' 


C  = 


dG 

dQ 


(12) 
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The  right  hand  side  of  Eq.  (10)  is  discretized  using  a  fourth-order  com¬ 
pact  scheme  [7]  for  spatial  derivatives,  and  the  left  hand  side  of  the  equation 
is  discretized  following  the  LU-SGS  [8]  method.  In  this  method,  the  Jaco¬ 
bian  matrices  of  flux  vectors  are  split  as: 

A  =  A+  +  A~,  B  =  B+  +  B~ ,  C  =  C++C~  (13) 

where, 

A±  =l-[A±rAI],  B±=l-[B±rBI ],  C±  =  |[C±rc7]  (14) 

where, 


rJ 4  =  k  x  maz[|A(i4)|]  +  v 

rB  =  k  x  maa;[|A(5)|]  +  v  (15) 

rc  =  k  x  maa:[|A(C)|]  +  V 


where  A(A), \(B),  A(C)  are  eigenvalues  of  A,B,C  respectively,  k  is  a  con¬ 
stant  greater  than  1.  v  is  associated  to  the  effects  of  viscous  terms. 

H  4  n 


v  =  max 


(7  —  \)M?RePr '  3  Re\ 


(16) 


The  first-order  upwind  finite  difference  scheme  is  used  for  the  split  flux 
terms  in  the  left  hand  side  of  Eq.  (10).  As  the  left  hand  side  is  driven  to 
zero  by  iteration,  the  discretization  error  will  also  be  driven  to  zero.  So 
the  first-order  upwind  scheme  will  not  destroy  the  accuracy  of  the  approa- 
capproachh.  The  finite  difference  representation  of  Eq.  (10)  can  be  written 
as: 


[|f  +  AtJ(rA  +rB  +  rc)I]SQlj,k  =  Rlj,k 
-AU  [ASQ^k  -  A+6QUj,k 

+C-IQfjMi  -  CUQljtk_,)  (17) 


In  LU-SGS  scheme,  Eq.  (17)  is  solved  by  three  steps.  First,  8Q°  is  initialized 
using 

SQhk  =  [|/  +  A  U(rA  +  rB  +  rc)I]~lRlj<k  (18) 

In  the  second  step,  SQ*  j  k  is  obtained  by 

SQh,„  =  SQh,k  +  lll  +  UJ(rA+rB  +  rc)I]-' 

x  lAtJ(A*SQ-_hht  +  (19) 
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In  the  last  step,  8QP  is  obtained  by 

SQlj,k  =  +  AtJ (rA  +  rB  +  rc)]_1 

x  [A  tJ(A-SQlh.k  +  B-SQlj+hk  +  C-SQl.k+^  (20) 

The  sweeping  is  performed  along  the  planes  of  i  +  j  +  k  =  const,  i.e.  in 
the  second  step,  sweeping  is  performed  from  the  low-left  corner  of  the  grid 
to  the  high-right  corner,  and  then  vice  versa  in  the  third  step. 

To  depress  numerical  oscillation  caused  by  numerical  scheme,  spatial 
filtering  is  used  instead  of  artificial  dissipation.  Implicit  sixth-order  compact 
scheme  for  space  filtering  [7]  is  applied  for  primitive  variables  u ,  v,  w,  p ,  p 
after  each  time  step. 

For  subsonic  flow,  u,  v ,  w,  T  are  prescribed  at  upstream  boundary,  p  is 
obtained  by  solving  modified  N-S  equation  based  on  characteristic  analysis. 
On  the  far  field  and  out  flow  boundary,  non-reflecting  boundary  conditions 
are  applied.  The  adiabatic  and  the  non-slipping  conditions  are  used  for  the 
wall  boundary.  All  equations  of  boundary  conditions  are  solved  implicitly 
with  interior  points.  Specific  details  of  boundary  treatment  can  be  found 
in  [9]. 

4.  Numerical  Result 

4.1.  NUMERICAL  VERIFICATION 

Based  on  the  numerical  methods  and  boundary  conditions  discussed  in  the 
previous  section,  the  corresponding  computer  code  has  been  developed.  The 
flat  plate  flow  of  M  =  0.5,  Res  =  1000  is  selected  as  the  testing  case  for  code 
validation.  8  is  the  displacement  thickness  at  the  inlet  of  the  computational 
domain.  The  similarity  solution  of  the  flat  plate  flow  is  used  as  the  initial 
value  to  obtain  a  steady  solution,  which  will  be  used  as  the  initial  field  of 
unsteady  problems. 

The  spatial  evolutions  of  small  disturbance  imposed  at  the  inlet  are  sim¬ 
ulated.  At  the  inlet  boundary,  the  eigenfunction  obtained  from  the  Linear 
Stability  Theory  (LST)  is  enforced.  The  eigenfunction  has  a  frequency  of 
u  =  0.114,  and  a  space  wavenumber  of  a  =  0.29919  -  *5.09586  x  10“3.  The 
streamwise  length  of  the  computational  domain  includes  8  T-S  wavelengths, 
and  the  inlet  height  is  405.  A  uniform  mesh  is  used  in  the  streamwise  di¬ 
rection  x  and  a  stretched  mesh  is  used  in  the  wall  normal  direction  y.  The 
corresponding  grid  spacing  at  the  wall  in  y  direction  is  Ay  =  0.037745.  The 
overall  grid  size  is  of  128  x  41. 

At  the  far-field  and  the  outflow  boundaries,  non-reflecting  boundary 
conditions  [9]  are  used  .  The  number  of  time  steps  used  per  time  period 
is  500.  After  10  time  period  of  calculation,  the  T-S  wave  has  been  fully 
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established  over  the  entire  domain,  and  the  disturbances  are  picked  out 
for  analysis.  The  distributions  of  disturbance  amplitude  of  the  streamwise 
velocity  u,  the  wall  normal  velocity  w,  the  pressure  p,  and  the  temperature 
T  are  shown  in  Fig.  1  by  solid  lines,  while  the  linear  stability  theory  (LST) 
results  are  shown  by  symbols  in  the  same  figure.  The  computational  results 
are  in  good  agreement  with  the  LST  results.  In  Fig.  2,  the  growth  rate 
dj  from  the  computation  and  the  linear  theory  are  displayed.  Deviation 
only  appears  near  the  outflow  boundary,  and  no  reflecting  wave  influences 
upstream  field. 


Figure  1.  Amplitude  distributions  in  the  wall-normal  direction  at  Rex  -  339,  200 


4.2.  LEADING  EDGE  RECEPTIVITY  OF  BOUNDARY  LAYER  OVER  THE 
FLAT-PLATE 

Direct  numerical  simulations  of  leading  edge  receptivity  of  boundary  layer 
over  the  flat-plate  to  free-stream  disturbance  are  presented  in  this  section. 
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The  leading  edge  geometry  is  described  by  the  following  formula: 

(1-^)m  +  yn  =  1  (21) 

Two  different  geometries  are  chosen.  One  is  the  super-ellipse  with  AR  = 
6,  m  =  4,  and  n  =  2,  which  was  used  by  Lin  et  al.  [2]  and  Collis  et 
al.  [5],  and  the  other  is  the  ordinary  ellipse  with  AR  =  6,  m  =  2,  and 
n  =  2,  which  was  used  by  Lin  et  al.  [2],  Buter  et  al.  [3]  and  Liu  et  al.  [6]. 
The  difference  between  these  two  geometries  is  that  the  super  ellipse  has 
continuous  curvature  at  the  juncture  of  leading  edge  with  flat-plate,  while 
the  curvature  at  the  juncture  is  discontinuous  for  the  ordinary  ellipse,  which 
is  also  sharper  than  the  super  ellipse.  The  half  thickness  of  the  flat-plate  h  is 
selected  as  the  reference  length.  For  all  calculations,  the  Reynolds  number, 
based  on  h  and  the  free-stream  velocity  U  is  Re  =  2400.  The  Mach  number 
is  M  =  0.1.  The  angle  of  attack  is  zero. 

The  C-type  grids  are  generated  using  an  elliptic  grid  generation  method 
based  on  a  composite  mapping,  which  is  consisted  of  an  algebraic-  and  an 
elliptic-transformation  [10].  Meshes  are  clustered  near  the  leading  edge  and 
near  the  wall.  For  the  ordinary  ellipse,  meshes  are  also  clustered  at  the 
juncture.  Grids  of  741  x  121  and  801  x  121  are  used  for  the  super-ellipse 
and  the  ordinary  ellipse  geometry,  respectively.  These  meshes  have  more 
that  20  grid  points  in  the  streamwise  direction  for  each  T-S  wave.  Fig.  3 
shows  the  grids  for  the  super-ellipse  geometry. 


0.91 


Figure  2.  Evolution  of  spatial  growth  Figure  3.  Computational  mesh  for  the 

rate  of  T-S  wave  flat-plate  with  super-ellipse  leading-edge 

Steady  state  solutions  are  first  obtained  by  advancing  unsteady  flow 
computation  to  convergence.  Fig.  4  and  Fig.  5  show  the  results  for  the 
super-ellipse  leading-edge.  Fig.  4  gives  the  distribution  of  pressure  gradi¬ 
ent  with  respect  to  arc  length  s  along  the  flat-plate,  where  the  maximum 
adverse  pressure  gradient  appears  in  the  region  of  the  leading-edge.  Down¬ 
stream  of  the  pressure-  recovery  region,  the  pressure  gradient  becomes  very 
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small  and  tends  to  be  constant  downstream.  Fig.  5  shows  the  stream  wise 
velocity  profile  at  the  streamwise  location  of  x  =  22.7,  where  r\  is  the  Bla- 
sius  variable.  In  these  two  figures,  the  results  from  [5]  are  also  depicted 
for  comparison,  and  both  the  results  are  in  good  agreement.  Fig.  6  and 
Fig.  7  show  the  the  steady  state  results  for  the  ordinary  ellipse  leading- 
edge.  In  Fig.  6  the  maximum  adverse  pressure  gradient  appears  exactly 
at  the  juncture  point,  where  the  discontinuity  of  surface  curvature  occurs. 
Because  the  ellipse  leading-edge  is  sharper  than  the  super-ellipse  leading 
edge,  the  maximum  magnitude  of  the  adverse  pressure  gradient  is  smaller. 
The  streamwise  velocities  at  the  juncture  (x  =  6)  and  downstream  of  the 
juncture  (x  =  22.7)  are  shown  in  Fig.  7,  where  the  non-parallel  charac¬ 
teristic  of  the  boundary-layer  flow  is  observed.  In  these  two  cases,  rapid 
streamwise  variations  of  pressure  distribution  appear  in  the  region  of  the 
leading-edge  and  the  juncture,  which  is  considered  as  one  of  the  motiva¬ 
tions  of  the  wavelength-adjustment  mechanism  in  the  receptivity  problem. 


Figure  4 *  Pressure  gradient  along  the 
flat-plate  with  super-ellipse  leading- edge 


Figure  5.  Streamwise  velocity  profile  at 
x  =  22.7  of  flat- plate  with  super-ellipse 
leading- edge 


4.2.1.  Receptivity  to  Acoustic  Wave 

The  super-ellipse  leading-edge  receptivity  to  acoustic  wave  is  simulated. 
Starting  from  the  steady  flow  solution  as  the  initial  condition,  unsteady  flow 
computation  is  performed  by  imposing  an  acoustic  wave  with  the  amplitude 
of  0.001  in  the  free-stream,  which  is  similar  to  [11].  The  non-dimensional 
frequency  is  chosen  as  F  =  230  which  is  the  same  as  used  by  Collis  et  al.  [5]. 
After  enough  periods  of  forcing,  a  periodic  solution  is  attained  for  the  entire 
flow  field.  Fig.  8  shows  the  contours  of  vertical  disturbance  velocity  i/. 
Because  the  Stokes- wave  has  nearly  no  effect  on  the  vertical  direction,  the 
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Figure  6.  Pressure  gradient  along  the  Figure  7.  Streamwise  velocity  profile 

flat-plate  with  ellipse  leading-edge  at  different  locations  of  flat-plate  with 

ellipse  leading-edge 


contours  of  the  vertical  disturbance  velocity  clearly  shows  the  generation  of 
the  instability  wave  from  the  leading  edge  and  the  its  development  along  the 
flat-plate.  The  ratio  of  the  T-S  wavelength  to  the  forced  acoustic  wavelength 
is  about  1:30,  which  agrees  with  the  result  of  Collis  et  al.  [5].  The  vertical 
disturbance  velocity  near  the  wall  at  y  =  0.2  is  displayed  as  a  function  of 
the  streamwise  coordinate  x  in  Fig.  9,  where  the  growth  of  the  disturbance 
is  obvious. 


Figure  8.  Contours  of  vertical  distur-  Figure  9.  Vertical  disturbance  veloc- 

bance  velocity  ity  distribution  along  the  flat-plate  at 

y  =  0.2 

-2 

The  development  of  the  forced  acoustic  wave  is  depicted  in  Fig.  10  as 
the  contours  of  streamwise  disturbance  velocity  u'.  There  is  no  evident 
distortion  in  the  far  field  and  the  outlet  boundary.  That  means  the  non¬ 
reflecting  boundary  condition  works  well.  Near  the  flat-plate,  because  of  the 
existence  of  the  Stokes-wave,  the  development  of  the  instability  waves  is  ob¬ 
scured.  Decomposition  processing  described  in  [3]  is  carried  out  to  subtract 
the  Stokes- wave  from  the  total  disturbance.  Fig.  11  shows  the  contours  of 
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the  Fourier  amplitude  of  the  streamwise  disturbance  velocity  v!  after  the 
Stokes-wave  has  been  subtracted.  The  T-S  wave  is  clearly  growing  along 
the  plate.  A  comparison  of  the  T-S  wave  amplification  factor  TV  along  the 
flat  plate  with  that  obtained  by  Collis  et  al.  [5]  is  presented  in  Fig.  12.  The 
Branch-I  locations  from  both  the  results  are  in  good  agreement.  Fig.  13 
shows  the  profile  of  streamwise  disturbance  velocity  uf  at  different  stream- 
wise  locations  downstream  of  the  juncture.  These  profiles  are  found  to  agree 
well  with  the  typical  T-S  wave  mode  shape  functions. 


Figure  10.  Contours  of  the  streamwise 
disturbance  velocity 


Figure  12.  Amplification  factor  of  T-S 
wave  along  flat-plate 


Figure  1 1 .  Contours  of  the  Fourier  am¬ 
plitude  of  the  streamwise  disturbance  ve¬ 
locity  after  the  Stokes- wave  is  subtracted 


Figure  13.  Amplitude  profile  of 
streamwise  disturbance  velocity  after 
Stokes-wave  is  subtracted 


4.2.2.  Receptivity  to  Vortical  Disturbance 

Receptivity  to  free-stream  vortical  disturbance  of  boundary-layer  over  flat- 
plate  with  an  ellipse  leading-edge  is  calculated.  The  discontinuity  of  the 
surface  curvature  is  another  receptivity  source  apart  from  leading-edge. 
The  free-stream  vortical  disturbance  is  written  in  the  following  form  [6]: 

u'(x0,y,t)  =  eA(\y\  -  yc)e~LM^d~  cos(urt) 


(22) 
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where  A  is  a  parameter  for  normalizing  the  amplitude,  u  is  the  frequency, 
A;  is  a  constant  to  define  the  profile.  The  parameters  used  in  this  case  are 
as  follows:  u  =  0.552,  k  =  0.0075,  yc  =  0.05,  e  =  0.001.  The  non- 
dimensional  frequency  is  the  same  as  used  in  the  previous  case,  i.e.  F  =  230. 
After  enough  periods  of  forcing,  the  solutions  of  all  field  reach  a  periodic 
state.  Fig.  14  shows  the  contours  of  streamwise  disturbance  velocity  v! . 
This  figure  is  enlarged  in  the  y  direction  by  three  times  to  make  a  better 
display.  In  the  streamwise  direction,  shortly  after  the  juncture,  the  short 
wave  disturbance  is  generated  near  the  wall  beneath  the  imposed  long  wave 
perturbation.  Fig.  15  gives  the  streamwise  distribution  of  the  disturbance 
velocity  u '  at  two  different  vertical  locations.  It  is  evident  that  the  signal 
near  the  wall  (y  =  0.0665)  has  a  shorter  wavelength  compared  with  that 
far  from  the  wall  (y  =  0.3577).  The  computational  results  indicate  that  the 
short  wave  dominates  near  the  wall,  and  in  the  middle  of  the  boundary- 
layer,  the  wave  is  longer  than  the  near  wall  wave  and  shorter  than  the 
free-stream  wave.  It  is  pointed  out  by  [3]  that  the  nature  of  the  signal  near 
the  wall  is  influenced  almost  exclusively  by  the  generated  T-S  waves.  Fig.  15 
also  shows  the  growth  of  the  T-S  wave  near  the  wall,  while  the  long  wave 
decays  along  the  plate. 


Figure  14 .  Contours  of  streamwise  dis-  Figure  15.  Distribution  of  streamwise 

turbance  velocity  disturbance  velocity  along  the  plate  at 

different  vertical  locations 


4.3.  LEADING  EDGE  RECEPTIVITY  OF  AIRFOIL 

The  receptivity  of  boundary-layer  over  an  airfoil  to  the  free-stream  vorticity 
is  also  simulated.  The  Joukowsky  airfoil  is  modified  such  that  the  ratio  of 
the  half-thickness  to  the  chord-length  is  1:45.  Reynolds  number  based  on  the 
half-thickness  and  the  free-stream  velocity  is  Re  =  2400,  and  Mach  number 
is  M  —  0.1.  The  nondimensional  frequency  of  free-stream  disturbance  is 
F  =  230,  and  the  amplitude  is  0.01.  These  parameters  are  similar  to  those 
used  in  the  previous  cases  for  flat-plate  simulation. 
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The  C-type  grids  of  741  x  121  are  plotted  in  Fig.  16.  The  shape  of 
the  leading  edge  of  this  Joukowsky  airfoil  is  sharper  than  that  of  the  flat- 
plate  used  in  previous  two  cases,  and  the  surface  curvature  is  smooth.  It 
is  predictable  from  the  characteristics  of  this  geometry  that  the  boundary- 
layer  over  the  airfoil  is  less  receptive  compared  with  the  flat-plate.  Fig.  17 
shows  the  pressure  gradient  along  the  airfoil  surface  at  the  steady  state. 
There  is  a  rapid  change  of  pressure  gradient  near  the  leading  edge,  but 
the  maximum  amplitude  of  the  adverse  pressure  gradient  is  much  smaller 
compared  with  the  results  from  the  flat-plate.  In  addition,  most  part  of  the 
airfoil  locates  in  the  region  with  an  adverse  pressure  gradient.  The  pressure 
gradient  decreases  rapidly  near  the  trailing  edge. 
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Figure  16.  Grid  distribution  around  the  Figure  17.  Pressure  gradient  along  the 

airfoil  airfoil 

The  unsteady  calculation  is  carried  out  by  introducing  symmetric  vor¬ 
tical  disturbance  at  the  upstream  of  the  airfoil.  After  enough  periods  of 
forcing,  the  entire  domain  attains  a  periodic  solution.  Fig.  18  depicts  the 
streamwise  disturbance  velocity  at  different  wall-normal  locations  as  a  func¬ 
tion  of  the  streamwise  coordinate  x.  At  the  location  far  from  the  wall 
(j  =  40),  the  external  perturbations  dominate  and  decay  while  propagating 
downstream.  In  the  near  wall  region  {j  =  14),  instability  waves  with  shorter 
wavelength  can  be  observed  in  the  rear  part  of  the  airfoil.  The  wavelength 
of  the  instability  waves  is  almost  the  same  as  the  wavelength  of  the  T-S 
waves  generated  in  the  boundary-layer  over  the  flat-plate.  Compared  with 
Fig.  15,  where  the  T-S  waves  become  visible  shortly  after  the  juncture  be¬ 
tween  the  leading  edge  and  the  flat-plate,  in  this  case  for  the  airfoil,  the 
point  where  the  T-S  waves  start  to  grow  moves  further  downstream  from 
the  juncture  of  the  leading  edge  with  the  rest  part  of  the  airfoil.  The  T-S 
waves  generated  in  the  region  of  the  leading  edge  experience  a  longer  dis¬ 
tance  of  decaying  followed  by  a  growth  in  the  rear  part  of  the  airfoil.  The 
T-S  waves  keep  growing  for  a  while  after  passing  the  trailing  edge,  and  then 
begin  to  decay  in  the  wake.  Fig.  19  shows  the  contours  of  the  streamwise 
disturbance  velocity.  This  figure  is  enlarged  by  three  times  in  the  y  direction 
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to  obtain  better  visual  effect  near  the  wall.  The  T-S  waves  can  be  clearly 
observed  in  the  rear  part  of  the  airfoil.  Because  the  wave  length  of  the  T-S 
waves  is  close  to  that  of  the  external  waves,  it  is  difficult  to  subtract  the 
external  waves  from  the  total  disturbance.  As  we  are  currently  working  on 
the  decomposition  technique,  more  result  will  be  given  in  the  future. 


Figure  18.  Distributions  of  the  stream-  Figure  19.  Contours  of  the  streamwise 

wise  disturbance  velocity  versus  x  disturbance  velocity  u 


5.  Conclusion 

The  leading-edge  receptivity  to  the  free-stream  disturbance  is  simulated 
by  direct  numerical  simulation.  The  numerical  calculation  is  performed  by 
solving  the  full  compressible  Navier-Stokes  equations  in  the  generalized 
curvilinear  coordinates.  The  second-order  LU-SGS  implicit  scheme  is  ap¬ 
plied  for  time  integration.  This  scheme  requires  no  tridiagonal  inversion 
and  is  capable  of  being  completely  vectorized,  provided  the  corresponding 
Jacobian  matrices  are  properly  selected.  A  fourth-order  centered  compact 
scheme  is  used  for  spatial  derivatives.  In  order  to  reduce  numerical  oscilla¬ 
tion,  a  sixth-order  implicit  filter  is  employed.  The  non-reflecting  boundary 
conditions  are  imposed  at  the  far-field  and  outflow  boundaries  to  prevent 
possible  non-physical  wave  reflection  and  avoid  the  using  of  buffer  or  sponge 
technique. 

Linear  growth  of  Tollmien-Schlichting  waves  along  the  flat-plate  is  calcu¬ 
lated  as  the  test  case  for  code  validation.  The  computational  results  agree 
well  with  the  linear  stability  theory.  The  leading-edge  receptivity  of  the 
compressible  boundary-layer  over  the  flat  plate  to  the  free-stream  acous¬ 
tic  and  the  vortical  disturbances  is  investigated.  For  both  cases,  the  gen¬ 
eration  and  distinct  growth  of  the  Tollmien-Schlichting  waves  are  clearly 
observed  along  the  flat-plate.  Attempt  has  also  been  made  to  simulate  the 
flow  with  more  complex  geometry,  such  as  the  leading-edge  receptivity  of 
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the  boundary-layer  around  a  modified  Joukowsky  airfoil  to  the  free-stream 
vortical  disturbance.  The  instability  waves  is  generated  near  the  leading 
edge  followed  by  a  rapid  decay  and  then  begin  to  grow  in  the  rear  part  of 
the  airfoil.  The  onset  point  of  amplification  of  T-S  wave  is  further  down¬ 
stream  than  that  of  the  flat-plate.  More  calculations  will  be  carried  out  to 
investigate  the  effects  of  the  geometry  and  the  angle  of  attack  on  the  onset 
point  of  the  T-S  wave  amplification. 
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Abstract 

High-order  non-reflecting  boundary  conditions  in  a  generalized  curvilinear  coor¬ 
dinate  system  for  solving  the  time-dependent  Navier-Stokes  equations  in  complex 
geometry  have  been  developed  based  on  the  characteristic  analysis  and  the  mod¬ 
ified  Navier-Stokes  equation.  Viscous  terms  are  taken  into  account  to  include  the 
viscous  effect  near  the  wall.  All  boundary  conditions  are  added  implicitly  to  the 
equations  of  interior  points  to  ensure  the  stability  of  this  scheme.  The  compu¬ 
tational  results  show  that  the  non-reflecting  boundary  conditions  are  compatible 
to  the  sixth-  or  fourth-order  compact  central  difference  scheme  and  maintain  a 
high-order  accuracy  for  the  global  solution.  The  non-reflecting  boundary  condi¬ 
tions  work  surprisingly  well  without  any  artificial  buffer  or  sponge.  No  visible 
reflected  wave  was  found  from  either  inflow,  outflow,  far-field,  or  solid  surface. 
The  computational  solution  is  found  quite  accurate  comparing  with  valid  data. 

1.  Introduction 

Most  important  flows,  such  as  transition,  turbulence,  vortex  dynamics,  etc. 
which  Air  Force  is  interested  in,  are  involved  in  a  time-dependent  process 
that  requires  a  time-accurate  numerical  prediction,  such  as  direct  numerical 
simulation  (DNS)  or  large  eddy  simulation  (LES).  As  well-understood  now, 
DNS  and  LES  are  required  to  have  minimum  errors  in  wave  magnitude 
and  phase.  However,  in  the  field  of  finite-difference  methods,  low  order  up- 
winding,  hybrid,  or  other  schemes  can  introduce  serious  dissipation  and 
dispersion  even  for  a  single  wave  and  are  therefore  not  encouraged  to  use 
for  DNS  or  LES.  High-order  schemes  with  spectral-like  resolution  and  low 
numerical  dissipation  (Lele,  1992)  are  necessary.  DNS/LES  for  complex 
geometry  was  criticized,  but  now  an  increasing  number  of  researchers  (Liu, 
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et  al.,  1993,  1995,  1997,  1998;  Visbal  et  al. ,  1998)  are  working  on  this 
direction.  The  fundamental  problem  with  DNS/LES  seems  to  be  solved 
and  our  experience  shows  DNS  can  be  used  for  flow  transition  and  LES  can 
be  used  for  fully  developed  turbulent  flow  for  a  spectrum  of  engineering 
applications. 

In  DNS/LES  for  compressible  flow,  especially  for  complex  geometry, 
the  properly  imposed  boundary  condition  is  required  to  prevent  the  wave 
from  reflecting  at  the  boundary  and  contaminating  the  inner  region  of  a 
computational  domain.  Realistic  transition  study  often  requires  spatial  evo¬ 
lution  simulation.  Periodic  assumption  is  not  valid  when  complex  geometry 
is  involved.  In  these  cases,  the  specification  of  the  outflow  boundary  condi¬ 
tions  becomes  one  of  the  major  difficulties.  To  avoid  reflection  of  outgoing 
waves,  a  buffer  domain  (Street  &  Macaraeg,  1989)  was  introduced  adding  to 
the  original  computational  domain  at  the  outflow  boundary.  The  governing 
equations  in  the  buffer  domain  has  been  modified  by  increasing  diffusion  in 
certain  direction.  Alternatively,  a  sponge  layer  approach  has  been  used  by 
Israeli  &  Orszag  (1981),  Fasel  (1990),  Givoli  (1991),  Kloker  et  al.  (1993), 
Collis  &  Lele  (1996).  The  sponger  layer  is  put  outside  the  outflow  or  far-field 
boundary,  where  a  dumping  function  is  used  to  depress  the  flow  fluctua¬ 
tions.  It  is  reported  by  Guo  et  al.  (1996)  that  combination  of  the  sponge 
and  buffer  approach  is  needed  to  attain  good  effectiveness.  Liu  &  Liu  (1993) 
have  developed  an  efficient  buffer  technique,  which  requires  small  buffer  do¬ 
main.  In  the  previous  work  of  Shan  et  al.  (1999),  the  sponge  approach  has 
been  successfully  applied  to  a  LES  of  supersonic  boundary  layer  transition. 
Both  buffer  or  sponge  zones  are  capable  of  absorbing  the  outward  moving 
waves,  and  have  been  used  in  many  DNS/LES  computations.  But  these 
methods  have  some  shortages.  First,  extra  sponge  or  buffer  areas  have  to 
be  added  to  the  original  domain,  which  will  increase  the  the  number  of  grid 
points  and  computational  cost.  Second,  the  sponge  approach  can  only  be 
applied  when  the  equations  of  perturbation  are  considered,  which  may  not 
be  applicable  when  the  so-called  ’’base  flow”  does  not  exist  or  can  hardly 
be  defined. 

An  alternative  approach  to  the  buffer  or  sponge  method  is  the  non¬ 
reflecting  boundary  condition  based  on  the  characteristic  analysis.  The 
characteristic  boundary  conditions  for  Euler  system  can  be  found  in  a  num¬ 
ber  of  literatures  (Whitfield,  1983;  Thompson,  1987,  1990).  The  concept 
of  non-reflecting  boundary  conditions  was  proposed  by  Thompson  (1987, 
1990),  where  the  idea  of  specifying  the  boundary  conditions  according  to 
the  inward  and  outward  propagating  waves  has  been  introduced.  Usually 
the  outgoing  waves  have  their  behavior  defined  entirely  by  the  solution  at 
and  within  the  boundary,  and  no  boundary  conditions  are  needed.  There¬ 
fore,  the  number  of  boundary  conditions  is  equal  to  the  number  of  incoming 
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waves.  In  Thompson’s  paper,  boundary  conditions  of  Euler  equations  are 
given  for  different  situations  without  considering  the  viscosity  effect.  The 
characteristic  boundary  conditions  for  Euler  system  cannot  be  directly  used 
for  Navier-Stokes  equations.  Actually,  there  is  no  characteristic  relation  in 
Navier-Stokes  system.  However,  in  some  circumstances,  such  as  free  stream, 
far  field,  etc.  where  the  viscosity  is  less  important,  the  characteristic  rela¬ 
tion  can  still  be  used.  Poinsot  and  Lele  (1992)  have  extended  Thompson’s 
method  to  specify  the  boundary  conditions  for  the  Navier-Stokes  equations, 
where  the  effect  of  viscous  has  been  taken  into  account.  However,  they  only 
give  the  expression  of  boundary  conditions  in  the  Cartesian  coordinates. 

The  present  work  focuses  on  the  application  of  high-order  non-reflecting 
boundary  conditions  in  a  generalized  curvilinear  coordinate  system  for 
DNS/LES  of  time-dependent  Navier-Stokes  equations  in  complex  geometry. 
A  sixth-  or  fourth-order  centered  compact  scheme  is  used  for  spatial  deriva¬ 
tives.  In  order  to  reduce  numerical  oscillation,  a  sixth-order  implicit  filter  is 
employed.  The  non-reflecting  boundary  conditions  are  imposed  at  the  far- 
field  and  outlet  boundaries  to  avoid  possible  non-physical  wave  reflection. 
No  buffer  or  sponge  zone  is  used  in  this  computation.  The  computational 
results  show  that  the  non-reflecting  boundary  conditions  are  compatible 
to  the  compact  central  difference  scheme  and  maintain  a  high-order  ac¬ 
curacy  for  the  solution.  The  non-reflecting  boundary  conditions  which  are 
presented  in  this  paper  work  surprisingly  well  and  no  visible  reflected  wave 
was  found  from  either  inflow,  outflow,  far-field,  or  solid  surface.  The  com¬ 
putational  solution  is  found  quite  accurate  comparing  with  valid  data. 


2*  Non-reflecting  Boundary  Condition 

The  three-dimensional  Navier-Stokes  equations  in  generalized  curvilinear 
coordinates  (f ,  77,  Q  can  be  written  as 


ldQ  d(E-Ev)  d(F~Fv)  d(G-Gv) 
J  dt  +  +  dr]  +  d£ 


Detailed  expressions  for  flux  terms  are  as  follows: 
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where  J  is  the  Jacobian  of  the  coordinate  transformation,  and  £xt  £y, 

T)x,  T}y,  rjz,  Car,  Cjm  Cz  are  the  coordinate  transformation  metrics,  {/,  V,  W, 
and  e  are  defined  as  follows: 

U  =  u£x  +  v£y  +  w£z,  V  =  urjx  +  VTiy  +  wriz,  W  =  u£x  +  v(y  +  wCz  (2) 


e  =  — +  ^p(u2  +  v2  +  w2)  (3) 

7  —  JL  z 

The  components  of  the  viscous  stress  and  heat  flux  are  denoted  by  rxx ,  ryy, 
Tzz,  Txy,  txz,  TyZ,  and  qx,qy,qz,  respectively. 

Using  the  characteristic  analysis  [15],  hyperbolic  terms  in  £  direction  of 
Eq.  (1)  are  modified,  can  be  recast  as 
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where  vector  d  is  obtained  from  the  characteristic  analysis, 
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where  c  is  the  sound  speed,  and 

0  =  >/£+3+€ 


(6) 


£,-’s  represent  the  amplitude  variations  of  the  characteristic  waves  corre¬ 
sponding  to  the  characteristic  velocities  A,-’s,  which  are  given  by 

X1  =  U-Ci  (7) 

A2  =  A3  =  A4  =  U  (8) 

A5  =  Z7  +  Q  (9) 

where  Q  =  c/3,  and  £;’s  can  be  expressed  as 
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Ci  -  U«‘T(+^ 
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The  terms  visi’s  in  Eq.  (4)  represent  the  viscous  terms,  which  are  given  by 
transformation  of  the  initial  viscous  terms  in  Eq.  (1) 
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where  P  is  the  Jacobian  matrix,  and  P  =  |2.  Q  is  the  vector  of  primitive 

dQ 

variables,  i.e.  Q  =  p,u,  v,  w,  jF. 
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(12) 

The  analogous  definitions  can  be  made  for  the  other  two  directions.  In  £ 
direction,  the  modified  N-S  equations  should  be 
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In  77  direction,  the  modified  N-S  equations  are 

dp  ,  1irdp  ,,du  dv  dw .  5/9 

ft  +<il  +  wx,  +  +<»ac  G  K 1 

+,fe|+ev|+«^)+-.  =  o 

du  ,  ,  „.5u  1  5p  5u  1  dp  . 

M+i>+wTc  +  -p':*X  +  ua(  +  P(*T(  +  mS2  =  0 

dv  dv  1  dp  rTdv  1  dp  .  _ 

«  +  * + +  ^sac +  uei +  +  mS3  =  0 

dw  dw  1  dp  T-dw  1  e  dp  . 

~dt+d4  +  WdC  +  P^zdC+  U  di+  p^z  d£  +  mS4  ~ 

dp  .  T ITdp  . ,  du  ,  .  dv  dw  dp 

yt+d*  +  WQ-c,+  tp(Ce5C  +  CydC  +Cz  dc1 1  +  d£ 

+7P(6r||  +  +  +  viss  =  o 


■7[§(a + A)  +  A] 

2/fc(A  -  £1)  +  +  i£)cs  -  vxvzC4] 

27^  (A  -  A)  -  ^[^4  +  *?*A] 

2757s  (A  —  A)  ~  —  (*7®  +  *7»)A] 

§(A+A) 

^  sr  pc,  du  dv  dw.  dp, 

(V  ”  C-)t- +  ^  +  ^  +  9j] 

^  5?/ 

dv  du 

v(-’fcftS  +  ’,V 

du  dw 

/_ _  _  ..pc.  du  du  ,  dm.  ,  dp, 

(V  +  C,)[A(%-  +  + ,,,—)  +  -] 
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0  =  y/vl  +  nl  +  Vz 

(21) 

Cv  =  c(3 

(22) 

2.1.  SUBSONIC  INFLOW  BOUNDARY  CONDITION 


For  uniform  subsonic  inflow  at  f  =  1,  four  quantities  should  be  specified, 
i.e.  u,v,w,T,  while  the  density  p  is  obtained  by  solving  Eq.  (4).  This  ar¬ 
rangement  is  made  based  on  the  fact  that  the  four  characteristic  waves  £ 2, 
£3,  £4,  £5  are  entering  the  computational  domain,  while  C\  is  going  out¬ 
ward.  Therefore,  £1  is  calculated  from  interior  points  using  Eq.  (10),  where 
the  spatial  derivatives  are  calculated  using  the  compact  finite  difference 
scheme,  and  £2,  £3,  £4,  £5  are  given  in  (23)-(26)  which  are  similar  to  those 
in  [15]  [1]. 


£3 


£4 


£5 


£2 


du  dv 


du 

^~di 


dw 

:~dt 


A  +  ^[^(4£3  +  6£4)-^] 
M?JF  +  \{Cl+Cb) 


(23) 

(24) 

(25) 

(26) 


2.2.  SUBSONIC  OUTFLOW  BOUNDARY  CONDITION 

For  subsonic  outflow  at  £  =  Nx,  the  static  pressure  Poo  of  far  field  is  given. 
At  this  boundary,  four  characteristic  waves  £2,  £3,  C.4X5  are  going  out  the 
computational  domain,  while  £1  is  entering  the  field.  Therefore,  £2,  £3, 
£4,  £5  can  be  calculated  from  the  interior  points  using  Eq.  (10)  with  the 
compact  finite  difference  scheme,  while  the  C\  is  given  by  [1] 


£1  =  A(p-poo)  (27) 

and  K  =  8(1  —  M^ax)c/l,  where  Mmax  is  the  maximum  Mach  number,  l  is 
the  characteristic  length  scale,  6  is  a  constant. 

2.3.  FAR  FIELD  BOUNDARY  CONDITION 

For  far  field  boundary  at  £  =  Nz,  the  directions  of  characteristic  waves 
are  determined  automatically  by  local  field  values,  and  £,•  of  the  outgoing 
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waves  are  calculated  from  the  interior  points  using  Eq.  (15).  Those  inward 
going  waves  are  set  to  zero.  i.e. 


f  £,,  for  A,  >  0 
\  0,  for  A,  <  0 


(28) 


2.4.  NO-SLIP  WALL  BOUNDARY  CONDITION 

For  no-slip  wall  at  £  =  1,  velocities  u,  v,  w  are  set  to  zero,  £3,  £4  are  given 
by 

£3  =  fat*  ~  V*C,)  fjj  +  (U*  -  S*C2)||]  (29) 

^4  =  ~[{VzCy  ~  ^vCz)^  +  (£zCy  —  CyCz)^]  (30) 

The  characteristic  wave  £1  is  going  outward,  so  it  can  be  calculated  from 
the  interior  points,  while  the  inward  wave  £5  is  given  by 

£*  =  £.+  ^[^((,£3  +  (,£,)  -  +  01) 

£2  is  determined  by 

2  ~  l  I  (7  —  l)(^i  +  £5)3  f°r  isothermal  wall  '  ' 

When  all  £,  ’s  at  each  boundary  are  obtained,  d{  can  be  easily  calculated 
from  Eq.  (5),  (14),  and  (19).  All  the  terms  other  than  d,-  in  Eq.  (4),  (13), 

and  (18)  are  calculated  in  the  same  way  as  the  interior  points.  Eq.  (4), 

(13),  and  (18)  are  solved  implicitly  together  with  interior  points. 


3.  Computational  results 

The  non-reflecting  boundary  conditions  are  plugged  in  the  DNS/LES  code, 
which  uses  high  order  compact  scheme  and  fully  implicit  method.  Details 
of  the  numerical  method  and  code  verification  can  be  found  in  [4].  The 
calculations  of  unsteady  flow  passing  a  semi-infinite  flat-plate  with  a  super¬ 
ellipse  leading  edge  are  carried  out  for  validation.  The  Reynolds  number 
based  on  the  half  thickness  and  the  free-stream  velocity  is  Re  =  2400, 
and  the  Mach  number  is  M  =  0.1.  A  C-type  grid  is  produced  using  elliptic 
grid  generation  method.  The  steady  state  solution  is  obtained  by  advancing 
unsteady  flow  computation  to  convergence.  Starting  from  the  steady  state 
solution  as  the  initial  field,  unsteady  computation  has  been  carried  out  by 
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introducing  periodic  disturbance  in  the  free-stream  with  a  nondimensional 
frequency  of  F  =  230. 

The  first  case  is  the  direct  numerical  simulation  of  the  response  of  flow 
to  the  acoustic  waves  imposed  in  the  free-stream.  After  a  certain  time  of 
forcing,  a  periodic  solution  is  obtained.  Fig.  1  shows  the  contours  of  stream- 
wise  disturbance  velocity.  The  acoustic  waves  pass  through  the  flat-plate 
and  propagate  down  stream.  There  is  no  noticeable  distortion  in  the  far 
field  and  outflow  boundary,  as  the  waves  smoothly  pass  over  the  boundary. 


Figure  1.  Contours  of  streamwise  disturbance  velocity 


Figure  2.  Streamwise  disturbance  velocity  versus  time  at  y  =  0.197 
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The  second  case  is  the  direct  numerical  simulation  of  the  response  of 
flow  to  the  vortical  disturbance,  which  is  imposed  at  2.5  plate  thickness  up¬ 
stream  of  the  leading  edge.  The  outflow  non-reflecting  condition  is  tested 
by  comparing  the  results  obtained  from  two  computational  domain  with 
different  streamwise  length.  Fig.  2  shows  the  streamwise  disturbance  veloc¬ 
ity  at  different  downstream  locations  as  a  function  of  time  under  different 
boundary  configuration.  The  long  computational  domain  with  a  length  of 
L  =  48.75  is  considered  as  the  standard  configuration.  The  previously  intro¬ 
duced  non-reflecting  boundary  condition  is  imposed  at  the  outflow  bound¬ 
ary.  In  Fig.  2,  the  results  corresponding  to  the  this  standard  configuration 
are  displayed  with  solid  line  (at  x  =  18.5)  and  broken  line  (at  x  =  26.4). 
In  the  second  configuration,  a  short  domain  with  a  streamwise  length  of 
L  =  40.83  is  used.  The  same  non- reflecting  boundary  condition  as  in  the 
first  configuration  is  imposed  at  the  outflow  boundary.  In  Fig.  2,  the  sec¬ 
ond  configuration  is  denoted  as  B.C.I,  where  the  streamwise  disturbance 
velocity  at  x  =  18.5  and  x  =  26.4  are  drawn  as  a  function  of  time.  It  is 
clear  that  the  results  form  the  first  and  the  second  configuration  agree  well. 
In  the  third  configuration  which  is  denoted  by  B.C.II  in  Fig.  2,  the  com¬ 
putational  domain  is  the  same  as  in  the  second  configuration.  But  at  the 
outflow  boundary,  instead  of  using  the  non-reflecting  condition,  an  extrap¬ 
olation  condition  is  imposed,  i.e.  the  boundary  values  are  defined  as  the 
extrapolation  of  the  interior  points.  Compare  the  result  with  the  standard 
configuration,  at  x  =  18.5  the  difference  in  streamwise  disturbance  velocity 
is  visible,  where  the  disturbance  wave  is  slightly  damped.  The  result  devi¬ 
ates  dramatically  from  the  standard  configuration  at  x  =  26.4,  where  the 
disturbance  wave  is  severely  damped,  and  the  difference  in  wavelength  and 
phase  angle  is  also  observed.  It  is  also  found  out  that  the  nearer  the  location 
is  to  the  outflow  boundary,  the  larger  the  error  is.  The  results  indicate  the 
failure  of  the  extrapolation  condition  because  of  the  reflection  of  wave  from 
the  outlet  boundary  and  the  contamination  of  the  solution  in  the  domain. 
It  is  noticeable  that  the  mesh  size  and  grid  distribution  are  the  same  for 
all  these  configurations. 

In  order  to  show  that  non-reflecting  boundary  condition  works  success¬ 
fully,  the  distribution  of  streamwise  and  vertical  disturbance  velocity  along 
the  longitudinal  direction  of  the  plate  are  depicted  in  Fig.  3  and  Fig.  4. 
Results  from  both  the  first  (long  domain)  and  the  second  (short  domain) 
configurations  are  displayed  for  comparison.  It  is  observed  that  the  waves 
propagate  along  the  plate  and  pass  smoothly  through  the  exit  boundary 
without  any  visible  reflection.  The  results  from  long  domain  and  short  do¬ 
main  agree  well  except  some  deviation  close  to  the  exit  boundary  of  the 
short  domain. 

Fig.  5  shows  the  contours  of  vertical  disturbance  velocity  of  the  first 
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Figure  3.  Distribution  of  streamwise 
disturbance  velocity  along  the  plate  at 
y  =  0.042 


Figure  4-  Distribution  of  vertical  dis¬ 
turbance  velocity  along  the  plate  at 
y  =  0.042 


(long  domain)  and  the  second  (long  domain)  configurations.  There  is  no 
distortion  at  the  exit  boundary.  Therefore,  the  short  domain  with  non¬ 
reflecting  boundary  condition  achieves  acceptable  results  and  the  length  of 
the  domain  has  little  effect  on  the  upstream  solution. 


Figure  5.  Contours  of  vertical  disturbance  velocity  in  different  domains 

The  examples  of  the  applications  of  the  non-reflecting  boundary  con¬ 
dition  to  two-  and  three-dimensional  flow  with  complex  geometry  are  also 
given  to  show  that  the  non-reflecting  condition  is  fully  compatible  with 
high-order  compact  schemes  in  curvilinear  coordinates.  Fig.  6  shows  the 
DNS  results  of  the  spanwise  vorticity  around  a  NACA  0012  airfoil  at  a  12° 
angle  of  attack,  where  the  fluid  flow  around  the  airfoil  becomes  unstable 
and  eddy  structures  are  formed  in  the  vicinity  of  the  airfoil.  Eddy  struc¬ 
tures  shedding  from  the  leading  edge  of  the  airfoil  and  the  induced  vortices 
have  been  brought  downstream  by  the  mean  flow,  and  eventually  move  out 
of  the  computational  domain  through  the  outflow  boundary  without  dis¬ 
tortion  and  reflection.  The  computational  domain  of  a  three-dimensional 
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delta  wing  is  shown  in  Fig.  7,  where  the  outflow  boundary  is  at  the  down¬ 
stream  end  of  the  delta  wing.  The  contours  of  the  streamwise  vorticity  on 
selected  cross  sections  are  displayed  in  Fig.  8.  A  pair  of  co-rotating  vor¬ 
tices  appear  over  the  suction  side  of  the  delta  wing.  Even  at  the  outflow 
boundary,  these  vortical  structures  are  also  quite  clear  without  any  distor¬ 
tion.  These  examples  served  as  an  evidence  show  that  the  non-reflecting 
boundary  conditions  work  well  in  DNS/LES  of  flow  with  complex  geome¬ 
try.  The  detailed  description  about  the  DNS/LES  results  for  flow  around 
two-dimensional  airfoil  and  three-dimensional  delta  wing  will  be  reported 
in  upcoming  papers. 


Figure  6.  Contours  of  spanwise  vorticity  around  a  NACA  0012  airfoil  with  a  12°  angle 
of  attack,  Re  =  5  x  105,  M  =  0.4 


4.  Conclusion 

Non-reflecting  boundary  conditions  for  complex  geometry  in  a  generalized 
curvilinear  coordinates  are  developed  based  on  the  characteristic  analy¬ 
sis  and  the  modified  Navier-Stokes  equation.  Viscous  terms  are  taken  into 
account  to  include  the  viscous  effect  near  the  wall.  All  the  boundary  con¬ 
ditions  are  solved  implicitly  with  the  equations  of  interior  points  to  ensure 
that  the  scheme  is  stable.  Several  cases  are  chosen  to  test  the  non-reflecting 
boundary  conditions.  With  non-reflecting  boundary  conditions  at  the  far 
field  and  outflow  boundary,  the  unsteady  waves  can  smoothly  pass  the 
boundaries  without  visible  reflecting  waves. 
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Abstract.  Turbulence  modulation  in  particle-laden  fluid  flow,  especially 
the  influence  of  vortex  shedding,  was  investigated  based  on  the  direct  nu¬ 
merical  simulation.  To  this  end,  we  developed  a  finite-difference  scheme  to 
resolve  the  flow  around  each  particle  moving  in  turbulence.  Energy  bud¬ 
get  around  a  sphere  suggested  that  the  energy  production  due  to  vortex 
shedding  was  about  20%  of  work  by  the  particle.  Homogeneous  turbulence 
including  many  particles  showed  a  modulation  in  background  turbulence; 
namely,  energy  transfer  from  larger  to  smaller  scale  through  wavenumber 
region  corresponding  to  the  mean  spacing  of  particles.  Taking  these  find¬ 
ings  into  account,  a  one-equation  model  for  subgrid  scale  turbulence  was 
suggested  for  the  large-eddy  simulation  of  particle-laden  turbulence. 


1.  Introduction 

Turbulent  flows  including  dispersed  particles,  bubbles  or  droplets  are  char¬ 
acterized  by  the  multiple  scale  interactions  between  phases.  The  large-eddy 
simulation  (LES)  may  be  suitable  for  the  practical  tool  to  predict  them 
since  LES  defines  the  scales  to  be  resolved  and  to  be  modeled.  To  im¬ 
prove  a  model  for  the  particle  motion  in  turbulence  as  well  as  the  subgrid 
scale  (SGS)  model  in  LES,  the  direct  numerical  simulation  (DNS)  could 
allow  us  useful  information.  However,  previous  “direct”  simulations  of  two- 
phase  turbulence  (Elghobashi  and  Truesdell,  1993;  Pan  and  Banerjee,  1996; 
Maxey  et  al.,  1997)  represented  particles  by  point  source  models  (Maxey 
and  Riley,  1983). 

Recently,  more  complete  DNS  of  multiphase  turbulence  were  conducted. 
Pan  and  Banerjee(1997)  used  a  body-force  model  at  the  grid  points  inside 
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particle  in  couple  with  the  spectral  method  for  fluid  turbulence.  Particle 
Reynolds  numbers  in  their  DNS  were  133  for  stationary  particles  and  15 
for  moving  particles.  The  present  authors  proposed  an  another  approach 
by  the  finite-difference  method  (Kajishima  et  al.,  1998;  Takiguchi  et  al., 
1999).  We  directly  integrated  the  fluid  stress  on  the  particle  surface  and 
successfully  simulated  the  vortex  shedding  up  to  Re  =  600.  Though  the 
relatively  low  resolution  for  each  particle,  these  DNS  efficiently  reproduced 
the  flow  including  a  number  of  particles. 

In  the  present  paper,  we  improve  our  two-way  coupling  scheme  for  solid- 
fluid  two-phase  flow.  The  reliability  is  examined  by  simulating  the  flow 
around  a  sphere.  The  energy  budget  is  evaluated  especially  for  the  case  of 
vortex  shedding  at  high  Reynolds  number.  In  addition,  DNS  of  homoge¬ 
neous  turbulence  including  many  particles  is  shown.  Finally,  some  sugges¬ 
tions  for  SGS  models  of  particle-laden  turbulence  will  be  given  on  the  basis 
of  our  findings  by  DNS. 

2.  Numerical  Method 

The  incompressible  flow  of  Newtonian  fluid  including  rigid  particles  is  con¬ 
sidered.  The  fluid  turbulence  is  solved  by  the  finite-difference  method  using 
the  fixed  Cartesian  coordinate  system. 

The  basic  equations  are  the  continuity  equation 


V  •  u  =  0  (1) 

and  the  equation  of  motion 

du  _  Vp  , 

^-  +  U'Vu  =  -y  +  I/V2U  +  S  +  /p,  (2) 

where  g  is  body  force  such  as  gravity,  u  is  a  representative  velocity  at  the 
grid  defined  by 


u  =  (1  -  a)uj  +  aup,  (3) 

where  a  denotes  the  volumetric  fraction  of  particle  in  the  grid,  uj  the  fluid 
velocity  and  up  the  velocity  inside  the  particle  defined  by 

v,p  =  vp  +  r  xwp.  (4) 

Vp  is  the  velocity,  u>p  the  angular  velocity,  r  the  relative  position  from  the 
momentum  center  of  particle.  A  time-marching  scheme  for  Eq.(2)  may  be 

tin+1  =  un  +  AtH  +  At/p 


(5) 
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where  H  contains  the  all  other  terms  in  Eq.(2)  and  At  is  the  time-increment. 
Suppose  that  un+1  is  equal  to  (1  -  a)u /  +  aup  at  (n  +  l)-th  time-step  and 
also  that  H  is  much  smaller  than  fp  at  the  inereface  grid.  We  can  derive 

fp  =  a  ( Up  -  u)  /At .  (6) 


Thus  fp  is  interpreted  as  a  particle  force  on  the  fluid  at  the  interface  grid. 
Equation  (2)  automatically  reverts  to  the  equation  of  fluid  motion  in  the 
region  a  =  0.  This  approach  is  similar  to  the  fortified  solution  algorithm 
(Fujii,  1995)  used  in  the  data  exchange  between  grid  systems  in  different 
zones  for  single-phase  flow. 

Equations  for  momentum  and  angular  momentum  of  each  particle  are 


dt 

MJp  •  <«>?)  . 

dt 


-JvhiV  +  Gt 
jyrX  fp^  +  TV 


(7) 

(8) 


where  mp  denotes  the  mass,  Ip  the  inertia  tensor,  VP  the  volume  of  particle. 
Gp  and  Tv  represent  the  external  force  and  the  external  moment,  respec¬ 
tively.  Particles  are  tracked  in  Lagrangian  frame  of  reference  without  any 
models  for  drag  force,  lift  force,  memory  effect  and  so  on. 

In  our  DNS,  the  particle  scale  Dp  is  several  times  larger  than  the  width 
of  computational  grid  A,  as  shown  in  Fig.  1(a).  The  particle  surface  is  as¬ 
sumed  to  be  plane  in  the  cell  as  shown  in  Fig.  1(b),  allowing  us  an  efficient 
evaluation  of  a.  The  over  estimation  in  total  volume  was  less  than  2%  for 
sphere  of  Dp/ A  =  8,  for  example. 

The  staggered  arrangement  of  variables  is  adopted  for  the  fluid  motion. 
The  spatial  derivative  is  approximated  by  the  forth-order  consistent  scheme 
(Kajishima  et  al.,  1998).  The  basic  equations,  Eqs.(l)  and  (2),  are  spatially 
discretized  as 


Sx^Ui  —  0 ,  (9) 


(a)  Grid  (b)  Typical  patterns  of  interface  cell 


Figure  1.  Computational  grid  and  particle 
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The  finite-difference  and  interpolation  are  represented  as  the  forth-order 
central  schemes: 

4/1,  =  (/,_!  -  27/v_i  +  27/, +  1  -  /i+|)/24Ax,  (11) 

A  =  (-/,-|  +  9/,-J  +  2/,+  i  -  /i+f)/16.  (12) 

We  proved  the  reliability  of  this  method  by  applying  it  to  the  turbulent 
channel  flow  (Kajishima  et  al.,  1998). 

The  time-marching  procedure  is  the  fractional-step  method  based  on 
the  2nd-order  Adams-Bashforth  method.  It  is  summarized  as  follows: 

1.  The  fractional-step  velocity  is  obtained  as 

u  =  un  +  At(3if”  -  if”-1)/2 ,  (13) 

where  Hu  =  -u  •  Vu  +  i/V2u  +  g. 

2.  The  Poisson  equation  for  pressure  P  =  p/p 

V2Pn+1  =  (V-u)/At.  (14) 

is  solved  by  the  residual  cutting  method (Tamura  et  al.,  1997). 

3.  To  satisfy  the  continuity  equation,  the  flow  field  is  corrected  as 

u  =  u  -  A tVPn+1  .  (15) 

4.  The  interaction  force  is  evaluated  as 

fP  =  aiup  ~  u)/j\t  (16) 

and  the  time  marching  is  completed  by 

ttn+1  =  u  +  Atfp .  (17) 

5.  The  velocity  and  angular  velocity  of  a  particle  at  the  new  step  are 
obtained  as 


vnp+1  =  v;  +  A<(3if”  -  Hnv~l)/2 ,  (18) 

u>"+1  =u>;  +  Af(3if”  -  HZ-1)/ 2 .  (19) 

(Refer  to  Eqs.(7),(8)  for  Hv  and  Hw.) 

6.  The  location  of  a  particle  is  moved  by 

*p+1  =  *p  +  A  f  («”  +  «p+1  )/2 .  (20) 

Then  the  velocity  u  inside  the  particle  (|sc  -  xp\  <  Dp/ 2  and  a  =  1) 
is  replaced  by  u”+1  =  r”+1  +rx  u>”+1. 
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Figure  2.  Drag  coefficient  of  a  sphere  fixed  in  a  uniform  stream 


Figure  3.  Instantaneous  flow  around  a  sphere  particle  at  Re  =400 


3.  Results  and  Discussion 

3.1.  ENERGY  BUDGET  AROUND  A  SPHERE 

The  three-dimensional  flow  around  a  sphere  fixed  in  a  uniform  stream 
is  simulated.  The  computational  grid  is  cubic  of  the  width  A.  In  our  prior 
work  (Takiguchi  et  al.,  1999),  three  steps  of  grid  resolution,  Dp/ A  =11,  8 
and  5  were  examined  where  Dp  denotes  the  particle  diameter.  Finer  cases 
Dp/ A  =11  and  8  reproduced  wavy  wake  for  Re  >  130  as  well  as  vortex  shed¬ 
ding  for  Re  >  300  (Sakamoto  and  Haniu,  1990).  Coarser  case  Dp/ A  =5, 
however,  could  not  reproduce  the  unsteady  flow  in  high  Reynolds  number 
region.  Thus  the  desirable  resolution  of  grid  is  Dp/ A  >8  for  our  analy¬ 
sis.  Figure  2  shows  the  drag  coefficient  Cd  obtained  by  the  grid  resolution 
Dp/ A  =10.  Our  numerical  result  agrees  acceptably  with  experimental  data 
(White,  1991)  up  to  the  Reynolds  number  600. 

Figure  3  shows  an  instantaneous  flow  around  a  sphere  at  Reynolds  num¬ 
ber  400  visualized  by  the  iso-surfaces  of  V2p.  Hairpin-like  vortices  as  shown 
in  Fig.3  are  shed  intermittently.  Details  have  been  reported  in  Takiguchi  et 
al.(1999). 
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Figure  4 •  Kinetic  energy  budget  around  a  sphere  (Re  =  400) 


(a)  Time-averaged  flow  (Max.=0.8)  (b)  Vortex  shedding  (Max. =0.01) 


Figure  5.  Energy  dissipation  in  flow  around  a  sphere  at  Re  =  400 


The  smallest  scale  turbulence  to  be  accounted  for  in  modeling  of  particle- 
laden  flows  are  eddies  due  to  particle  motion.  To  evaluate  the  energy  budget 
around  a  particle,  we  obtained  the  time  averaged  flow  field  at  Re  =  400 
by  an  improved  grid  resolution  Dvj A  =  16.  The  time  averaged  budget  of 
mean  flow  energy  K  =  u(ui/ 2  is 


i  duidui  - —dui  . 

-  +  U:Ui— - (-  diffusion 

3  dxj 


Re  dxj  dxj 


(21) 


where  Fp  is  a  time-averaged  drag  force  and  U  is  the  uniform  stream.  The 
right  hand  side  consists  of  the  dissipation  by  time-averaged  flow  and  energy 
transfer  to  turbulence.  The  budget  of  turbulence  energy  k  =  on  the 

other  hand,  is 


_  dk 
Ujdxj 


-TT^Ui 
U'U*  dxj 


1  du\  du\ 
Re  dxj  dxj  + 


diffusion  = 


0. 


(22) 


Main  terms  represent  convection,  production  and  dissipation,  respectively. 

Figure  4  shows  the  profiles  of  Eqs.(21)  and  (22)  averaged  in  the  cross 
section  perpendicular  to  the  main  stream.  Distributions  of  dissipation  rate 
are  also  shown  in  Fig. 5.  Particle-induced  energy  FPU  is  dissipated  in  the 
high-shear  region  close  to  the  particle  as  shown  in  Fig.5(a).  Integration  of 
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(a)  Side  view 


(b)  Top  view 


Figure  6.  Flow  field  including  40  particles  falling  down  at  Re  =  380  (iso-surface  of  V2p) 


the  dissipation  in  Eq.(21)  in  the  whole  domain  is  about  80%  of  supply. 
Whether  this  portion  should  be  included  in  grid  scale  or  subgrid  scale  de¬ 
pends  on  the  grid  width  of  LES.  The  residual  of  energy  is  transferred  into 
the  turbulence  component  in  the  wake  region,  mainly  in  0  <  x/Dp  <  5  as 
shown  in  Fig.4(a).  It  indicates  that  at  least  20%  of  particle-induced  energy 
should  be  accounted  for  the  production  in  SGS  energy.  It  is  dissipated  in 
the  downstream  of  the  particle  as  shown  in  Fig.5(b).  However,  the  SGS 
energy  due  to  the  vortex  shedding  is  not  in  locally  equilibrium  as  shown  in 
Fig.4(b).  The  residual  is  transformed  to  far  downstream. 

3.2.  MODULATION  IN  PARTICLE-LADEN  TURBULENCE 

3.2.1.  Case  A:  Homogeneous  Turbulence  with  Particle  Clusters 

For  the  first  application  of  our  method  to  particle-laden  turbulence,  we 
simulated  a  homogeneous  flow  field  in  which  particles  are  falling  down  by 
gravity.  The  computational  grid  for  fluid  flow  is  cubic.  The  numbers  of 
them  are  256  in  vertical  direction  and  128  in  horizontal  directions.  Periodic 
boundary  condition  is  assumed  in  each  direction.  The  number  of  loaded 
particles  is  40.  They  are  rigid  spheres.  The  ratio  between  particle-diameter 
and  grid-width  is  8.  The  particle-particle  collisions  are  assumed  to  be  elas¬ 
tic.  As  the  volumetric  fraction  of  particles  is  0.25%,  we  guess  the  influence 
of  collision  is  not  important.  The  density  ratio  between  solid  particle  and 
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Figure  7.  Energy  spectra  of  particle-laden  turbulence 


fluid  has  been  adjusted  so  that  the  mean  Reynolds  number  is  about  400. 

Figure  6  shows  an  instantaneous  flow  field  visualized  by  V2p  iso-surfaces. 
Each  particle  sheds  hair-pin  like  vortices.  The  fluid  drag  on  a  particle  in 
the  wake  of  other  particles  is  smaller  than  the  gravity.  So  some  particles 
tend  to  approach  ones  in  under  side,  resulting  in  the  formation  of  particle 
clusters.  At  the  moment  shown  in  Fig.6,  4~5  clusters  are  observed.  Figure 
7(a)  shows  the  energy  spectrum  of  fluid  turbulence  caused  by  the  particle. 
A  local  maximum  is  observed  at  the  wavenumber  corresponding  to  the  par¬ 
ticle  diameter,  kv  =  10.  The  dominant  part  of  energy,  however,  is  in  the 
scale  of  lower  wavenumber.  The  wavenumber  range  of  it  is  corresponding 
to  the  horizontal  spacing  of  clusters  as  shown  in  Fig.6(b). 

3.2.2.  Case  B:  Homogeneous  Turbulence  without  Particle  Clusters 

To  consider  the  influence  of  particle  spacing  on  the  background  turbu¬ 
lence,  relative  position  between  particles  are  fixed  in  this  setup.  Particles 
are  arranged  in  a  horizontal  matrix  and  moved  down  by  a  constant  ve¬ 
locity  in  a  homogeneous  turbulence.  The  particle  Reynolds  number  is  300. 
The  background  turbulence  is  kept  statistically  steady  by  random  forcing 
(Eswaran  and  Pope,  1988).  The  fluid  turbulence  is  directly  simulated  by 
1283  cubic  grids.  The  number  of  particles  is  4x4  in  one  periodic  domain. 
The  ratio  between  particle-diameter  and  grid-width  is  8. 

Figure  7(b)  compares  energy  spectra  between  single-phase  turbulence 
and  modulated  one.  The  wavenumbers  corresponding  to  the  particle  spac¬ 
ing,  km  for  m  pitches,  as  well  as  kp  for  the  particle  diameter  are  indicated 
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in  the  figure.  The  energy  is  reduced  by  the  particles  in  the  wavenumber  re¬ 
gion  lower  than  ki  ~  k$,  while  it  is  increased  in  higher  wavenumber  region. 
Thus  the  turbulence  is  modulated  to  be  more  dissipative.  The  Reynolds 
number  of  particle-laden  turbulence  is  Re(=  k2/su)  =  970,  which  is  lower 
than  Re  =  1440  of  single  phase  turbulence.  Though  an  additional  energy 
was  supplied  through  the  vortex  shedding,  array  of  wake  divide  background 
eddies  into  smaller  ones  than  the  particle  spacing.  The  reduction  in  length 
scale  due  to  wakes  made  turbulence  more  dissipative. 


4.  Conclusions 


We  have  shown  the  energy  budget  around  a  sphere  particle  and  turbulence 
modulation  by  particles  by  means  of  newly  developed  method  for  DNS. 
Non-equilibrium  feature  was  pointed  out  in  the  wake  of  sphere  with  vortex 
shedding.  The  vortex  shedding  form  each  particle  as  well  as  wakes  of  particle 
clusters  supplied  additional  energy  into  fluid  turbulence.  But  the  length 
scale  of  turbulence  was  reduced  due  to  the  array  of  wake  when  particles  did 
not  form  the  larger  structures  such  as  clusters,  resulting  in  more  dissipative 
turbulence. 

On  the  basis  of  these  observations,  we  consider  the  large-eddy  simulation 
for  particle-laden  turbulence.  The  filtered  Navier-Stokes  equation  with  SGS 
eddy  viscosity  model  is 


dui  _  dui 
dt  dxj 


i  dp, 

pdxi 


0^7 [2(y  +  +  gi  +  y^J  FPi , 


(23) 


where  Fv  is  the  force  due  to  particles  in  the  computational  cell,  vs  the  SGS 
eddy  viscosity,  S,j  =  ( dUi/dxj  +  duj/dxi)/ 2  the  rate  of  strain  of  the  re¬ 
solved  flow.  The  particle  diameter  is  supposed  to  be  much  smaller  than  the 
computational  cell  in  an  actual  LES  for  engineering  application.  Consider¬ 
ing  the  non-equilibrium  in  particle-induced  eddies  as  described  in  Sec.3.1, 
a  one-equation  model  for  SGS  kinetic  energy  is  appropriate  for  LES  of 
particle-laden  turbulence,  especially  with  vortex  shedding.  The  statistically- 
derived  equation  for  SGS  energy  ks  (Yoshizawa  and  Horiuti,  1985)  could 
be  modified  as 


dks  _  dks 
dt  Uj  dxj 


,3/2  o 

-**,*,  + ft + 


(Chi's  +  v) 


dks 

dxj. 


where  us  =  CvAy/ks  is  the  SGS  eddy  viscosity,  A  the  filter  length.  C„, 
Ce  and  Ck  are  non-dimensional  constants.  Based  on  the  energy  budget 
shown  in  Sec.3.1,  SGS  portion  of  particle-induced  turbulence  energy  could 
be  modeled  as 


Ps  =  0.2/!  J2  UiFpi. 


(25) 


(i(j? 
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In  addition,  the  length  scale  in  dissipation  rate  term  should  be  modified 
as  A'  =  /2A  to  represent  the  change  in  length  scale  suggested  in  Sec.3.2. 
The  modification  in  energy  transfer  from  resolved  scale  to  subgrid  scale 
(2vsSijSij)  is  then  realized  through  the  change  in  z/5.  The  functions  /i(<  1) 
and  /2(<  1)  depend  on  the  strength  of  vortex  shedding,  or  particle  Reynolds 
number.  We  need  further  DNS  to  evaluate  them. 
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Abstract.  The  suitability  of  spectral//ip  elements  for  large  eddy  simula¬ 
tion  (LES)  and  the  performance  of  the  Smagorinsky  eddy-viscosity  model 
are  investigated.  The  two-dimensional  spectral/hp  elements  discretisation 
of  Sherwin  &  Karniadakis  (1995)  is  applied  with  a  Fourier  series  expan¬ 
sion  in  the  third  direction.  Muschinski’s  (1996)  concept  of  an  LES-fluid 
is  tested  through  numerical  experiments  by  considering  isotropic  turbu¬ 
lence  decay  at  an  initial  Reynolds  number  Re\  —  245  and  cylinder  flow  at 
Re  =  3900.  Considering  the  Smagorinsky  length  scale,  t]les  =  csA,  as  the 
LES-fluid  counterpart  of  Kolmogorov’s  dissipation  length  scale,  it  is  shown 
that  for  a  Smagorinsky  length  scale  larger  than  the  implicit  (or  explicit) 
filter  width,  the  subfilter  model  damps  motions  smaller  than  tjles •  If  the  fil¬ 
ter  width  is  larger  than  i iles,  then  the  numerical  discretisation  determines 
the  length  scale  of  the  model.  This  is  often  associated  with  a  reduction  of 
the  Smagorinsky  length  scale  in  the  wall  region  of  channel  flow  simulations. 

It  is  concluded  that  the  spectral  element  method  may  be  successfully 
applied  to  LES,  if  the  filter  width  is  not  based  just  on  the  grid  size,  but 
rather  on  the  grid  size  and  polynomial  order  of  the  expansion  basis  used. 
A  new  definition  of  the  filter  width  is  proposed  and  tested,  which  is  depen¬ 
dent  on  the  polynomial  order  as  well  as  the  the  cell  dimensions.  It  is  shown 
that  spectral  elements  may  then  be  used  in  LES  in  an  manner  equivalent 
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to  any  other  discretisation.  The  added  advantage  of  the  method  lies  in  the 
unstructured  nature  of  the  mesh,  which  allows  flexibility  in  simulating  com¬ 
plex  geometries,  and  the  arbitrary  nature  of  the  order  of  the  discretisation. 


1.  Introduction 

The  main  areas  of  research  in  LES  have  been  the  definition  and  simula¬ 
tion  of  the  large  scales,  and  the  modelling  techniques  of  the  small  scales. 
For  the  latter,  various  techniques  have  been  proposed,  with  the  majority  of 
the  models  using  the  eddy-viscosity  hypothesis.  The  most  common  model 
is  the  Smagorinsky  model,  and  this  is  the  one  also  adopted  in  this  work. 
For  the  simulation  of  the  large  scales,  finite-volume/finite-difference  and 
global  spectral  methods  have  traditionally  been  used.  Spectral  methods  are 
very  accurate,  but  cannot  usually  cope  with  complex  geometries.  Finite- 
volume/finite-difference  schemes  are  low-order  methods  that  are  capable 
of  efficiently  handling  complex  geometries.  Most  of  these  discretisations, 
have  been  based  upon  structured  meshes,  where  the  separation  of  the  large 
from  the  small  scales  (a  procedure  defined  as  filtering)  is  normally  associ¬ 
ated  with  the  convolution  of  the  velocity  field  field  with  a  filter  function 
in  Fourier  space.  As  more  and  more  complex  geometries  are  simulated,  the 
use  of  numerical  discretisations  that  are  efficient  and  flexible  in  complex  ge¬ 
ometries  is  important.  Dailey  et  al.  (1998),  Knight  et  al.  (1998)  and  Jansen 
(1995)  have  faced  this  challenge  using  finite- volume  and  finite  elements. 
Recent  work,  though,  by  Ghosal  (1995),  Blaisdell  et  al.  (1995),  Kravchenko 
&  Moin  (1997)  indicate  a  considerable  effect  of  the  truncation  and  aliasing 
error  on  low-order  simulations,  and  advocate  the  use  of  high-order  schemes. 

Unstructured  spectral/fip  element  method  (Sherwin  &  Karniadakis  1995, 
Warburton  1999)  is  a  high-order  scheme  with  the  capability  of  efficient  dis¬ 
cretisation  of  complex  geometries.  The  fundamental  concept  consists  of 
discretising  the  computational  domain  with  triangular  cells,  and  approx¬ 
imating  the  solution  within  each  cell  using  a  series  of  polynomials  (ex¬ 
pansion  basis),  the  order  of  which  may  be  chosen  arbitrarily.  Convergence 
may,  therefore,  be  achieved  either  by  increasing  the  number  of  cells,  or  by 
increasing  the  order  of  polynomials. 

The  aim  of  this  paper  is  to  investigate  the  applicability  of  the  unstruc¬ 
tured  spectral  element  method  in  LES.  A  2-dimensional  spectral  element 
discretisation  using  triangular  subdomains  is  applied,  extended  in  the  third 
direction  with  Fourier  series.  The  time-stepping  scheme  is  based  on  the 
splitting  scheme  of  Karniadakis  et  al.  (1991),  extended  to  account  for  the 
variable  viscosity  introduced  by  the  Smagorinsky  model  (Karamanos  & 
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Sherwin  1998).  Using  the  Smagorinsky  model,  the  paper  will  focus  on  the 
implementation  of  the  model  within  this  numerical  scheme,  investigating 
the  effect  of  the  polynomial  order,  and  proposing  a  new  definition  for  the 
model  length  scale,  based  on  the  element  size  and  polynomial  order. 

The  paper  focuses  on  the  definition  of  a  Smagorinsky  length  scale  as  a 
function  of  cell  size  and  polynomial  order  for  a  triangular  high-order  cell, 
and  the  evaluation  of  the  Smagorinsky  eddy-viscosity  model  and  its  filtering 
capabilities  under  different  flow  conditions. 


2.  Definitions 


The  theory  of  LES  has  been  well  described  in  the  reviews  of  Rogallo  & 
Moin  (1984),  Ciofalo  (1994),  Lesieur  &  Metais  (1996),  among  others.  It 
is  important,  though,  to  stress  the  distinction  between  subfilter,  subgrid, 
filtered  and  resolved  scales.  A  subgrid  motion  is  one  which  is  smaller  than 
the  grid  size,  while  a  subfilter  scale  (SFS)  motion  is  one  removed  by  a  filter 
(implicit  or  explicit).  If  the  filter  width  is  equal  to  the  mesh  width,  then  the 
subfilter  and  subgrid  scales  are  the  same.  It  follows  that  a  resolved  motion 
is  one  resolved  by  the  numerical  discretisation,  while  a  filtered  motion  is 
a  motion  remaining  from  filtering  of  the  resolved  motions.  With  a  high- 
order  scheme,  subgrid  and  subfilter  scales  are  therefore  different,  with  the 
SFS  model  representing  the  subfilter  scales  and  not  the  subgrid  scales. 
Filtering  the  Navier-Stokes  equations,  the  equations  of  motion  for  a  large 
eddy  simulation  may  be  derived  as 


djuj)  „  d(uj)  d(ujUj) 
dx{  ’  dt  dxj 


dp  d 

dxi  dx{ 


{v  +  va) 


The  term  vs  represents  the  Smagorinsky  eddy-viscosity  model,  defined  as 
vs  =  l\  |  S  |,  where  |  S  |=  (25Ij5ty)1/2  is  the  magnitude  of  the  filtered 
strain-rate  tensor.  ls  is  a  length  scale,  called  Smagorinsky  length  scale  or 
subfilter  length  scale.  It  is  equal  to  ls  =  cs A,  where  cs  is  a  constant,  called 
the  Smagorinsky  constant ,  and  A  is  the  filter  width.  Deardorff  (1970)  sug¬ 
gested  A  =  (A^AyAj)1^3,  where  Ax,Ay,  A2  are  the  filter  widths  in  each 
direction.  For  spectral  elements  with  triangles,  the  filter  width  A  has  to  be 
redefined  to  consider  the  triangular  high-order  nature  of  the  cell.  Accord¬ 
ing  to  Gottlieb  &  Orszag  (1977),  the  polynomial  order,  P,  and  the  resolved 
half-wave  number,  k,  are  related  by  P  =  kir.  A  new  definition  of  A  is  thus 
proposed,  based  on  the  area  of  the  triangle,  A ,  and  the  grid  spacing,  A z, 
in  the  Fourier  direction,  of  the  form 
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In  the  literature,  cs  varies  between  0.065  and  0.23,  depending  on  the 
numerical  discretisation,  the  definition  of  A  and  the  flow  conditions.  There 
is  currently  no  optimum  value  or  relationship  for  the  length  scale  ls  =  cs A. 
Muschinski  (1996)  proposed  an  elementary  physical  picture  of  the  definition 
of  ls.  The  ideas  provide  a  rational  basis  for  the  determination  of  an  optimum 
value  of  cs.  Muschinski  (1996)  argues  that  the  LES  equations,  in  essence, 
describe  a  non-Newtonian  Smagorinsky  fluid,  called  ‘Smagorinsky  fluid’  or 
an  ‘LES-fluid’,  in  which  the  viscosity  is  proportional  to  a  deformation  tensor 
amplitude,  i.e.  vles  =  |  S  |.  He  shows  that  the  length  scale,  ls  =  tiles, 

is  the  equivalent  Kolmogorov  dissipation  length  scale  tj  =  .  Assuming 

an  isotropic  turbulent  flow  at  a  high  Reynolds  number,  a  Kolmogorov- 
type  similarity  theory  is  put  forward,  leading  to  a  turbulent  kinetic  energy 
spectrum  of  the  form 

E{k)  =  QLEs{cs)i~2/3k~5/3fLEs(x,  cs),  (3) 

where  chles  is  an  LES-generated  Kolmogorov  coefficient  and  is  a  function 
of  cs.  Jles  is  a  dimensionless  function  of  the  dimensionless  wave  number, 
x  =  kls,  and  specifies  an  effective  spatial  filter.  For  large  c4,  the  asymptote 
of  / les  is  physically  the  Smagorinsky-fluid  counterpart  of  Kolmogorov’s 
damping-function,  f{x),  which  describes  the  drop-off  of  the  turbulence  ki¬ 
netic  energy  spectrum  at  wave  numbers  in  the  vicinity  of  77-1.  The  value  of 
ca  also  controls  the  ratio  of  the  SFS  length  scale,  /4,  to  the  resolved  length 
scale  of  the  numerical  discretisation.  Large  c4  imply  that  the  effective  spa¬ 
tial  filter  is  determined  by  the  model,  while  a  small  c4  implies  that  the 
numerical  resolution  determines  the  spatial  filter. 

It  will  be  shown  that,  by  matching  ls  with  standard  values  from  the 
literature,  even  if  the  cell  size  and  discretisation  are  different,  similar  be¬ 
haviour  is  obtained  as  suggested  by  the  theory  of  homogeneous  turbulence 
(Batchelor,  1967).  Also,  for  l„  greater  than  the  discretisation  length  scale, 
the  SFS  model  acts  as  a  filter. 

3.  Test  Cases 

3.1.  ISOTROPIC  TURBULENCE  DECAY 

The  theory  of  homogeneous  turbulence  has  been  well  summarised  by  Lesieur 
(1995)  and  Batchelor  (1967).  The  simplest  possible  case  is  a  cubic  box  of 
sides,  L  =  1,  with  periodic  boundary  conditions.  The  flow  is  isotropic  and 
fully  turbulent,  decaying  over  time.  According  to  Batchelor  (1967),  if  a 
power-law  decay  of  kinetic  energy  for  each  velocity  component,  oc  t~n, 
is  assumed  with  n  an  integer,  then  the  Taylor  microscale  A  is  given  by 
A2  =  If  the  value  of  n  =  1.2  is  considered  (Saffman  1967),  then 


LES  USING  UNSTRUCTURED  SPECTRAL  ELEMENTS 


5 


Figure  1.  Mesh  in  the  spectral  element  plane. 


q2  =  \u2  <x  t  1,2  and  A2  =  10i4.  It  follows  that  the  Reynolds  number, 

Re\  —  i  should  decrease  with  time  as  Rex  <x  t~01,  and  as  a  conse¬ 
quence  of  the  isotropy,  3%u2  =  q2.  Also,  Re\  in  each  direction  and  the 
power  spectral  densities  of  each  velocity  component  against  wave  number 
should  be  equal  to  each  other.  This  is,  therefore,  a  good  test  of  the  effect 
of  the  triangular  shape  of  the  cells  on  the  isotropy  of  the  flow.  The  ini¬ 
tial  properties  of  the  flow  are  isotropic,  therefore,  any  anisotropy  developed 
during  the  simulation  will  most  likely  be  due  to  the  triangular  shape  of  the 
cells. 

Experimental  data  for  grid  turbulence  decay  by  Comte- Bellot  &  Corrsin 
(1971)  is  used  for  setting  the  initial  conditions,  using  the  computer  program 
of  J.H.  Morrison  (1998).  The  objective  of  the  simulations  is  to  calibrate  the 
Smagorinsky  length  scale  ls  =  ca A,  by  ensuring  the  SFS  model  dissipates 
enough  energy  for  the  turbulent  kinetic  energy  decay  rate  to  be  n  «  —1.2. 
The  filtering  and  resolution  capabilities  of  the  spectral  element  discretisa¬ 
tion  and  its  interaction  with  the  SFS  model  are  also  evaluated. 

A  Smagorinsky  coefficient  is  considered  for  the  mesh  of  Figure  1,  with  a 
polynomial  order  P=ll.  The  resolution  is  equivalent  to  having  16  Fourier 
modes  resolved,  according  to  equation,  P  =  kn,  discussed  earlier.  In  the 
classical  LES  theory,  Lilly  (1967)  defined  the  Smagorinsky  length  scale  as 
Vles  =  h  =  where  cf  is  the  value  suggested  by  Lilly’s  (1967)  theory 

(cj  =  0.165)  for  a  filter  width  AL  =  based  on  the  grid  spacing  for  a 
structured  grid  of  32  points.  Under  the  current  numerical  scheme,  the  filter 
width,  A,  is  defined  according  to  equation  (2),  so  if  cf  were  used,  then  tiles 


turbulence  kinetic  energy 
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Case 

P 

c.  =  Rlhs. 
c3  -  A 

qLEs/L 

1 

11 

0.196 

5.156  x  10~3 

2 

11 

0.237 

6.25  x  1CT3 

3 

11 

0.303 

7.974  x  10-3 

4 

9 

0.196 

6.589  x  10-3 

5 

7 

0.129 

5.156  x  ltr3 

6 

4 

0.089 

5.156  x  10-3 

TABLE  1.  Summary  of  simulations. 


would  be  different  from  that  used  by  Lilly  (1967).  In  order  for  the  Smagorin- 
sky  model  to  behave  in  a  similar  manner  to  the  traditional  structured-grid- 
low-order  schemes,  the  same  Smagorinsky  length  scale  has  to  be  used, 


Figure  2.  Turbulence  kinetic  energy  decay:Left:  solid  line,  Case  1;  dashed  line,  Case  2; 
dash  dot  line,  Case  3.  Right:  solid  line,  Case  1;  dashed  line,  Case  4;  dotted  line,  Case  5; 
dash  dot  line,  Case  6. 

which  can  only  be  done  by  modifying  the  Smagorinsky  constant  cs.  A  new 
value  is  therefore  proposed,  derived  from  the  equality  cs A  =  cf' AL,  produc¬ 
ing  cs  =  0.196  for  P  =  11.  This  value  is  valid  if  the  Kolmogorov  constant 
is  a  =  1.6.  If  a  =  1.5  is  assumed,  then  cf"  =  0.202  and  cs  —  0.237. 

Six  test  cases  are  studied  (Table  1),  with  varying  polynomial  order  and 
SFS  length  scales.  All  the  simulations  ran  for  20  large  eddy  turnover  times, 
starting  from  the  same  velocity  field.  Figure  2  shows  the  decay  of  the  tur¬ 
bulent  kinetic  energy.  At  the  initial  development  time,  Case  3  is  excessively 
dissipative,  while  Cases  1  and  2  retain  approximately  a  decay  rate  of  - 
1.2,  indicating  the  correct  model  dissipation.  It  is  clear,  also,  that  the 
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Figure  3.  Evolution  with  time  (top  to  bottom  line)  of  energy  spectra  Euu  v.s.  kx  (left), 
Eww  v.s.  kz  (right):  Top  set:  Case  2;  Middle  set:  Case  3;  Bottom  set:  Case  6. 


resolved-scale  energy  decreases  as  ca  increases,  as  expected.  With  the  reso¬ 
lution  reduced,  as  in  Case  4,  and  the  Smagorinsky  coefficient  fixed  (i.e.  an 
increase  in  the  Smagorinsky  length),  the  energy  decay  will  increase.  How¬ 
ever,  if  the  resolution  is  decreased  with  the  Smagorinsky  length  scale  fixed, 
then  less  energy  is  dissipated,  (Figure  2,  Case  5),  due  to  fewer  energy  car¬ 
rying  wave  numbers  being  resolved.  Case  6  is  different.  The  resolution  has 
been  reduced  to  very  low  levels,  that  are  not  fine  enough  to  give  a  correct 
behaviour,  so  the  results  of  this  case  should  be  treated  with  caution.  Power 
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spectral  density  plots  will  also  show  that  this  case  is  also  affected  by  alias¬ 
ing.  Due  to  fewer  wave  numbers  being  captured,  the  subfilter  dissipation  is 
lower,  resulting  to  a  lower  rate  of  energy  decay.  Later  in  the  simulation,  the 
behaviour  of  the  energy  curve  reaches  levels  comparable  to  the  other  simu¬ 
lations,  probably  due  to  the  length  scales  having  increased,  and  becoming 
comparable  to  the  discretisation  length  scales.  Another  explanation  may 
be  that  aliasing  increases  the  energy  in  the  high  wave  numbers.  Combined 
with  a  gradual  decrease  in  the  energy  of  the  low  wave  numbers  due  to 
dissipation,  this  leads  to  a  lower  rate  of  decay  of  the  energy. 

Figure  3  shows  the  development  of  the  one  dimensional  power  spectral 
densities  with  time.  On  the  left,  the  energy  spectra  as  calculated  in  the 
spectral  element  plane  are  plotted,  while  on  the  right,  the  energy  spectra 
as  calculated  on  the  y-z  plane.  Case  3  has  a  higher  Smagorinsky  coefficient, 
and  it  is  clear  that  the  higher  wave  numbers  decay  in  a  smoother  manner 
than,  say,  Case  2  which  has  a  lower  Smagorinsky  length  scale.  Also,  the 
higher  wave  numbers  have  a  higher  reduction  of  energy  with  increasing 
Smagorinsky  length  scale  due  to  the  higher  dissipation  inherent  in  the  use 
of  the  larger  Smagorinsky  length  scale.  As  the  resolution  in  the  spectral 
element  plane  is  reduced,  the  high  wave  numbers  are  polluted  and  aliasing 
appears,  especially  with  Case  6.  Wave  number  6  is  the  largest  wave  number 
correctly  resolved  in  Case  6,  while  the  Smagorinsky  length  scale  corresponds 
to  a  wave  number  of  16.  Therefore,  the  Smagorinsky  model  neither  filters 
nor  damps  any  motions  below  the  discretisation  scale,  which  is  probably 
one  of  the  reasons  for  aliasing  and  incorrect  behaviour  of  the  decay. 


Figure  4 ■  Mesh  used  on  cylinder  simulations:  Left,  full  domain;  Right,  near  the  cylinder. 


3.2.  CYLINDER  FLOW  AT  RE  =  3900. 

LES,  using  the  Smagorinsky  coefficients  derived  from  the  isotropic  tur¬ 
bulence  decay,  and  channel  flow  simulations  (Karamanos  1999)  are  pre¬ 
sented,  using  the  mesh  shown  in  Figure  4.  Three  cases  are  tested:  Case  1, 
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without  any  SFS  model  (simulation  provided  by  Ma,  1998);  Case  2,  using 
the  Smagorinsky  coefficient  derived  from  channel  flow  simulations  (Kara- 
manos  1999),  cs  =  0.032,  based  on  the  Moin  &  Kim  (1981)  simulation;  and 
Case  3,  using  the  Smagorinsky  coefficient  of  isotropic  turbulence  decay,  i.e. 
cs  =  0.196.  Over  a  computational  domain  of  40  by  20  by  1.57T,  902  ele¬ 
ments  are  used  with  a  polynomial  order,  P  =  8,  and  32  Fourier  modes,  i.e. 


Figure  5.  Top  SetsTime  Averaged  streamwise  velocity.  Left:  Top,  x/D  =  1.06;  Middle, 
x/D  =  1.54;  Bottom,  x/D  =  2.02.  Right:  Top,  x/D  =  4;  Middle,  x/D  =  7;  Bottom, 
x/D  =  10.0.  Bottom  Set:  Turbulence  Intensities  of  streamwise  velocity.  Left:  Top, 
x/D  =  1.06;  Middle,  x/D  =  1.54;  Bottom,  x/D  =  2.02.  Right:  Top,  x/D  =  4;  Middle, 
x/D  =  7;  Bottom,  x/D  =  10.0.  Dotted  lines,  Case  1;  dashed  line,  Case  2;  solid  line,  Case 
3;  circles,  Ong  &  Wallace  (1996);  squares,  Lourenco  &  Shih  (1993). 

64  Fourier  planes,  in  the  spanwise  direction.  De-aliasing  is  applied  using 
the  3/2  rule,  and  the  Panton  (1997)  wall  damping  function  is  used  in  the 
near- wall  region. 

Since  the  simulations  use  the  same  resolution,  any  difference  is  due  to 
the  effect  of  the  Smagorinsky  model.  The  velocity  profiles  (Figure  5)  indi- 
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cate  a  change  from  a  V  -type  profile  to  a  U  -type  profile  with  increasing 
cs  at  x/D  =  1.06,  while  further  away  from  the  cylinder,  Case  3  is  under¬ 
estimating  the  streamwise  velocity.  At  x/D  >  4,  the  average  velocities  are 
fairly  insensitive  to  the  subfilter  scale  model.  At  x/D  =  1.06,  the  turbulence 
intensities  are  lowered  with  increasing  cs.  This  indicates  a  relationship  be¬ 
tween  a  U- type  profile  and  reduced  turbulence  intensity.  An  extreme  case  is 
Case  3,  which  has  the  highest  dissipation,  lowest  turbulence  intensity  and  a 
clear  U- type  profile,  while  Case  2  is  an  intermediate  stage.  Case  1  has  a  V- 
type  profile,  with  the  highest  turbulence  intensity  and  the  least  dissipation. 
The  effect  of  the  SFS  model  is  decreasing  away  from  the  cylinder. 

4.  Conclusion 

Although  not  presented,  further  quantities  have  also  been  investigated,  such 
as  the  skewness,  flatness,  dissipation  rates  and  Taylor  microscales,  for  the 
isotropic  turbulence,  and  the  average  velocities  and  turbulence  intensities 
for  v,  and  energy  spectra,  among  others  for  the  cylinder  flow.  Together  with 
LES  performed  on  channel  flows,  at  Rer  =  180  and  640  (Karamanos  1999), 
they  provide  the  same  conclusions,  indicating  good  performance  of  the  new 
filter  width. 

-  Because  of  the  different  discretisation  scheme,  comparison  with  other 
Smagorinsky  constants  used  is  not  strictly  valid.  Instead,  comparisons 
should  be  made  between  Smagorinsky  length  scales  ca A,  which  deter¬ 
mines  the  energy  drain  from  the  resolved  scales.  The  older  definition 
of  the  Smagorinsky  length  scale  would  not  take  the  polynomial  order 
into  account.  A  new  definition  of  A  is  proposed,  based  on  polynomial 
order  and  cell  size.  Simulations  performed  with  the  new  length  scale 
showed  consistent  behaviour  of  the  model  with  the  established  SFS 
model  behaviour.  Increasing  or  decreasing  resolution  by  varying  the 
cell  size  or  the  polynomial  order  is  now  reflected  in  the  SFS  length 
scale. 

-  In  the  isotropic  turbulence  decay  flow,  an  insensitivity  of  the  turbu¬ 
lence  kinetic  energy  decay  and  resolved  dissipation  to  the  Smagorinsky 
length  scale  was  noted  after  long  time  integration,  also  observed  by 
Chasnov  &  Piomelli  (1996). 

-  The  Smagorinsky  eddy  viscosity  model  is  not  designed  to  improve  the 
properties  of  the  cylinder  flow.  It  is  considered,  though,  a  good  model 
in  order  to  understand  the  role  of  the  SFS  model  in  a  transitional 
flow.  The  effect  of  the  SFS  model  is  most  pronounced  in  the  x/D  < 

3  region,  with  the  near  wake  ( x/D  >  4)  not  drastically  influenced. 
Energy  spectra,  though  not  presented,  indicate  a  filtering  effect  of  the 
SFS  model,  which  is  consistent  with  Muschinski’s  (1996)  ideas,  and 
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the  energy  spectra  presented  in  the  isotropic  turbulence  decay  case. 

Overall,  it  is  concluded  that  the  spectral  element  method  may  successfully 
be  applied  to  LES,  using  the  established  LES  theory,  if  the  subfilter  length 
scale  is  not  based  just  on  the  grid  size,  but  rather  on  the  grid  size  and 
polynomial  order.  With  this  qualification,  spectral  elements  may  be  used 
in  LES  in  an  manner  equivalent  to  any  other  discretisation. 

The  authors  would  like  to  acknowledge  the  use  of  the  Imperial  College 
Computing  Centre,  and  the  Maui  High  Performance  Computing  Centre. 

References 

1.  G.K.  Batchelor  1967,  The  theory  of  homogeneous  turbulence,  Cambridge  University 
Press. 

2.  G.A.  Blaisdell,  E.T.  Spyropoulos  and  J.H.  Qin  1996,  The  effect  of  the  formulation  of 
non-linear  terms  on  aliasing  errors  in  spectral  methods,  Appl.  Numer.  Math.,  20:  62. 

3.  J.R.  Chasnov  and  U.  Piomelli  1996,  Large-Eddy  Simulations:  theory  and  appli¬ 
cations,  Turbulence  and  Transition  Modelling,  ed.  by  M.Hallback,  D.S.Henningson, 
A. V.  Johansson  find  P.H.Alfredsson,  Kluwer  Academic  Publishers. 

4.  M.  Ciofalo  1994,  Large- Eddy  Simulation:  a  critical  survey  of  models  and  applications, 
Advances  in  Heat  Transfer ,  25:  321. 

5.  G.  Comte-Bellot  and  S.  Corrsin  1971,  Simple  Eulerian  time  correlation  of  full-  and 
narrow-band  velocity  signals  in  grid-generated,  isotropic  turbulence,  Journal  of  Fluid 
Mechanics ,  48:  273. 

6.  L.D.  Dailey,  T.A.  Simons  and  R.H.  Pletcher,  1998,  Large  eddy  simulation  of 
isotropic  decaying  turbulence  with  structured  and  unstructured  grid  finite  methods, 
http://www.public.iastate.edu/  dailey /homepage. ht ml. 

7.  J.W.  Deardorff  1970,  A  numerical  study  of  three-dimensional  turbulent  channel  flow 
at  large  Reynolds  numbers,  Journal  of  Fluid  Mechanics ,  41(2):  453. 

8.  S.  Ghosal  1995,  Analysis  of  discretization  errors,  Centre  for  Turbulence  Research, 
Annual  Research  Briefs ,  NASA  Ames/  Stanford  University,  Centre  for  Turbulence 
Research. 

9.  D.  Gottlieb  and  S.A.  Orszag  1977,  Numerical  analysis  of  spectral  methods:  theory 
and  applications.  SIAM-CMBS,  Philadelphia. 

10.  P.  Moin  and  J.  Kim  1982,  Numerical  investigation  of  turbulent  channel  flow,  Journal 
of  Fluid  Mechanics ,  188:  341. 

11.  K.  Jansen  1996,  Large-Eddy  simulation  of  flow  around  a  NACA  4412  airfoil  using 
unstructured  grids,  Annual  Research  Briefs ,  NASA  Ames/  Stanford  University,  Center 
for  Turbulence  Research. 

12.  G-S  Karamanos  1999,  Large  Eddy  Simulation  using  Unstructured  Spectral /hp  Fi¬ 
nite  Elements,  Ph.D  thesis,  Imperial  College  of  Science  Technology  &  Medicine,  De¬ 
partment  of  Aeronautical  Engineering. 

13.  G-S  Karamanos  and  S.  J.  Sherwin  1998,  A  high-order  splitting  scheme  for  the  Navier- 
Stokes  equations  with  variable  viscosity,  Herzliya,  Israel. 

14.  G.E.  Kamiadakis,  M.  Israeli  and  S.A.  Orszag  1991,  High-order  splitting  methods 
for  incompressible  Navier-Stokes  equations,  J.  of  Comp .  Phys.,  97:  414. 

15.  D.  Knight,  G.  Zhou,  N.  Okong’o  and  V.  Shukla  1998,  Compressible  Large  Eddy 
Simulation  Using  Unstructured  Grid,  36th  Aerospace  Sciences  Meeting  and  Exhibit, 
AIAA  98-0535. 

16.  A.G.  Kravchenko  and  P.  Moin  1997,  On  the  effect  of  numerical  errors  in  LES  of 
turbulent  flows,  J.  of  Comp.  Phys.,  131:  310. 


12 


G-S  KARAMANOS  ET  AL. 


17.  M.  Lesieur  and  O.  Metais  1996,  New  trends  in  large-eddy  simulation,  Ann.  Rev. 
Fluid  Mech 28:  45. 

18.  D.K.  Lilly  1967,  The  representation  of  small-scale  turbulence  in  numerical  simu¬ 
lation  experiments,  Proc.  IBM  Scientific  Computing  Symposium  on  Environmental 
Sciences,  White  Plains,  N.Y.,  195. 

19.  X.  Ma  1998,  Brown  University,  Private  Communication. 

20.  J.H.  Morrison  1998,  NASA,  Private  Communication. 

21.  A.  Muschinski  1996,  A  similarity  theory  of  locally  homogeneous  and  isotropic  tur¬ 
bulence  generated  by  a  Smagorinsky-type  LES,  Journal  Fluid  Mechanics ,  325:  239. 

22.  R.L.  Panton  1997,  A  Reynolds  stress  function  for  wall  layers,  Journal  of  Fluids 
Engineering,  119:  325. 

23.  R.S.  Rogallo  1981,  Numerical  experiments  in  homogeneous  turbulence,  NASA  TM- 
81315. 

24.  P.G.  Saffman  1967,  The  large-scale  structure  of  homogeneous  turbulence,  Journal 
of  Fluid  Dynamics ,  27:  581. 

25.  P.G.  Saffman,  1967,  Note  on  decay  of  homogeneous  turbulence,  Phys.  Fluids ,  10: 
1349. 

26.  S.  J.  Sherwin  and  G.E.  Kamiadakis  1995,  A  Triangular  Spectral  Element  Method; 
Applications  to  the  Incompressible  Navier-  Stokes  Equation,  Comp.  Meth.  in  Applied 
Mech.  and  Eng.,  123:  189. 

27.  T.  Warburton  1999,  Spectral/hp  methods  on  polymorphic  multi-domain  algorithms 
and  applications,  Ph.D.  thesis,  Division  of  Applied  Mathematics,  Brown  University. 


NUMERICAL  MODELING  OF  FUEL/AIR  MIXING  IN  A  DRY  LOW-EMISSION 
PREMIXER 


W.-W.  KIM  AND  S.  MENON 
School  of  Aerospace  Engineering 
Georgia  Institute  of  Technology 
Atlanta,  GA  30332-0150 
U.S.A 


Abstract 

Large-eddy  simulation  of  turbulent  fuel/air  mixing  in  a  combustor  that  is  a  close  approx¬ 
imation  of  a  full-scale  General  Electric  gas  turbine  combustor  has  been  carried  out  to 
quantify  the  efficiency  of  the  premixer  of  this  combustor.  Experimental  studies  show  that 
the  swirling  fuel/air  mixture  generated  by  the  dual  annular  counter-rotating  premixer  has 
significant  spatial  variation  in  the  local  equivalence  ratio  in  the  near  field.  This  unmixed- 
ness  ran  impact  the  emission  characteristics  of  the  combustor.  The  present  study  focuses 
on  determining  if  this  observed  phenomenon  can  be  simulated  using  a  large-eddy  simula¬ 
tion  methodology  that  captures  the  dynamics  of  scalar  mixing  within  the  context  of  a  new 
linear-eddy  subgrid  mixing  model  as  well  as  a  gradient-diffusion  based  subgrid  closure. 
Results  demonstrate  that  unmixedness  observed  in  the  experiments  can  be  simulated  with 
reasonable  accuracy  on  a  relatively  coarse  grid. 

1.  Introduction 

Turbulent  mixing  of  species  involves  two  separate  physical  processes  that  work  concur¬ 
rently.  The  first  process  is  turbulent  stirring  and  the  second  is  molecular  diffusion.  In 
turbulent  stirring,  the  interface  between  (initially  separate)  reactants  is  convoluted  by  the 
action  of  turbulent  eddies.  These  eddies  distort  the  interfacial  surface  on  length  scales 
which  range  from  the  largest  scale  of  turbulence  to  the  smallest  Kolmogorov  microscale. 
Surface  distortions  results  in  large  increase  in  the  interfacial  area  and  in  the  local  species 
gradients.  This  process  of  turbulent  stirring  does  not  mix  the  reactant  species  but  only 
distorts  the  surface  between  them.  Molecular  diffusion,  on  the  other  hand,  is  the  process 
by  which  species  are  mixed  at  the  molecular  level.  In  turbulent  flows,  molecular  diffusion  is 
dominated  by  inertial  forces  and  is  essentially  negligible  except  at  the  smallest  scales  where 
species  gradients  become  sufficiently  large  so  that  molecular  diffusion  becomes  important. 

In  this  paper,  the  mixing  process  in  a  gas  turbine  combustor  which  is  (in  terms  of  dimen¬ 
sions  and  flow  conditions)  part  of  an  operational  LM-6000  lean  premixed  combustor  being 
developed  by  General  Electric  Aircraft  Engine  (GEAE)  Company  is  investigated  using 
Large-Eddy  Simulation  (LES).  The  mixing  caused  by  the  dual  annular  counter-rotating 
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swirler  premixer  of  this  combustor  is  also  being  evaluated  experimentally  [5].  Measure¬ 
ments  indicate  that  there  is  a  significant  spatial  and  temporal  variation  in  the  fuel/air 
unmixedness  in  the  combustor.  For  example,  data  show  a  maximum  spatial  variation  on 
the  order  of  50%  of  the  known  overall  equivalence  ratio  and  a  temporal  unmixedness  in 
peak  equivalence  ratio  2.4  times  larger  than  the  overall  stoichiometry.  This  spatio-temporal 
variation  is  very  important  to  quantify  from  design  standpoint  since  variation  in  the  local 
equivalence  ratio  can  adversely  impact  NOx  emission  levels  [6]  and,  especially  in  the  lean 
case,  result  in  combustion  instability  [21]. 

To  determine  if  this  unmixedness  can  be  numerically  predicted,  the  experimental  con¬ 
figuration  [5]  is  simulated  here  using  LES  methodology.  The  underlying  philosophy  behind 
LES  is  to  explicitly  calculate  the  large  energy-containing  scales  of  motion  which  are  di¬ 
rectly  alfected  by  boundary  conditions  while  modeling  only  the  small  scales  of  the  flow. 
The  large  scales  are  difficult  to  model  due  to  their  variability  from  one  problem  geometry 
to  the  next.  The  smaller  scales  are  presumed  to  be  more  universal  in  nature  and  therefore, 
more  amenable  to  modeling.  The  LES  equations  of  motion  describe  the  evolution  of  the 
large  scales  and  are  derived  by  applying  a  spatial  filter  function  to  the  conservation  equa¬ 
tions.  The  effect  of  the  unresolved  small  scales  appear  as  additional  terms  in  the  large-scale 
or  resolved  field  equations.  These  subgrid  terms  must  be  modeled  or  additional  equations 
for  these  terms  derived  in  order  to  close  the  LES  equations. 

One  attractive  aspect  of  LES  is  that  the  dynamics  of  most  of  the  turbulent  motion  are 
captured  without  modeling.  LES  is,  therefore,  expected  to  provide  a  more  realistic  picture 
of  turbulent  interactions  than  is  obtained  from  Reynolds- Averaged  Navier-Stokes  (RANS) 
calculation  where  all  turbulence  scales  are  modeled.  LES  is  also  not  restricted  by  temporal 
and  spatial  resolution  requirements  as  is  Direct  Numerical  Simulation  (DNS)  where  all 
turbulence  scales  are  directly  resolved  without  employing  any  models.  LES  may,  therefore, 
be  applied  to  high  Reynolds  number  flows  of  general  interest  which  are  unattainable  using 
DNS  provided  the  subgrid  terms  are  determined  using  physically  accurate  models.  As  a 
recent  study  [16]  of  premixed  reacting  flow  in  GEAE’s  LM6000  combustor  demonstrated, 
engineering  solutions  (i.e.,  turnaround  in  a  few  days)  are  feasible  if  relatively  coarse  grid 
resolution  (e.g.,  half  a  million  grid  points)  is  used  and  the  solver  is  executed  on  massively 
parallel  systems.  However,  it  was  also  determined  that  in  order  to  obtain  results  accurate 
enough  for  engineering  analysis  a  higher  order  subgrid  model  is  required  to  allow  for 
non-equilibrium  effects  in  the  subgrid  scales.  Since  the  present  mixing  study  is  also  an 
engineering  analysis  of  a  full-scale  hardware  a  similar  philosophy  is  employed,  i.e.,  only 
coarse  grid  is  employed  and  the  ability  of  the  subgrid  closure  for  such  a  resolution  is 
evaluated  within  the  computational  constraint  of  getting  full  LES  simulation  completed 
within  48-72  hours  (albeit  on  a  120-processor  Cray  T3E). 

For  LES  of  scalar  mixing  some  fundamentally  different  issues  need  to  be  considered. 
Stirring  by  the  turbulent  eddies  must  be  accompanied  by  molecular  diffusion  to  achieve 
mixing  of  species.  Both  these  features  must  be  modeled  or  simulated  accurately  to  pre¬ 
dict  local  mixedness.  However,  in  conventional  LES  when  eddy-diffusivity  closure  (using 
arguments  analogous  to  those  used  for  the  closure  of  the  subgrid  stresses  based  on  eddy 
viscosity)  is  employed,  then  it  is  implicitly  assumed  that  both  small-scale  turbulent  stirring 
and  molecular  diffusion  can  be  modeled  using  an  effective  eddy  diffusivity  that  scales  with 
the  subgrid  eddy  viscosity.  This  assumption  is  obviously  not  justifiable  in  general.  However, 
it  has  not  yet  been  established  what  are  the  quantifiable  errors  inherent  in  this  approach 
when  employed  to  study  engineering  flows  of  interest,  especially  when  only  fuel/air  un¬ 
steady  mixing  at  very  high  Reynolds  number  is  of  interest.  Note  that  reacting  flows  with 
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realistic  heat  release  enforce  additional  constraints  that  may  not  be  adequately  captured 
by  an  eddy-diffusivity  subgrid  closure.  Since  the  present  study  is  limited  to  non-reacting 
high  Re  scalar  mixing  this  issue  is  not  relevant.  However,  it  is  worth  noting  that  for  fully 
premixed  reactants  in  high-Re  flow  (and  for  appropriate  Damkohler  number)  a  front  prop¬ 
agation  model  based  on  the  G-equation  approach  (with  a  closure  for  the  turbulent  flame 
speed)  can  be  used  for  engineering  predictions  as  recently  demonstrated  [16]  .  Therefore,  it 
is  of  interest  to  determine  if  there  is  a  similar  regime  of  validity  where  conventional  fuel/air 
mixing  closures  can  be  utilized  (with  verifiable  estimate  of  error)  for  engineering  design 
studies.  Failure  of  this  type  of  closure  would  indicate  the  need  for  (and,  in  fact  demand)  a 
subgrid  scalar  closure  that  accounts  for  both  small-scale  turbulent  stirring  and  molecular 
diffusion  processes  even  if  the  associated  computational  cost  increases.  An  evaluation  of  a 
new  subgrid  mixing  model  is  also  carried  out  here. 

This  paper  attempts  to  address  some  of  these  issue  using  a  flow  configuration  of  engi¬ 
neering  interest.  The  ability  of  the  subgrid  closure  within  the  constraints  of  a  coarse  grid 
resolution  and  computational  turn-around  time  acceptable  from  engineering  standpoint  is 
also  addressed. 

2*  Conventional  Subgrid  Mixing  Model 

To  solve  the  LES  equations  of  motion  for  the  resolved  scale  quantities,  accurate  subgrid 
models  must  be  specified  to  close  the  system  of  equations.  The  filtered  momentum  and 
energy  equations  requires  closure  for  the  subgrid  stress  tensor  and  total  enthalpy  flux, 
respectively.  These  unclosed  terms  are  parameterized  using  the  localized  dynamic  model 
[14,  15].  The  subgrid  eddy  viscosity  in  this  model  is  determined  based  on  a  one-equation 
model  for  the  subgrid  kinetic  energy,  kS9S.  Moreover,  the  eddy  viscosity  model  coefficients 
are  dynamically  and  locally  (both  in  space  and  time)  determined  by  using  similarity  be¬ 
tween  the  subgrid  stress  tensor  and  the  test-scale  Leonard  stress  tensor  which  has  been 
observed  in  experiments  [17]. 

The  filtered  species  equations  contain  unknown  subgrid  terms  representing  a  turbulent 
species  flux,  a  diffusive  mass  flux,  and  the  filtered  mass  production  or  reaction  rate  term. 
Accurate  modeling  of  these  terms  comprises  most  of  the  difficulty  in  applying  LES  to 
reacting  flows.  A  popular  closure  for  the  species  transport  terms  due  to  turbulence  is  the 
gradient-diffusion  assumption  which  results  in 

where  Yk,  Uj  and  p  are,  respectively,  the  kth  species  mass  fraction,  the  fluid  velocity  com¬ 
ponent  in  the  jth  direction  and  the  mixture  density.  Here,  vr  and  Set  are,  respectively,  the 
turbulent  eddy  viscosity  and  the  turbulent  Schmidt  number.  Also,"and*denote  application 
of  the  spatial  filter  and  the  spatial  Favre  filter,  respectively.  Use  of  this  type  of  assumption 
for  reactive  species  is  dubious.  Earlier,  this  closure  was  attributed  as  a  source  of  errors  in 
a  comparison  of  reacting  LES  simulations  with  DNS  data  [4]. 

The  magnitude  of  $skj,  as  modeled  in  equation  (1),  is  expected  to  dominate  molecular 
diffusion  at  high  Reynolds  numbers  when  the  subgrid  turbulent  kinetic  energy  is  large. 
The  effect  of  molecular  diffusion  in  the  filtered  species  equation  results  from  the  terms 
involving  the  diffusion  velocities  Ukj-  When  swamps  the  molecular  diffusion  terms, 
the  final  solution  can  be  expected  to  be  invariant  with  the  diffusion  process.  This  was 
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found  to  be  the  case  in  this  study  for  simulations  of  high  Reynolds  number  jet  flows 
modeled  using  equation  (1).  Molecular  diffusion  is  thereby  effectively  neglected  in  the 
resolved  scale  equation.  This  result  in  a  serious  problem  for  reacting  flow  simulations 
because  the  combustion  process  is  strongly  dependent  on  molecular  diffusion  at  the  small 
scales.  Improperly  accounting  for  molecular  diffusion  may  results  in  significant  errors.  An 
alternative  subgrid  modeling  approach  which  avoids  this  difficulty  has  been  proposed  [18]. 
This  approach  uses  the  Linear-Eddy  Model  (LEM)  as  a  subgrid  model  in  LES  of  turbulent 
premixed  and  diffusion  flames.  The  LEM  model  is  discussed  in  the  following  section. 

3.  Linear-Eddy  Subgrid  Mixing  Model 

The  LEM  model  was  originally  developed  as  a  stand-alone  model  for  scalar  mixing  in 
turbulent  flows.  The  most  important  feature  of  this  model  is  that  it  distinguishes  between 
turbulent  convection  and  molecular  diffusion.  These  two  mechanisms  are  treated  sepa¬ 
rately.  Thus,  turbulent  diffusion  is  the  result  of  a  combination  of  convection  and  molecular 
diffusion.  This  is  in  contrast  to  earlier  models  (including  the  model  described  in  the  pre¬ 
vious  section)  that  assume  turbulent  diffusion  to  be  primarily  due  to  turbulent  advection 
in  the  direction  of  gradient  diffusion.  However,  these  models  were  unable  to  explain  the 
Schmidt  number  dependency  of  mixing  processes  observed  in  numerous  experiments.  It 
is  now  accepted  that  even  in  high  Reynolds  number  flows  molecular  diffusion  processes 
cannot  be  neglected  and  must  be  included. 

In  a  series  of  papers  [8,  9,  11]  Kerstein  developed  the  linear-eddy  model  to  address  the 
above  issues  and  described  how  it  could  be  used  to  predict  mixing  phenomena.  Studies 
included  mixing  of  a  passive  scalar  in  a  turbulent  wake,  the  fractal  nature  of  scalars 
interfaces,  mixing  in  turbulent  jets  and  shear  layer,  and  mixing  and  reaction  in  turbulent 
jets. 

In  combustion,  mixing  and  chemical  reactions  are  closely  coupled.  Thus,  a  natural 
extension  of  the  original  LEM  was  to  include  finite-rate  reactions.  The  result  is  a  model 
for  turbulent  combustion  that  treats  reaction-diffusion  processes  and  mixing  processes 
within  a  single  unifying  framework  [11]. 

The  applications  of  the  LEM  model  within  LES  (hereafter,  this  will  be  called  the  LEM 
subgrid  model)  have  demonstrated  good  characteristics  of  this  approach  both  in  qualitative 
and  quantitative  comparisons  [18,  1,  23,  19,  2].  This  subgrid  model  has  several  advantages 
over  other  conventional  closure  approaches.  First,  the  LEM  subgrid  model  provides  for 
a  more  fundamentally  correct  picture  of  the  turbulent  mixing  process.  Second,  the  LEM 
model  is  formulated  to  avoid  the  use  of  gradient-diffusion  assumption  for  species  transport. 

The  strategy  within  the  LEM  subgrid  model  is  to  resolve  all  relevant  fluid  mechanical 
length  scales  of  the  flow  (as  in  DNS)  inside  each  LES  cell.  As  a  result,  the  effect  of 
subgrid  species  fluctuations  is  directly  resolved.  Resolving  all  the  length  scales  of  the 
flow,  however,  will  in  general  be  computationally  intractable.  Therefore,  the  LEM  subgrid 
model  is  implemented  in  only  one  spatial  dimension  to  keep  the  simulations  affordable. 
And,  in  this  sense,  the  LEM  model  is  considered  one-dimensional  approximation  of  DNS. 
As  details  of  the  LEM  formulation  are  available  in  the  aforementioned  literature,  only  a 
brief  overview  follows. 

Molecular  diffusion  is  treated  deterministically  by  the  one-dimensional  species  equation 
which  is  reduced  from  the  three-dimensional  continuity  and  species  equations  for  constant 
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pressure: 

t.l . w  (2) 

at  p  ox 

If  Fick’s  law  is  assumed,  the  diffusion  velocity  V*  is  obtained  from 

14  =  (- Dk/Yk){dYkldx )  (3) 


where  Dk  is  the  mixture  averaged  molecular  diffusion  coefficient.  Using  backward-Euler 
time  integration  and  second-order-accurate  finite-differencing  for  the  derivatives,  the  equa¬ 
tion  is  marched  time  accurately  at  the  diffusion  time  step  until  it  reaches  the  next  LES 
physical  time  level.  The  diffusion  time  step  is  determined  from  linear  stability  of  backward 
Euler  time  integration, 

Atdiff  =  CdiffAxi^j^/Dk  (4) 

where  Axlem  is  the  width  of  the  spacing  between  two  discretized  cells  in  the  LEM  domain, 
and  Cdi/f  is  a  constant  set  equal  to  0.25  for  explicit  integration. 

Turbulent  stirring  is  modeled  stochastically  by  a  series  of  instantaneous  rearrangement 
events  of  the  species  fields.  These  rearrangement  events  correspond  to  turbulent  convection 
induced  by  turbulent  eddies  smaller  than  the  LES  grid  size.  The  length  scale  and  frequency 
of  these  eddies  are  determined  to  conform  to  three-dimensional  inertial  range  turbulence 
scaling  laws  [12].  Each  rearrangement  event  is  interpreted  as  the  action  of  a  single  eddy  on 
the  species  field  and  is  numerically  implemented  as  a  mapping  process  called  the  triplet 
map  [10].  This  mapping  first  creates  three  copies  of  the  selected  segment  and  then  increases 
the  spatial  gradients  of  the  copies  by  compressing  each  segment  by  a  factor  of  three 
and  reversing  the  middle  segment.  Finally,  the  original  segment  is  replaced  by  the  newly 
mapped  segments.  Due  to  its  triplet  nature,  each  mapping  event  requires  at  least  six  LEM 
cells  so  that  on  a  discretized  domain,  the  Kolmogorov  length  scale  rj  is  resolved  by  six 
LEM  cells. 

The  LEM  triplet  mappings  have  three  stochastic  parts:  the  segment  (eddy)  size  to  be 
mapped  (or  stirred),  the  location  of  the  event,  and  the  rate  (or  frequency)  of  the  events. 
To  determine  these  parameters,  LEM  determines  the  eddy  size  randomly  from  a  pdf  of 
eddy  sizes, 

5  Z-8/3 

=  3t?-5/3_L-5/3 

in  the  range  77  <  l  <  L  (where  L  denotes  the  integral  length  scale)  obtained  from  inertial 
range  scaling  [9].  The  event  location  is  randomly  chosen  from  a  uniform  distribution  within 
the  one-dimensional  domain. 

To  determine  the  event  rate,  LEM  first  relates  fluid  element  diffusivity  to  the  random 
walk  of  a  marker  particle  and  determines  the  total  turbulent  diffusion  of  a  marker  particle 
caused  by  eddies  of  size  ranging  from  L  to  77  based  on  triplet  mapping  [9]  as, 

DT  «  v(L/r,)A'3  =  jf  *  l3f(l)dl  (6) 

where  v  is  the  kinematic  viscosity.  This  expression  is  related  to  an  equivalent  expression 
Dt  =  C\u'L,  [9],  where  C\  is  a  model  constant.  Using  the  Renormalization  Group  (RNG) 
theory  it  can  be  shown  that  this  constant  has  a  value  of  0.0614  which  is  close  to  the  value 
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Figure  1.  Schematic  illustration  of  the  initial  LEM  velocity  and  species  fields  used  in  every  LES  cell. 
Both  fields  have  zero  initial  mean  and  the  LEM  simulation  in  each  LES  cell  evolves  the  correlation  $ak9* . 


obtained  earlier  [22]  using  premixed  flame  experimental  data.  The  event  frequency  A  per 
unit  length  is  determined  from  the  diffusivity  relations  as  [9], 

54  i yReCx  PA/) 5/3  -  1]  ,  . 

5  L3  [1  -  (r?/L)4/3]  1  ’ 

where  Reynolds  number  Re  =  u'L/v  and  u'  is  subgrid  turbulent  fluctuation.  Finally,  the 
event  rate  is  determined  as  E  =  A Xlem,  where  Xlem  is  the  length  of  the  one-dimensional 
domain.  The  time  interval  between  events  is  then  given  as  A tstir  —  1/(A Xlem)-  Here,  rj 
is  determined  from  the  familiar  inertial  range  scaling  law  rj  =  NvLRe~3/4  where  Nv  is 
another  constant  which  is  also  evaluated  to  be  8.12  using  the  RNG  theory. 

In  the  present  study,  the  LEM  subgrid  model  is  implemented  to  directly  resolve  the 
subgrid  correlation  $sk9j  =  (where  '  denotes  the  fluctuating  component  and  this 

relation  implies  that  the  cross  terms  are  neglected)  inside  each  LES  cell  at  each  time  level. 
This  is  in  contrast  to  the  other  LEM  based  subgrid  method  [3]  where  the  entire  scalar 
evolution  is  simulated  in  the  subgrid  and  large-scale  convective  transport  is  carried  out 
using  a  Lagrangian  advection  method  (called  splicing  [18]).  The  present  method  is  much 
more  computationally  efficient  and  focuses  primarily  on  the  subgrid  closure  of  species- 
velocity  correlation  . 

The  present  approach  involves  constructing  an  initial  species  and  velocity  fluctuation 
LEM  fields  in  each  LES  cell  at  each  LES  time  level.  Figure  1  shows  an  initial  field  dis¬ 
tribution  (currently  chosen  rather  simply  with  some  constraints,  as  noted  below).  It  is 
assumed  that  initially,  all  turbulent  eddies  in  each  LES  cell  are  Kolmogorov  eddies  and 
that  they  are  uniformly  distributed.  This  assumption  can  be  relaxed  by  using  an  appro¬ 
priate  eddy  size  distribution  but  is  invoked  here  for  simplicity.  In  the  velocity  fluctuation 
field  initialization,  each  positive  and  negative  velocity  fluctuation  region  represents  three 
LEM  cells  and  one  pair  (i.e.,  six  LEM  cells)  of  “+”  and  velocity  fluctuations  represents 
one  (Kolmogorov)  eddy.  However,  note  that  this  simple  approximation  of  eddies  is  consis¬ 
tent  with  the  triplet  mapping  used  for  turbulent  stirring.  The  magnitude  of  the  velocity 
fluctuation  is  obtained  from  the  subgrid  kinetic  energy  (i.e.,  u'  =  (2ksga /$)1!2).  On  the 
other  hand,  species  fluctuations  are  assumed  to  be  uniform  in  each  Kolmogorov  eddy  (i.e., 
six  LEM  cells)  and  varies  only  from  one  eddy  to  the  other  eddy.  Magnitude  of  species 
fluctuations  is  set  to  be  as  maximum  as  possible  in  global  sense.  The  constraints  in  this 
initialization  are  that  the  (subgrid)  mean  of  both  species  and  velocity  fluctuation  is  zero 
and  in  addition,  the  mean  of  velocity-species  fluctuation  is  zero.  As  a  result,  any  action  of 
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Figure  2.  Centerline  sectional  view  of  the  dry  low  NOx  gas  turbine  combustor. 

turbulent  eddies  (i.e.,  stirring  and  molecular  diffusion)  will  increase  the  correlation  (i.e., 
$sk9j)  from  its  initial  zero  value. 

All  subgrid  turbulent  processes  evolve  from  this  initial  condition  concurrently  but  at 
their  own  (i.e.,  local)  characteristic  time  scales.  Analogous  to  the  scalar  diffusion  equation 
(2)  a  viscous  diffusion  equation  is  also  solved  within  the  LEM  domain.  However,  the 
diffusion  time  scale  for  the  velocity  field  is  determined  based  on  the  kinematic  viscosity 
instead  of  the  molecular  diffusion  coefficient  used  for  the  scalar  fields.  This  approach  is 
similar  to  the  One-Dimensional  Turbulence  (ODT)  approach  recently  proposed  by  Kerstein 
[13].  The  key  difference  is  that  the  present  approach  only  uses  the  subgrid  velocity  field  to 
evolve  the  scalar- velocity  correlations  whereas  in  the  original  approach  ODT  was  employed 
to  evolve  the  entire  turbulent  flow  field.  Furthermore,  in  the  present  implementation  some 
approximations  have  been  used  that  need  to  further  investigated. 

Since  the  initialization  is  somewhat  arbitrary,  the  $sk9*  correlation  that  evolves  needs  to 
be  calibrated  since  the  initial  evolution  is  from  an  unrealistic  field  and  does  not  represent 
real  physics.  Thus,  the  LEM  field  must  evolve  till  the  correlation  becomes  realistic.  This 
time  scale  may  exceed  the  physical  LES  time  step  (again  primarily  due  to  the  non-physical 
initialization).  In  the  present  study,  the  subgrid  evolution  was  allowed  to  occur  for  a 
time  scale  an  order  of  magnitude  larger  than  the  LES  time  step  in  order  to  evolve  the 
correlation.  Calibration  is  an  issue  still  under  investigation.  In  the  present  case,  a  scaling 
factor  of  0.0005  was  used  to  rescale  the  correlation  based  on  parametric  studies. 

As  a  final  note,  the  CPU  time  for  the  present  LEM  subgrid  model  was  about  40 
%  higher  than  the  conventional  model.  This  cost  is  significantly  lower  than  the  effort 
required  for  the  full  subgrid  LEM  implementation  (which  involves  Lagrangian  transport 
of  scalar  fields  using  the  “splicing”  technique)  and  therefore,  justifies  this  approach  as  an 
engineering  LES  approach.  The  memory  overhead  for  the  present  LEM  model  was  also 
not  significant. 

4.  Results  and  Discussions 

The  domain  studied  is  the  combustor  downstream  of  the  dual  annular  counter-rotating 
swirler  premixer  that  is  being  studied  experimentally  [5].  This  configuration  is  part  of 
the  General  Electric  LM6000  dry,  low-emission  gas  turbine  combustor  [7].  A  centerline 
sectional  view  of  the  combustor  is  shown  in  Figure  2.  Also  shown  are  the  locations  where 
experimental  data  (primarily  histograms)  was  obtained.  The  premixer  exit  (i.e.,  combustor 
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inlet)  diameter  is  48mm  and  the  combustor  diameter  is  129mm.  Therefore,  the  increase 
in  the  cross-sectional  area  over  the  backward  facing  step  of  the  dump  combustor  is  7.2:1 
which  is  quite  large.  A  swirling  jet  is  injected  from  the  premixer  at  a  pressure  of  1.16xl05 
N/m2  and  a  temperature  of  350  K.  The  Reynolds  number  Re  based  on  the  inlet  mean 
streamwise  velocity  and  the  inlet  jet  diameter  Do  is  180,000. 

The  computational  domain  is  resolved  in  this  study  using  a  resolution  of  121  x  61  x 
81  grid  points  along,  the  axial,  the  radial,  and  the  azimuthal  directions,  respectively. 
The  grid  was  clustered  in  regions  of  interest  (such  as  the  jet  shear  layer).  Note  that 
the  present  computational  domain  covers  a  full-scale  gas  turbine  combustor  including 
combustor  nozzle  which  is  extended  up  to  710  mm  downstream  from  the  premixer  exit.  In 
an  earlier  study  of  premixed  reacting  flow  [16]  the  accuracy  of  this  type  of  coarse  grid  was 
investigated  and  it  was  determined  that  this  resolution  is  reasonably  for  engineering  level 
accuracy.  Therefore,  we  investigate  the  ability  of  a  similar  grid  to  capture  fuel/air  mixing. 

The  numerical  algorithm  solves  the  full,  unsteady,  compressible  Navier-Stokes  equa¬ 
tions  (and  the  kS93  equation)  using  a  finite-volume  code  that  is  fourth-order  accurate  in 
space  and  second-order  accurate  in  time.  The  initial  conditions  were  set  approximately 
using  turbulent  jet  profiles  and,  therefore,  a  period  of  time  was  required  to  wash  the  effect 
of  the  initial  conditions  out  before  accurate  data  can  be  collected.  The  inflow  conditions 
(mean  velocity  profiles,  turbulence  intensity  profile,  and  equivalence  ratio  profile)  at  the 
premixer  exit  were  specified  based  on  the  information  provided  by  University  of  Illinois 
at  Urbana-Champaign  (UIUC).  At  the  combustor  exit,  characteristic  outflow  boundary 
conditions  [20]  were  imposed. 

The  current  simulations  were  carried  out  on  a  distributed  memory  parallel  machine  (the 
Cray  T3E)  using  the  Message- Passing  Interface  (MPI).  The  parallelization  strategy  has 
been  reported  elsewhere  [16].  Typically,  120  Cray  T3E  processors  were  employed  primarily 
to  reduce  the  turn-around  time.  As  demonstrated  earlier  [16],  the  present  explicit  LES  code 
does  scale-up  very  well  on  the  Cray  T3E. 

In  the  following  discussion  we  focus  on  the  test  conditions  for  which  data  was  available 
for  comparison.  Arbitrarily  chosen  instantaneous  contour  plots  of  the  fuel/air  distribution 
(local  equivalence  ratio)  obtained  from  the  LES  using  both  conventional  and  LEM  subgrid 
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Figure  4 •  Comparison  of  the  point  histograms  of  equivalence  ratio. 


mixing  models  are  compared  in  Figure  3.  The  plots  show  a  plane  perpendicular  to  z-axis 
through  the  combustor  centerline  (i.e.,  side  view).  This  type  of  instantaneous  flow  field 
information  is  useful  to  understand  how  unmixedness  affects  NOx  generation  and  degrades 
flame  stability.  As  expected,  the  LEM-LES  is  able  to  capture  much  smaller  structures  of 
species  fluctuations  which  are  mostly  smeared  out  in  the  conventional  LES  based  on  the 
gradient-diffusion  assumption.  It  is  also  observed  that  the  LEM-LES  predicts  that  the 
species  fluctuations  spreads  out  more  radially  than  the  conventional  LES. 
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Figure  5.  Comparison  of  the  point  histograms  of  equivalence  ratio. 


Figures  4  and  5  compare  the  point  histograms  of  equivalence  ratio  measured  by  Frazier 
et  al.  [5]  (see  Fig.  2),  the  prediction  by  the  conventional  LES  and  by  the  LEM  based 
LES.  Note  that  only  60  samples  were  used  to  determine  the  experimental  histogram  and 
therefore,  the  data  may  be  insufficient  to  obtain  statistically  stationary  data.  On  the  other 
hand,  the  LES  histograms  are  computed  using  19200  samples  for  the  conventional  LES 
and  5760  for  the  LEM  LES  at  each  location  and  is  considered  to  have  reached  statistical 
stationary  state.  Therefore,  the  peaks  of  the  histogram  (number  of  counts)  are  not  expected 
to  be  similar  and  only  the  extent  of  variation  in  the  equivalence  ratio  can  be  compared. 

As  mentioned  earlier,  pockets  containing  fuel-rich  mixtures  emanate  from  the  outer 
regions  of  the  premixer  exit.  The  broad  equivalence  ratio  distributions  of  the  point  his¬ 
togram  along  the  edge  of  the  premixer  exit  (location  “d”)  exemplify  the  fluctuating  nature 
of  these  pockets.  Flow  reversal  and  turbulent  mixing  was  sufficient  to  produce  a  uniform 
mixture  concentration  in  the  recirculation  regions  near  the  premixer  exit  surface  corner 
(location  “g”).  Major  differences  between  the  experimental  and  the  LES  histograms  ap¬ 
pear  downstream  of  this  location  (i.e.,  locations  “h”  and  “i”).  Both  LES  results  show  that 
this  uniform  mixture  concentration  persists  at  the  downstream  locations  while  the  his¬ 
tograms  from  the  experiment  are  broadened.  This  discrepancy  needs  to  be  revisited  when 
additional  experimental  data  becomes  available  for  more  reliable  estimates.  In  spite  of 
this  difference  there  is  a  reasonable  agreement  between  experimental  and  LES  data  at  the 
other  locations.  Comparing  the  gradient  diffusion  closure  based  LES  and  the  LEM  based 
LES  shows  that  the  latter  method  predicts  broader  histograms,  especially  in  locations  “a” 
and  “d”,  than  the  conventional  LES.  This  implies  that  the  LEM  subgrid  closure  results 
in  more  unmixedness  than  the  conventional  LES  and  its  results  appear  to  be  closer  to  the 
experimental  data. 
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Figure  6.  Radial  profiles  of  the  unmixedness  parameter;  (a)  conventional  LES  (b)  LEM  LES. 


Temporal  fluctuations  of  the  local  equivalence  ratio  (i.e.,  broadness  of  the  histogram) 
can  be  quantified  using  the  unmixedness  parameter  s: 


s  = 


(7$ 


(8) 


where  /x$  and  cr$  are  the  time-averaged  mean  and  standard  deviation  of  the  local  equiv¬ 
alence  ratio,  respectively.  Figure  6a  and  6b  show,  respectively,  the  conventional  LES  and 
the  LEM-LES  predictions  of  the  radial  variation  of  the  unmixedness  parameter  s  at  three 
downstream  locations.  The  LEM-LES  result  shows  a  more  fluctuating  behavior.  As  ob¬ 
served  in  the  histograms,  the  agreement  between  both  LES  results  and  the  experimental 
data  is  quite  reasonable  at  the  first  downstream  locations  (i.e.,  x=12mm).  In  particular, 
the  LEM-LES  predicts  the  unmixedness  both  in  shape  and  magnitude  except  for  near  cen¬ 
terline  region.  However,  at  the  other  two  locations,  there  are  some  significant  differences 
and  this  is  an  issue  that  needs  to  be  revisited  when  more  data  becomes  available. 

5.  Conclusions 

The  application  of  LES  to  turbulent  fuel/air  mixing  in  a  full-scale  gas  turbine  combustor 
is  discussed  using  two  different  closure  models  for  subgrid  species  transport.  The  present 
effort  is  directed  towards  developing  a  reacting  flow  LES  methodology  for  engineering 
applications  and  as  such,  many  computationally  efficient  simplifications  were  used.  Key 
simplification  of  coarse  grid  LES  has  been  offset  by  using  higher  order  subgrid  closure 
models  for  both  momentum  and  scalar  transport.  The  LES  methodology  has  been  used 
to  predict  the  unmixedness  observed  in  experiments  in  a  full-scale  GE  combustor.  Results 
show  that  the  experimentally  observed  spatial  variation  in  the  local  equivalence  ratio  in 
the  near  field  has  been  well  captured  by  the  LES.  The  subgrid  LEM  based  closure  shows 
significant  promise  to  deal  with  subgrid  mixing  without  invoking  conventional  gradient 
diffusion  closure.  Further  development  of  this  approach  with  a  more  appropriate  subgrid 
turbulence  initialization  is  currently  underway. 
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Abstract.  We  applied  dynamic  inverse  modelling  to  large-eddy  simula¬ 
tion  of  the  temporal  mixing  layer.  Smagorinsky’s  model  is  adopted  as  base 
model  and  the  results  are  compared  to  the  standard  dynamic  eddy- viscosity 
model  as  well  as  filtered  DNS  results.  The  difference  between  the  results 
of  the  two  models  for  the  present  application  is  found  to  be  small.  This 
is  explained  by  performing  a  detailed  sensitivity  analysis  with  respect  to 
the  dynamic  coefficient,  which  appears  to  hint  towards  a  self- restoring 
response  underlying  the  observed  robustness. 


1.  Introduction 

Modelling  of  transitional  and  turbulent  flow  forms  a  field  of  considerable 
interest,  although  developments  in  numerical  methods  and  computer  re¬ 
sources  enable  the  use  of  direct  numerical  simulation  (DNS)  for  increas¬ 
ingly  complex  flows.  In  large-eddy  simulations  (LES)  the  modelling  process 
starts  with  the  application  of  a  spatial  convolution  filter  to  the  Navier- 
Stokes  equations.  Filtering  of  the  nonlinear  convective  terms  gives  rise  to 
the  turbulent  stress  tensor 

Tij  =  ufuj  -  UiUj  ;  i,j  =  1,2,3,  (1) 
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which  contains  contributions  from  the  filtered  (u;)  and  the  unfiltered  (it,) 
velocity  components.  Since  in  an  LES  only  the  filtered  velocity  compo¬ 
nents  are  calculated,  the  turbulent  stress  tensor  has  to  be  modelled.  Various 
modelling  strategies  have  been  proposed.  The  dynamic  modelling  approach 
(Germano  et  al.,  1991)  has  shown  to  give  rise  to  quite  accurate  LES  pre¬ 
dictions  (Vreman  et  al.,  1997).  This  approach  involves  the  introduction  of 
a  second  ‘explicit’  filter  and  is  aimed  at  an  appropriate  optimisation  of 
parameters  contained  in  an  assumed  base  model.  The  optimisation  is  per¬ 
formed  in  accordance  with  an  exact  algebraic  identity  involving  r  at  dif¬ 
ferent  filter  levels,  and  yields  dynamically  determined  solution  dependent 
model  parameters. 

Recently,  it  has  been  proposed  to  extend  this  approach  and  introduce 
apart  from  the  explicit  filter  also  its  inverse  (Kuerten  et  al.,  1999).  This 
implies  new  algebraic  identities  which  involve  the  base  model  at  various  fil¬ 
ter  levels.  In  one  of  the  extensions  proposed  these  filter  levels  involve  only 
the  smallest  resolved  scales  in  the  LES  as  well  as  yet  smaller  scales.  Hence, 
inaccuracies  arising  from  the  use  of  a  larger  filter  width  associated  with  the 
explicit  filter  in  the  traditional  dynamic  approach  can  be  partially  compen¬ 
sated  and  basic  modelling  assumptions  can  be  maintained  more  strictly. 
This  especially  refers  to  the  similarity  assumption  related  to  different  filter 
levels  in  an  inertial  range  of  the  energy  spectrum. 

In  this  paper  we  will  apply  this  dynamic  inverse  modelling  strategy  to 
LES  of  the  temporal  mixing  layer  at  low  Mach  number.  As  base  model 
we  adopt  the  Smagorinsky  eddy-viscosity  subgrid  model.  The  results  will 
be  compared  with  filtered  DNS  results  and  results  from  LES  using  the 
traditional  dynamic  eddy-viscosity  model.  In  section  2  we  will  briefly  re¬ 
capitulate  the  dynamic  modelling  approach  and  its  extension  to  dynamic 
inverse  modelling.  Numerical  realizations  of  the  explicit  filter  and  their  in¬ 
verse  will  be  shown  in  section  3.  The  temporal  mixing  layer  is  introduced  in 
section  4  and  the  results  will  be  presented  in  section  5.  Finally,  in  section  6 
some  conclusions  will  be  drawn. 

2.  Dynamic  inverse  modelling 

In  large-eddy  simulation  of  turbulence  the  flow  quantities  are  decomposed 
into  a  large-scale  contribution  and  a  small-scale  contribution  by  a  spatial  fil¬ 
ter.  The  large-scale  contributions  are  explicitly  calculated,  whereas  only  the 
effects  of  the  small-scale  contributions  on  the  large-scale  flow  are  described 
by  a  so-called  subgrid  model.  The  main  term  to  be  modelled  is  the  turbu¬ 
lent  stress  tensor  (1).  In  the  widely  used  Smagorinsky  model  (Smagorinsky, 
1963)  the  turbulent  stress  tensor  is  modelled  by  a  viscous  term: 


Tij  =  — C|A2|5|Sjj, 


(2) 
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where  A  is  the  filter  width,  Sij  is  the  strain  rate  tensor  based  on  the  filtered 
velocity  and 

|S|2  =  (3) 

For  the  Smagorinsky  constant  Cs  various  values  have  been  used.  A  major 
drawback  of  this  model  is  the  excessive  dissipation  in  laminar  regions  of 
the  flow  (Vreman  et  al.,  1997). 

In  order  to  overcome  this  problem  Germano  et  al.  proposed  the  dynamic 
procedure,  where  C|  is  replaced  by  a  coefficient  Cd  which  is  dynamically 
adjusted  to  the  local  structure  of  the  flow  (Germano  et  al .,  1991).  The 
main  assumption  in  the  dynamic  procedure  is  that  the  coefficient  Cd  is 
independent  of  the  filter  width  (Carati  et  al.,  1997).  To  specify  Cd  the 
Smagorinsky  model  is  substituted  in  Germano’s  identity,  which  reads 

Tij  -Tij  =  UiUj  ~  UiUj,  (4) 

where  the  hat  (~)  denotes  the  explicit  filter  operation  and  Tij  is  the  turbu¬ 
lent  stress  tensor  corresponding  to  the  consecutive  application  of  the  two 
filters:  ^  ^ 

Tij  =  u^j  —  UiUj.  (5) 

The  right-hand  side  in  identity  (4)  contains  only  resolved  flow  quantities 
and  is  known  in  an  LES,  whereas  the  terms  on  the  left-hand  side  involve  the 
turbulent  stress  tensors  at  different  filter  levels.  If  the  base  model  is  substi¬ 
tuted  for  these  tensors,  the  only  unknown  in  the  identity  is  the  coefficient 
Cd,  which  can,  for  example,  be  calculated  with  a  least-squares  approach  as 
a  function  of  space  and  time  (Lilly,  1992). 

It  is  clear  that  the  independence  of  Cd  of  the  filter  width  can  only  hold 
within  certain  bounds  and  is  approximately  valid  if  the  model  is  adopted 
at  filter  levels  inside  the  inertial  range.  In  order  to  save  calculation  time  the 
filter  width  in  an  LES  is  usually  chosen  as  large  as  possible.  In  this  situation 
the  validity  of  the  model  on  the  test  filter  level  may  become  questionable 
and  it  would  be  preferable  if  the  base  model  is  only  applied  at  smaller  scales. 
This  can  be  achieved  by  using  a  generalisation  of  Germano’s  identity  (4) 
to  any  combination  of  filters.  In  order  to  illustrate  this  generalisation  it  is 
convenient  to  introduce  a  new  notation  (Kuerten  et  al.,  1999),  in  which  we 
use  the  notation  L  for  a  filter  operator,  and  define  the  product  operator  S 
by 

S(f,g)  =  fg.  (6) 

Further  the  commutator  of  two  operators  is  written  as 

[L,S](tti,tij)  =  L(S(ui,Uj ))  -  S(L(ui,Uj)).  (7) 
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Now  the  turbulent  stress  tensor  can  be  written  as 

Tij  =  [L,S](ui,Uj)  (8) 

and  Germano’s  identity  reads: 

[£1£2,S]  =  [£i,5]£2  +  £1[£2,5],  (9) 

where  both  C\  and  £2  denote  any  filter  operator.  In  the  standard  dynamic 
models  £2  is  the  common  LES  filter  and  £1  is  the  test  filter.  However,  as 
(9)  holds  for  any  two  filters  we  can  also  take  £2  =  H~XL  and  £1  =  W, 
where  L  is  the  LES  filter,  H  is  any  explicit  filter  and  H~l  its  inverse.  This 
choice  for  the  two  filters  leads  to  the  identity 

Tij  -  Tij  =  Uj,  (10) 

where 

t a  =  n  {n-\uwj)  -  n-'iuAH-'iuj))  (11) 

and 

Uj  =  'H{H-\ui)H-\uj))  -  UiUj.  (12) 

If  Smagorinsky’s  eddy  viscosity  model  is  adopted  for  the  terms  on  the  left- 
hand  side,  we  find  the  following  relation  for  the  coefficient  Cd- 

CdMij  =  hij ,  (13) 

where  _  _ 

Mij  =  -A2|S|5{j  +  ((kA)2|5|4)^.  (14) 

Here  kA  is  the  effective  filter  width  of  W_1L,  to  which  we  will  return  later 
and  S  is  the  strain  rate  tensor  based  on  the  velocity  H-1L(u).  The  hat  after 
the  last  term  on  the  right-hand  side  implies  that  the  whole  term  between 
parentheses  is  filtered  with  H.  In  the  actual  LES  shown  here  the  coefficient 
Cd  is  calculated  with  a  least  squares  approach  (Lilly,  1992).  Furthermore, 
in  order  to  prevent  numerical  instability  caused  by  negative  values  of  Cd, 
averaging  over  homogeneous  directions  is  performed  and  the  coefficient  is 
artificially  set  to  zero  at  locations  where  it  would  otherwise  be  negative.  In 
(14)  the  model  is  applied  at  level  L  and  at  level  H~lL,  which  thus  involves 
scales  smaller  than  resolved  in  the  LES.  Hence,  this  form  of  dynamic  inverse 
modelling  provides  the  best  guarantee  that  the  model  is  applied  only  in  the 
inertial  range. 

In  the  next  section  we  will  first  discuss  the  explicit  filters  7 i  and  7f-1 
which  appear  in  the  dynamic  inverse  model.  After  that  we  will  apply  the 
model  in  a  large-eddy  simulation  of  the  compressible  temporal  mixing  layer. 
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3.  Numerical  filters 

In  LES  the  roles  of  the  filters  L  and  H  differ  essentially.  Whereas  L  is 
central  in  the  theoretical  development  and  does  not  appear  explicitly  in  an 
LES  calculation,  the  test  filter  H  and  its  inverse  H~l  are  explicitly  applied 
in  case  dynamic  modelling  based  on  the  identity  derived  in  the  previous 
section  is  adopted.  In  an  LES  the  resolved  fields  are  known  only  at  grid 
points  ({xm}£=0)-  Therefore,  the  explicit  filter  and  its  inverse  can  only  be 
applied  as  finite  dimensional  operators. 

The  numerical  approximation  of  a  one-dimensional  convolution  filter  is 

written  as 

H(u)(xm)  =  22aju(xm+j),  (15) 

jez 

where  for  consistency  YY  aj  =  1.  To  satisfy  the  realizability  conditions 
(Vreman  et  al.,  1994)  we  require  the  coefficients  aj  to  be  non-negative.  As 
an  example  consider  the  numerical  filters  with  a0  =  1  -a,  where  0  <  a  <  1, 
ai  =  a_i  =  a/2  and  a3  =  0  if  \j\  >  2.  A  special  case  arises  with  a  =  1/3 
which  corresponds  to  Simpson  quadrature  applied  to  the  top-hat  filter  with 
6  =  2h  where  h  is  the  grid  spacing  and  6  the  width  of  H.  The  effect  of  a 
numerical  filter  on  a  Fourier  mode  u  =  exp (ikx)  is  given  by 

H{u){xm)  =  (1  -  a  +  a  cos (kh))  exp {ikxm)  =  Ha{kh)u(xm).  (16) 

This  filter  can  only  be  inverted  if  the  ‘characteristic’  function  Ha  is  strictly 
positive,  which  implies  that  a  <  1/2.  The  inverse  is  then  given  by 

H-'iexpiikx))  =  —  ^exp(ffcx).  (17) 

The  application  of  H~l  to  a  general  solution  which  is  known  only  by 
its  grid-values  {u(xm)}  can  be  specified  using  discrete  Fourier  transforms 
between  grid-  and  wavenumber  space.  The  result  is 

"H  ^(ti)(Xjn)  =  vEE  Ha  1(kh)  cos(kh(m  —  j))u(xj),  (18) 

0  k 

where  the  inner  summation  extends  over  k  =  2nk* /hN  with  k*  all  integers 
between  -N/2  and  N/2.  In  practice  the  double  summation  makes  applica¬ 
tion  of  the  inverse  filter  inefficient  if  N  becomes  large.  However,  for  values 
of  N  larger  than  about  10  the  result  hardly  depends  on  N.  Taking  the  limit 
N  — ►  oo  in  the  summation  over  k  we  find 


N-l 

7i  1(u)(xm)  = 

j= 0 


a-  1  + 


u(xj) 

/I  -  2a 


a 


(19) 
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For  all  positive  values  of  a  smaller  than  1/2  the  power  series  in  this  expres¬ 
sion  converges  and  the  convergence  rate  increases  if  a  decreases.  Hence, 
for  small  values  of  a  an  accurate  and  efficient  approximation  of  the  inverse 
filter  can  be  obtained  with  only  a  few  terms.  Extension  of  the  numerical 
filter  and  its  inverse  to  three  spatial  dimensions  is  straight  forward. 

Before  we  turn  to  a  description  of  the  temporal  mixing  layer  in  the 
next  section  we  will  first  spend  some  time  on  the  effective  filter  width  of 
the  numerical  filter  H  and  its  inverse.  If  H  is  a  numerical  filter,  it  can 
be  seen  as  the  discrete  approximation  of  a  continuous  filter  and  its  filter 
width  can  be  defined  as  the  width  of  the  corresponding  continuous  filter. 
As  an  example,  the  numerical  filter  with  a  =  1/3  described  above  is  an 
approximation  of  the  top-hat  filter  with  filter  width  equal  to  2h.  So,  we 
define  the  width  of  the  numerical  filter  as  6  =  2h. 

In  dynamic  models  which  use  Smagor insky’s  model  as  a  base  model, 
the  effective  filter  width  of  the  composition  of  two  filters  is  also  needed.  In 
Vreman  et  al.  (1997)  it  has  been  shown  that  the  composition  of  two  top-hat 
filters  is  not  a  top-hat  filter,  and  that  the  top-hat  filter  which  is  the  best 
approximation  has  a  width  given  by 

A  2Hl  =  A  2n  +  M  (20) 

A  problem  still  remains  in  the  definition  of  the  effective  filter  width  of 
H~lL.  The  composition  H~XH  equals  the  identity  operator,  which  is  the 
limit  of  the  top-hat  filter  for  A  —  0  and  thus  has  a  filter  width  equal  to 
zero.  If  we  now  consider  (20)  as  a  definition  of  the  effective  filter  width  for 
any  filter  operator  or  its  inverse,  we  find 

K-  =  <21> 

As  a  final  step  we  can  define  the  effective  width  of  H~XL  by  using  (20)  again. 
An  interesting  case  arises  when  7Y  is  a  numerical  approximation  of  L.  Then 
7 -L~XL  has  effective  width  kA  equal  to  zero.  It  follows  that  the  second  term 
on  the  right-hand  side  of  (14)  is  absent.  This  makes  this  particular  dynamic 
inverse  model  very  cost  effective. 

4.  Temporal  mixing  layer 

In  this  section  we  will  describe  the  test  case  of  a  compressible  temporal 
mixing  layer  adopted  in  this  paper.  The  computational  domain  is  a  cube. 
Periodic  boundary  conditions  are  imposed  in  the  streamwise  and  spanwise 
directions,  whereas  the  boundaries  in  the  normal  direction  are  free-shp 
walls.  As  initial  condition  a  hyperbolic  tangent  velocity  profile  is  taken  as 
the  mean  streamwise  velocity,  the  other  mean  velocity  components  are  zero, 
the  mean  pressure  is  uniform  and  the  mean  temperature  is  obtained  from 
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the  Busemann-Crocco  law.  In  order  to  initiate  turbulence,  perturbations 
consisting  of  eigenfunctions  provided  by  linear  stability  theory  (LST)  are 
superimposed  on  the  mean  profile.  The  length  of  the  domain  equals  four 
times  the  wavelength  of  the  most  unstable  mode  according  to  LST.  In  this 
way  two  subsequent  pairings  of  the  rollers  are  allowed.  Subharmonic  and 
oblique  modes  are  added  to  initiate  the  vortex  pairings  and  to  introduce 
three-dimensionality.  The  Mach  number  is  0.2,  which  makes  the  simulation 
practically  incompressible.  The  Reynolds  number  is  50,  based  on  the  upper 
velocity  and  half  the  initial  vorticity  thickness. 

The  initial  condition  is  prepared  on  a  uniform  grid  with  1923  grid  points. 
On  this  grid  a  direct  numerical  simulation  (DNS)  is  performed  for  compar¬ 
ison  purposes.  The  initial  condition  is  filtered  onto  a  uniform  grid  with 
323  grid  points,  on  which  the  LES  is  carried  out.  The  filter  width  equals 
D/16,  where  D  is  the  length  of  the  computational  domain,  i.e.  A  =  2h. 
The  filter  used  is  the  top-hat  filter.  The  numerical  method  for  both  the 
DNS  and  the  LES  is  a  fourth  order  accurate  finite  volume  method  with¬ 
out  artificial  dissipation  for  the  spatial  discretization  and  a  second  order 
four-stage  compact-storage  Runge-Kutta  method  for  the  time  integration. 
More  details  on  the  test  case  and  on  the  numerical  method  can  be  found 
in  Vreman  et  al.  (1997). 


5.  Results 

In  this  section  we  will  present  LES  results  for  both  the  traditional  dynamic 
(DSM)  and  the  dynamic  inverse  model  (DIM)  using  Smagorinsky’s  eddy 
viscosity  model  as  base  model.  The  results  will  be  compared  with  filtered 
DNS  results.  In  the  DSM  the  explicit  test  filter  has  a  width  equal  to  2 A. 
In  the  DIM  we  use  the  numerical  explicit  with  a  =  1/3.  This  implies  that 
kA  =  0  in  (14).  In  (19)  the  sum  is  taken  over  j  =  m  -  5, . . . ,  m  +  5.  Since 
the  sum  of  the  coefficients  should  be  equal  to  1,  the  coefficient  of  the  term 
j  =  m  has  been  slightly  changed.  The  simulation  results  with  the  sum  taken 
over  j  =  m  —  10, . . . ,  m  +  10  are  indistinguishable. 

The  LES  for  both  dynamic  models  reproduce  the  large-scale  roller  struc¬ 
tures  found  in  the  DNS  and  undergo  a  transition  to  turbulence.  Figure  1 
displays  the  spanwise  vorticity  at  t  =  80  in  a  plane  in  spanwise  direction 
for  both  dynamic  models  and  for  the  filtered  DNS  results.  Both  dynamic 
models  are  qualitatively  in  good  agreement  with  the  filtered  DNS  results: 
the  peak  values  of  the  vorticity  are  quite  well  predicted  and  roughly  the 
correct  amount  of  small  structures  is  present.  The  differences  between  the 
results  of  the  two  models  are  quantitatively  very  small.  This  holds  for  mean 
quantities,  but  also  for  turbulence  intensities.  As  an  example  we  show  the 
momentum  thickness  as  a  function  of  time  in  Fig.  2.  In  Fig.  3  the  dynamic 
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respectively,  a:  DSM,  b:  DIM,  c:  filtered  DNS 


coefficient  Cd  is  plotted  as  a  function  of  time  at  the  centre-line  of  the  mixing 
layer.  We  see  that  there  is  a  sizeable  difference  in  the  value  of  the  dynamic 
coefficient  of  20-50%,  which  apparently  hardly  influences  the  simulation 
results.  In  order  to  study  the  sensitivity  of  the  simulation  results  on  the 
value  of  Cd  we  performed  another  simulation  in  which  we  determined  the 
value  of  Cd  in  the  same  way  as  in  the  DSM,  but  multiplied  it  afterwards  by 
a  factor  of  2  (DSM2).  In  the  initial  stages  of  the  simulation  the  resulting 
subgrid  dissipation  turns  out  twice  as  large  as  in  the  DSM.  However,  this 
reduces  the  amount  of  small  scales  present,  and  thus  decreases  the  strain 
rate  tensor.  Hence,  in  the  later  stages  of  the  simulation  the  molecular  dis¬ 
sipation  is  smaller  and  the  subgrid  dissipation  is  only  roughly  20%  larger 


DYNAMIC  INVERSE  MODELLING 


9 


Figure  2.  Momentum  thickness  a s  a  function  of  time;  solid:  DSM,  dashed:  DIM,  o: 
filtered  DNS 


Figure  3.  Dynamic  coefficient  as  a  function  of  time  at  the  centre-line;  solid:  DSM, 
dashed:  DIM 


than  in  the  DSM  as  can  be  seen  in  Fig.  4.  The  effect  on  mean  quantities 
is  therefore  very  small  and  even  turbulent  intensities  change  by  only  some 
10%.  This  is  consistent  with  the  results  for  DSM  and  DIM. 

Finally,  we  compare  the  efficiency  of  both  subgrid  models.  The  only 
difference  between  the  two  models  is  the  way  in  which  the  coefficient  Q 
is  calculated.  Since  in  the  DIM  the  second  term  in  (14)  equals  zero,  the 
amount  of  work  is  less  than  in  the  DSM,  resulting  in  a  decrease  in  calcula¬ 
tion  time  of  approximately  15%. 
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Figure  4.  Subgrid  dissipation  and  molecular  dissipation  as  function  of  time; 
solid:  DSM-molecular,  dashed:  DSM-subgrid,  dotted:  DSM2-molecular,  dash-dotted: 
DSM2-subgrid 


6.  Conclusion 

We  applied  dynamic  inverse  modelling  to  LES  of  a  temporal  mixing  layer, 
using  Smagorinsky’s  model  as  a  base  model  and  compared  the  results  with 
the  standard  dynamic  eddy-viscosity  model.  To  this  end  we  introduced  a 
numerical  filter  and  its  exact  inverse.  The  quantitative  simulation  results 
are  almost  the  same.  It  is  argued  that  this  is  caused  by  the  insensitivity 
of  the  simulation  to  relatively  small  changes  in  the  dynamic  coefficient.  A 
sensitivity  analysis  revealed  that  even  a  large  change  in  the  value  of  the 
dynamic  coefficient  hardly  influences  mean  flow  quantities. 
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Abstract.  The  comparative  ability  of  ENO  and  compact  schemes  to  cor¬ 
rectly  calculate  homogeneous  compressible  turbulence  is  investigated  in  this 
work.  Also  included  in  the  analysis  are  the  weighted  essentially  nonoscilla- 
tory  (WENO)  scheme  and  a  third-order,  upwind-biased  scheme.  The  ability 
of  the  various  schemes  to  represent  certain  single-point  statistics  and  the 
spectra  energy  distribution  is  compared.  The  compact  scheme  requires  fil¬ 
ters  for  numerical  stability.  The  effects  of  an  adjustable  parameter  in  the 
filter  formulation  on  the  computed  results  are  discussed,  as  are  the  roles  of 
filters  in  the  ability  of  the  ENO  code  to  dissipate  turbulence  energy.  The 
effect  of  grid  refinement  on  the  relative  spectra  energy  dissipation  by  ENO 
and  compact  schemes  are  presented. 


1.  Introduction 

The  comparative  evaluation  of  the  computational  speed,  accuracy,  and  ro¬ 
bustness  of  the  ENO  and  compact  schemes  is  investigated  in  a  systematic 
manner  in  this  work.  The  objective  of  this  study  is  to  determine  the  char¬ 
acteristics  of  the  methods  for  compressible  DNS  and  LES.  The  computer 
program  FDL3DI,  with  its  two-dimensional  version,  FDL2DI,  both  devel¬ 
oped  by  the  authors  from  Wright-Patterson,  was  used  for  the  compact 
calculations,  whereas  the  ENO  program  came  from  procedures  developed 
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at  Aerospace  Research  Corporation,  Long  Island.  Both  codes  are  used  with 
a  curvilinear  coordinate  transformation,  in  order  to  treat  the  irregular  ge¬ 
ometries  that  are  of  interest  in  application.  Previous  applications  of  the 
ENO  and  compact  schemes  to  DNS  include  Ladeinde  et  al.  (1995)  and  Lee 
et  al.  (1997),  respectively.  We  will  focus  on  Mach  number  M\  values  of 
0.1,  0.5  and  0.7,  where  M\  is  the  sonic  Mach  number  of  the  initial  flow,  or 
Ml  =  Km5/cs(x))o,  where  uTms  =  (|  u(x)  I2)1/2  is  the  root-mean-square 
value  of  the  velocity  at  any  instant  in  time,  c5(x)  is  the  local  sound  speed, 
an  overline  means  spatial  averaging  and  the  subscript  “0”  implies  the  initial 
value  in  time.  The  instantaneous  turbulence  Mach  number  Ms  is  also  used 
in  this  paper,  where  M\  —  {Ms)o- 

There  are  potential  problems  with  the  compact  schemes  that  have  not 
received  enough  attention.  This  includes  the  computational  burden  of  the 
coupling  between  nodal  gradients,  the  dissipative  effect  of  filtering  that  is  of¬ 
ten  required  for  numerical  stability  of  Navier-Stokes  calculations,  anisotropy 
issues  (numerical,  not  turbulence),  and  the  evaluation  of  the  viscous  terms, 
particularly  in  curvilinear  coordinate  situations.  The  spectral-like  resolu¬ 
tion  and  the  relative  ease  of  implementation  of  the  compact  schemes  are 
the  overriding  reasons  for  the  interest  in  them. 

The  ENO  approach  also  has  potential  problems,  such  as  the  possibility 
of  overdiffusion  from  upwind-like  procedures,  which  depends  on  grid  re¬ 
finement  and  the  particular  implementation  (Roe,  Lax-Friedrich,  etc.)  and 
the  cost  of  the  adaptive  stencil.  The  nonlinearity  of  the  stencil  adaptation 
process  is  also  potentially  harmful  in  terms  of  numerical  oscillations.  The 
high-order  resolution  and  the  suitability  for  high  Mach  numbers  are  the 
overriding  reasons  for  the  interest  in  the  ENO  schemes. 


2.  Governing  Equations 

The  problem  chosen  for  the  comparison  study  is  the  decaying  homogeneous 
turbulence  problem  of  Ghosh  and  Matthaeus(1992),  hereafter  referred  to 
as  GM,  who  employed  the  pseudospectral  method.  The  GM  problem  was 
chosen  because  of  the  thorough  theoretical  and  numerical  treatment.  The 
problem  is  two-dimensional  which,  compared  to  its  three-dimensional  coun¬ 
terpart,  makes  it  more  affordable,  and  hence,  more  suitable  for  the  kind  of 
parametric  study  undertaken  in  this  paper.  Note  that  the  reference  pseu¬ 
dospectral  results  were  generated  in  GM.  The  unsteady,  two-dimensional, 
viscous  Navier-Stokes  equations  are  solved  in  strong  conservation  form  us¬ 
ing  the  generalized  curvilinear  coordinates  (£,  r/): 


/ u\  dF  dG  _  1 

dFy  dG£ 

V  J )  +  +  dr]  Re 

.  d(  drj  . 

(1) 


Comparison  of  the  ENO  and  Compact  Schemes  for  DNS/LES  of  Turbulence  3 

where  U  =  {p,pu,pv,pEt}  is  the  solution  vector,  J  is  the  Jacobian  of 
the  transformation,  F ,  G  are  the  inviscid  fluxes  and  F Gv  &re  the  viscous 
fluxes. 

The  initial  condition  for  this  problem  is  of  the  pseudosound  type  and 
is  obtained  by  first  solving  for  the  fluctuating  pressure  p'  from  the  Poisson 
equation  for  the  incompressible  component  of  the  initial  velocity  field. 

VV  =  -7M12V(ui  •  Vu1), 

where  the  right-hand  side  of  this  equation  is  due  solely  to  the  solenoidal 
velocity  component  u1  from  random  numbers.  The  pseudosound  density 
fluctuation  is  obtained  from  the  relation  6pps  =  ^p'  and  the  initial  pressure 
and  density  fields  are  P  =  1  +p'  and  p  =  1+  5pps ■  The  imposed  turbulence 
spectrum  is  chosen  to  match  that  in  GM: 

«  f  1,  1  <  k  <  VU, 

1  |  0,  otherwise 

where  is  an  index  defined  by  i  —  ^<k<i  +  ^,  with  k  =  yk'x  +  ky 
and  kx,  ky  are  the  turbulence  wavenumbers  in  the  x-  and  y-directions 
respectively.  The  Mach  numbers  investigated  are  Mi  =  0.1, 0.5,  and  0.7; 
the  Reynolds  number  is  250.  As  in  GM,  a  grid  of  642  is  sufficient  to  resolve 
the  important  scales  of  flow  although  results  for  2562  are  also  analyzed  for 
grid  dependence.  The  computational  length  of  the  domain  runs  from  0.0 
to  7.081  units  in  both  x  and  y.  The  gas  is  assumed  to  be  polytropic,  with 
P  =  p1  and  T  (temperature)  =  p7_17M2. 


3.  Numerical  Schemes 
3.1.  COMPACT  DIFFERENCING 

The  derivative  v!  for  any  generic  variable  u  in  the  transformed  coordinate 
frame  is  represented  as: 


au'i-i+Ui+au'i+i  =  b 


Ui+ 2  —  Ui- 2 


where  a,  a,  and  b  are  constants  which  determine  the  spatial  properties  of 
the  algorithm.  The  base  compact  differencing  schemes  used  in  this  paper  are 
the  three-point,  fourth-order  scheme,  C4,  with  ( a,a,b )  =  (5,  §,0),  the  five- 
point,  sixth-order  scheme,  C6,  with  ( a,a,b )  =  (5,  5)-  Also  used  is  the 

five-point,  fourth-order  scheme,  05,  with  (a,  a,  b)  =  0.430816,1.6205440, 
and  0.2410880.  This  scheme  minimizes  the  dispersion  error  over  the  entire 
range  of  wavenumbers  up  to  2  points  per  wave. 
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Equation  (2)  is  used  to  calculate  the  various  derivatives  in  the  (f, r ?) 
plane,  as  well  as  the  metrics  from  coordinate  transformation.  The  inviscid 
fluxes  in  the  Navier-Stokes  equations  are  formed  in  the  transformed  coordi¬ 
nates  at  each  nodal  point  and  the  components  differentiated  using  equation 
(2).  The  same  coefficients  ( a,a,b )  are  used  for  both  the  metrics  and  the 
fluxes,  which  is  useful  in  reducing  the  error  on  stretched  meshes  (Visbal 
and  Gaitonde,  1998;  Gaitonde  and  Visbal,  1998).  To  calculate  the  viscous 
and  heat  conduction  terms,  the  primitive  variables  u  =  {p,pu,pv,pEt}  are 
first  compact  differentiated  to  form  the  stress  tensor  and  heat  flux  vector. 
The  viscous  and  heat  conduction  terms  of  the  flow  equations  are  then  com¬ 
puted  by  another  application  of  equation  (2).  The  use  of  second  derivative 
compact  formulations,  as  in  Lele  (1992),  has  some  advantages  but  could 
lead  to  excessive  computational  penalty  on  curvilinear  coordinates. 

The  compact  formulas  for  the  domain  boundary  points  are  well  known; 
the  present  work  is  based  on  the  boundary  formulas  in  Gaitonde  and  Visbal 
(1998).  Time  integration  of  the  ODE  that  results  from  the  spatial  discretiza¬ 
tion  was  based  on  the  classical  fourth  order  Runge  Kutta  scheme. 

Numerical  instability  is  often  encountered  in  the  solution  of  the  Navier- 
Stokes  equations  with  compact  differencing.  The  calculations  are  stabilized 
with  numerical  filters  (Lele,  1992).  In  the  formulation,  the  filtered  values  u 
for  any  quantity  u  in  the  transformed  plane  is  represented  as: 


N 


aifUi 


-1  +  +  OtfUi+i  =  V  ( Ui+n  +  U{~n ) 


n=0 


(3) 


This  representation  provides  a  non-dispersive,  2Arth-order  filter  with  2iV+l 
point  stencil.  The  spectral  function  F  for  this  scheme  can  be  represented 

as  v 

jP,  ,  En=0  Qn  COs(ncj) 

1  +  2a/  cos(ai) 

where  u)  is  the  normalized  wavenumber  u  =  ^r,  N  =  and  k  is  the 
physical  wave  number,  L  is  domain  length  and  h  is  the  grid  spacing.  The 
eighth-  and  tenth-order  filters  are  used  in  the  present  work,  for  which  the 
coefficients  are: 


/93  +  70a/  193  +  126a/ \ 
l  128  ’  256  )  ’ 

(- 7+ 14a/  15(-l  +  2 OfY\ 

V  32  64  )’ 


f  7  + 18a/  105  +  302a/  \ 

1  ~  V  16  ’  256  )  ’ 

f  1  a/  45(1  —  20/)^ 
°3  V16  ~  T’  512  )  ’ 


a  4 


(  1  “/  5(1-2a/>'|  a, 

ri28+M’  512  )' 


512  ) 


(4) 
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The  foregoing  filters  are  a  subset  of  the  more  elaborate  ones  proposed  by 
Gaitonde  and  Visbal  (1998).  For  convenience,  we  will  refer  to  their  filters 
as  VG  filters.  The  boundary  treatments  in  VG  filters  are  available  in  the 
reference. 

The  notations  used  in  Gaitonde  and  Visbal  (1999)  will  be  adopted  to 
simplify  the  specification  of  the  compact  difference  schemes.  The  homo¬ 
geneous  turbulence  results  presented  in  this  paper  are  based  on  periodic 
boundary  conditions.  In  this  case,  the  notation  Cn  will  be  used  to  denote 
an  nth  order  compact  differencing  scheme.  For  the  filter  scheme,  the  inte¬ 
rior  order  will  be  designated  with  its  order  of  accuracy  superscripted  with 
the  value  of  a  parameter,  ay.  For  example,  FIO0'3  represents  a  tenth-order 
filter  with  af  =  0.3.  The  compact  differencing  schemes  used  are  C4,  05, 
and  C6,  whereas  the  filter  schemes  are  F80  4  and  FIO0  4. 


3.2.  ENO  AND  WENO  SCHEMES 

The  ENO  and  WENO  schemes  presented  in  Shu  (1997)  were  used.  The 
ENO/WENO  procedure  pertains  to  the  differencing  of  the  convective  terms 
of  the  Navier-Stokes  equations  in  a  way  that  avoids  discretization  across 
very  strong  gradients.  (The  viscous  terms  are  discretized  with  explicit 
fourth  order  schemes.)  Thus,  based  on  the  Navier-Stokes  equations  in  (1), 
the  ENO  problem  can  be  written  as: 

t*t(£,  T),  t)  +  /*(«(£,  t?,*))  +  0„(u(£,  V,  t))  =  0,  (5) 

where  it  is  apparent  that  u,  f,  and  g  are  vector  functions.  The  convective 
terms  are  reconstructed  to  accuracy  k,  which  is  taken  as  3  or  4  in  the 
present  work.  The  basic  ENO  differencing  problem  is: 


=  f,+g'  +  0(Ae,Ar1k)  =  L(u).  (6) 

Many  options  are  possible  with  the  ENO  or  WENO  schemes.  The  base 
ENO  scheme  in  the  present  paper  focuses  on  the  characteristic-wise  high 
order  finite  differencing  with  Roe  speed  and  Lax-Friedrichs  flux-splitting. 
The  stencils  for  fi±i  3  and  gi  j± i  are  adaptively  selected  from  the  relatively 
smooth  part  of  the2  flow  and  constructed  to  be  of  the  desired  order  via 
Lagrange-type  interpolation.  For  WENO,  one  uses  a  convex  combination 
of  all  the  candidate  stencils,  instead  of  using  just  one  of  these.  Details  of  the 
procedures  are  available  in  Shu  (1997).  Note  that  for  WENO,  the  leading 
order  truncation  error  is  0( A£2fc_1)  compared  to  0( A£k)  for  ENO,  where 
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k  is  the  order  of  the  scheme.  The  calculations  reported  in  this  paper  were 
carried  out  with  k  =  3. 

In  addition  to  the  ENO  and  compact  differencing  schemes,  the  suitabil¬ 
ity  of  popular  engineering  CFD  schemes  for  DNS/LES  is  also  investigated 
using  the  third-order,  upwind-biased  Roe  scheme,  hereafter  referred  to  as 
the  “Roe”  scheme. 

4.  Results  and  discussions 

For  the  Navier-Stokes  equations,  the  compact  differencing  schemes  in  the 
current  formulation  require  filters  for  numerical  stability.  Without  them, 
the  results  were  either  unphysical  or  the  calculations  divergent.  Therefore, 
all  the  compact  results  presented  in  this  paper  were  generated  with  filters. 

In  general,  for  M\  =  0.1, 0.5,  the  ENO  (using  the  center  stencil-biased 
scheme  at  the  lower  Mach  number  and  the  fully  adaptive  scheme  at  the 
higher  Mach  number)  and  compact  results  for  certain  single-point  quanti¬ 
ties  show  good  agreement.  This  is  the  case  for  the  temporal  evolution  of 
p,u',  and  p  at  selected  points  in  the  domain.  The  results  for  M\  =  0.1  are 
indistinguishable  for  the  two  schemes,  and  only  slight  deviations  have  ap¬ 
peared  at  Mi  =  0.5.  The  differences  between  the  results  for  the  two  schemes 
are  more  pronounced  at  M\  =  0.7.  Qualitative  agreement  in  the  whole  field 
is  also  evident  in  the  density  contour  map  of  figure  1  (  M\  =  0.5). 

It  is  important  to  note  that  some  tuning  of  the  ENO  scheme  is  often 
required  in  order  to  handle  a  wide  range  of  Mach  numbers.  That  is,  when 
the  Mach  number  is  low  (i.e.,  smooth  field),  the  stencil  adaptation  process 
in  the  standard  ENO  procedure  becomes  unreliable,  leading  to  inaccurate 
results.  The  temporal  kinetic  energy  decay  in  figure  2  (Mi  =  0.1)  illustrates 
this  problem,  where  figure  2  (a)  is  the  result  for  the  standard  adaptive  ENO 
whereas,  in  figure  2  (b),  the  stencil  is  biased  toward  a  centered  one,  following 
the  suggestion  in  Shu  (1990).  This  difficulty  was  first  reported  in  Rogerson 
and  Meiburg  (1990),  albeit  for  a  simple  analytical  function.  Application  of 
the  same  biasing  technique  to  Mx  =  0.5  gave  results  that  were  similar  to 
those  for  the  standard,  unbiased  formulation  for  E^in  (total  kinetic  energy), 
Eint  (total  internal  energy)  and  Ms2  (turbulence  Mach  number  squared). 
However,  the  turbulence  energy  spectra  ( Pk  and  Pt)  are  poorly  represented 
at  high  wave  numbers,  compared  to  the  standard  adaptive  stencil  scheme 
(figure  3).  The  foregoing  results  suggest  that,  with  ENO,  for  non-reacting 
calculations,  it  might  be  necessary  to  bias  the  stencil  toward  a  centered  one 
when  (Mi)max  <  0.3  and  to  use  the  standard  stencil  adaptation  process  for 
(Mi)max  >  0.3.  (The  maximum  Mach  number  is  taken  over  all  the  nodal 
points  in  the  domain.)  The  cut-off  of  0.3  is  obviously  not  strict,  and  is  only  a 
guide.  Moreover,  other  factors,  such  as  chemical  reactions,  could  introduce 
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other  sources  of  strong  gradients  and  hence  reduce  the  Mach  number  limit 
for  the  use  of  the  centered  stencil. 

The  basic  difficulty  with  the  upwind-biased  scheme  is  excessive  dissi¬ 
pation,  which  is  apparent  in  figure  1(c)  and  the  turbulence  kinetic  energy 
(Ekin)  and  internal  energy  (Eint)  plots  in  figure  2. 

Using  the  same  filter  schemes  (i.e.,  F80  4  and  FlO04),  no  significant 
differences  were  found  for  E^im  Eint,  UL /UT  (the  ratio  of  the  longitudinal 
and  transverse  velocity  components),  and  M2  when  the  differencing  scheme 
was  C4,  05,  or  C6  (figure  4  (a)).  The  spectra  of  the  turbulence  kinetic 
and  internal  energy  were  also  the  same.  For  the  same  compact  differencing 
scheme,  a  small  effect  on  the  spectra  distribution  is  observable  when  the 
filter  scheme  is  changed  from  F80  4  to  FlO0  4  (figure  4  (b)).  The  single-point 
variables  listed  above  remained  essentially  unaffected  by  the  change  in  filter 
order. 

The  choice  of  the  parameter  a;  within  0.2  <  a/  <  0.499  did  not  affect 
the  magnitude  and  temporal  evolution  of  Ekjn  to  any  observable  level  (not 
shown)  and  has  only  a  minor  effect  on  Eint  (figure  5  (a)).  However,  the 
effects  are  quite  significant  at  the  high  wave  number  end  of  the  turbulence 
kinetic  and  internal  energy  spectra.  Increasing  <*/  moves  the  wave  number 
cut  off  to  the  right  (figure  5(b)).  The  spectral  distribution  of  Pk  (not  shown) 
is  similar  to  that  of  Pi  in  figure  5  (b),  except  for  the  different  magnitudes 
at  k  =  1  and  the  absence  of  the  wiggles  at  the  high  wave  number  end  of 
the  profile  for  aj  =  0.499. 

Figure  6  (a)  and  (b)  compare  the  performance  of  WENO  with  that 
of  ENO  and  compact  scheme  for  Mi  =  0.5.  A  slight  reduction  in  Ekin 
is  noticeable  in  the  WENO  results.  The  spectra  decay  for  WENO  (figure 
6  (b))  is  also  much  smoother  than  that  for  ENO  and  compact.  For  the 
same  grid,  the  WENO  results  tend  to  be  slightly  more  dissipative,  while 
the  results  for  ENO  and  compact  show  better  agrement  (Table  1).  One 
interesting  feature  of  the  WENO  results  compared  to  those  for  ENO  is  the 
absence  of  energy  accumulation  at  high  wave  numbers  (figure  6  (b)). 

The  combination  of  VG  filters  with  the  standard  ENO  scheme  causes  an 
enhanced  dissipation  at  high  wave  numbers  (figure  7),  thereby  eliminating 
the  energy  accumulation  that  is  characteristic  of  the  spectra  from  standard 
ENO.  The  effect  on  Ekin  and  Eint  is  not  significant. 

The  Ek  and  Eint  results  are  reasonably  close  for  642  and  2562  (not 
shown).  The  spectral  energy  decay  results  for  the  two  grids  are  compared 
in  figure  7  for  Pk)  Mi  =  0.5.  The  effect  on  Pt  is  similar  (not  shown).  For 
the  compact  scheme,  grid  refinement  extends  the  dissipation  range  wave 
number,  similar  to  the  effect  of  increasing  a/.  For  ENO,  energy  accumula¬ 
tion  at  the  high  wave  numbers  is  eliminated  with  grid  refinement.  However, 
unlike  the  compact  results,  the  decay  rate  for  unfiltered  ENO  is  roughly 
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the  same  for  642  and  2562.  For  the  compact  scheme,  the  decay  rates  for  the 
two  grids  depart  significantly  after  k  =  10,  suggesting  that  the  high  wave 
number  dissipation  for  642  is  numerically  forced.  Note  that  the  addition  of 
filters  to  ENO,  at  642,  also  lead  to  differences  in  the  decay  rate  compared 
to  the  case  for  2562 . 

The  relative  CPU  consumption  of  ENO  and  compact  schemes  was  in¬ 
vestigated  for  642.  On  average,  the  compact  code  runs  faster  by  a  factor  of 
1.6.  Preliminary  work  also  indicates  that  this  factor  increases  for  increasing 
grid  size,  with  an  estimate  of  3  to  6  for  1024^.  It  should  be  noted,  however, 
that  neither  code  was  optimized,  so  that  the  numbers  are  good  only  as  a 
rough  guide. 


5.  Concluding  Remarks 

The  main  findings  from  the  present  investigation  can  be  summarized  as 
follows: 

1)  Engineering  CFD  schemes  such  as  the  third-order,  upwind-biased  scheme 

may  not  be  suitable  for  DNS/LES  because  of  the  excessive  dissipation 
reflected  in  the  single-point  statistics  and  the  energy  spectra. 

2)  A  stencil-biasing  parameter  must  be  adjusted  for  the  ENO  scheme  in 

order  to  promote  a  centered  stencil  when  the  Mach  number  is  low. 
However,  the  parameter  must  not  promote  a  centered  stencil  for  high 
Mach  numbers. 

3)  For  the  same  filter  scheme  (F804  or  FlO0  4),  the  compact  differenc¬ 
ing  schemes  C4,  05,  and  C6  produce  similar  results  for  single-point 
statistics  and  spectral  energy  decay.  For  the  same  compact  differencing 
scheme  (C4,  05,  and  C6),  the  filter  schemes  F80  4  and  FlO0  4  produce 
similar  single-point  statistics  but  slightly  different  spectra. 

4)  The  filter  parameter  ay,  within  0.2<  aj  <  0.499,  does  not  affect  the 
single-point  data  investigated  but  has  a  significant  effect  on  the  spectral 
decay  of  turbulence  energy.  Larger  otj  values  shift  the  cut-off  wave 
number  to  the  right  of  the  spectrum. 

5)  The  compact  differencing  schemes  require  filters  for  numerical  stability 

whereas  ENO  does  not.  However,  the  standard  ENO  results  produce 
spectra  that  accumulate  energy  at  the  high  wave  numbers.  The  use  of 
VG  filters  alleviates  this  problem. 

6)  WENO  results  do  not  accumulate  energy  at  high  wave  numbers  and 

are  generally  slightly  more  dissipated  compared  to  both  the  compact 
and  standard  ENO  results. 

7)  Grid  refinement  (642  versus  2562)  shifts  the  high  wave  number  cut¬ 
off  to  the  right  for  both  ENO  and  compact  and,  for  both  schemes, 
grid  refinement  changes  the  decay  rate  (at  the  high  wave  number  end) 
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relative  to  the  filtered  642  results.  The  decay  rate  for  the  unfiltered  642 
ENO  results  is  roughly  the  same  as  that  for  2562. 

8)  Energy  accumulation  (by  ENO)  or  possible  premature  dissipation  in 
wave  number  space  (by  WENO  or  compact)  might  undermine  DNS 
results  if  not  prevented. 

9)  The  findings  in  this  paper  are  potentially  significant  for  SGS  modeling. 

Not  only  do  we  have  to  worry  about  the  dependence  of  the  Smagorin- 
sky  constant  on  the  SGS  model  in  terms  of  the  subgrid  scale  cutoff 
wave  number  and  energy  accumulation,  we  also  need  to  include  the 
differential  effects  of  the  numerical  schemes  on  these  high  wave  num- 
ber  phenomena. 

10)  The  present  paper  suggests  that  single-point  statistics  may  fail  to 
reveal  important  numerical  difficulties.  It  is  therefore  advisable  to  also 
examine  the  energy  spectra  for  possible  numerical  difficulties. 
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Fig.  1  Density  contour  maps  for  ENO, 
compact,  and  third-order  upwind-biased 
schemes.  Mj=0.5,  t/te=1.0. 

Fig.2  Time  evolution  of  total  kinetic  energy 
and  internal  energy  for  M,=0.1.  ENO  in 
Fig.2(a)  uses  adaptive  stencil,  in  Fig.2(b) 
it  uses  centrally-biased  stencil. 
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Abstract.  We  will  present  a  matrix-free  discontinuous  Galerkin  method 
for  simulating  compressible  viscous  flows  on  two-  and  three-dimensional 
moving  domains.  To  this  end,  we  solve  the  Navier-Stokes  equations  in  an 
Arbitrary  Lagrangian  Eulerian  (ALE)  framework.  Spatial  discretization  is 
based  on  standard  structured  and  unstructured  grids  but  using  an  orthogo¬ 
nal  spectral  hierarchical  basis.  The  method  is  third-order  accurate  in  time, 
and  converges  exponentially  fast  in  space  for  smooth  solutions.  A  novelty  of 
the  method  is  the  use  of  a  force-directed  algorithm  from  graph  theory  that 
requires  no  matrix  inversion  to  efficiently  update  the  grid  while  minimizing 
distortions.  We  present  several  simulations  using  the  new  method,  including 
validation  using  published  results  from  a  pitching  airfoil,  and  new  results 
for  flow  past  a  three-dimensional  wing  subject  to  large  flapping  insect-like 
motion. 


1.  Introduction 

Despite  great  research  efforts  in  designing  good  unstructured  grids  for  aero¬ 
dynamic  flows,  especially  for  three-dimensional  simulations,  most  finite  ele¬ 
ment  and  finite  volume  solutions  depend  strongly  on  the  quality  of  the  grid. 
For  highly  distorted  grids  convergence  is  questionable,  and  in  most  cases 
convergence  rates  are  typically  less  than  second-order.  Moreover,  efforts 
to  increase  the  accuracy  of  finite  volume  methods  to  higher  than  second- 
order  have  not  been  very  successful  as  conservativity  in  the  formulation  or 
monotonicity  of  the  solution  have  to  be  compromised.  These  difficulties  are 
particularly  pronounced  for  simulations  in  moving  computational  domains 
involving  aeroelastic  motion  and  other  flow-structure  interaction  problems 
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In  the  current  work  we  extend  the  standard  flux-based  finite  volume 
to  high-order  by  employing:  (1)  An  appropriate  flux-based  formulation  in 
a  new  discontinuous  Galerkin  framework;  and  (2)  A  tensor-based  spec¬ 
tral  basis  appropriate  for  polymorphic  sub-domains.  Specifically,  we  use 
a  discontinuous  Galerkin  approach  that  allows  the  use  of  an  orthogonal 
polynomial  basis  of  different  order  in  each  element.  This  in  turn, ^allows 
multi-domain  representation  with  a  discontinuous  (i.e.  globally  L2)  trial 
basis.  This  discontinuous  basis  is  orthogonal,  hierarchical,  and  maintains  a 
tensor-product  property  even  for  non-separable  domains  [3],  [4].  Moreover, 
in  the  proposed  method  the  conservativity  property  is  maintained  automat¬ 
ically  in  the  element-wise  sense  by  the  discontinuous  Galerkin  formulation, 
while  monotonicity  is  controlled  by  varying  the  order  of  the  spectral  ex¬ 
pansion  and  by  performing  h-refinement  around  discontinuities. 

We  have  followed  the  Arbitrary  Lagrangian  Eulerian  (ALE)  framework 
as  in  previous  works,  e.g.  [5,  6],  but  with  an  important  difference  on  com¬ 
puting  the  grid  velocity.  Specifically,  we  developed  a  modified  version  of 
the  force-directed  method  [7]  to  compute  the  grid  velocity  via  incomplete 
iteration.  We  then  update  the  location  of  the  vertices  of  the  elements  using 
the  known  grid  velocity.  In  addition  to  the  ALE  treatment,  the  proposed 
method  is  new  both  in  the  formulation  (e.g.  construction  of  inviscid  and 
viscous  fluxes,  use  of  characteristic  variables,  no  need  for  limiters)  as  well 
as  in  the  discretization  as  it  uses  polymorphic  subdomains.  We  will  demon¬ 
strate  this  flexibility  in  the  context  of  simulating  viscous  flows  that  require 
accurate  boundary  layer  resolution. 

The  paper  is  organized  as  follows:  We  first  present  the  ALE  discontin¬ 
uous  Galerkin  formulation  for  an  advection  and  diffusion  scalar  equations 
separately  for  clarity.  We  then  present  simulations  of  subsonic  and  super¬ 
sonic  viscous  flows  in  stationary  and  moving  domains. 

2.  Numerical  Formulation 

We  consider  the  non-dimensional  compressible  Navier-Stokes  equations, 
which  we  write  in  compact  form  in  an  Eulerian  reference  frame  as 

Ut  +  V-F  =  Re^VF"  in  Q  (1) 

where  F  and  F"  correspond  to  inviscid  and  viscous  flux  contributions,  re¬ 
spectively,  and  Reoo  is  the  reference  Reynolds  number.  Here  the  vector 
u  —  [p, puu pu2, PU3, pe]*  with  u  =  (ui,«2>«3)  the  local  fluid  velocity,  p 
the  fluid  density,  and  e  the  total  energy.  Splitting  the  Navier-Stokes  opera¬ 
tor  in  this  form  allows  for  a  separate  treatment  of  the  inviscid  and  viscous 
contributions,  which,  in  general,  exhibit  different  mathematical  properties. 
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In  the  following,  we  will  solve  the  Navier-Stokes  equations  in  a  time- 
dependent  domain  £2(f)  by  discretizing  on  a  grid  whose  points  may  be 
moving  with  velocity  U9,  which  is,  in  general,  different  than  the  local  fluid 
velocity.  This  is  the  so-called  Arbitrary  Lagrangian  Eulerian  (or  ALE)  for¬ 
mulation  which  reduces  to  the  familiar  Eulerian  and  Lagrangian  framework 
by  setting  U9  =  0  and  U9  =  u,  respectively  [8,  5].  In  this  context,  we  will 
review  briefly  the  discontinuous  Galerkin  formulation  employed  in  the  pro¬ 
posed  method.  In  the  proposed  formulation,  no  flux  limiters  are  necessary 
as  the  entropy  condition  is  satisfied  in  the  L2-norm  35  has  been  shown 
theoretically  in  [9]. 

2.1.  DISCONTINUOUS  GALERKIN  FOR  ADVECTION 

Using  the  Reynolds  transport  theorem  we  can  write  the  Euler  equations  in 
the  ALE  framework  following  the  formulation  proposed  in  [5]  as 

Ut  +  Gt<i  =  -U?-U,  (2) 

where  the  ALE  flux  term  is  defined  as 

Gi  =  ( m  -  Uf)U  +  p[0, 5U,  S2i,  Ui],  i  =  1,2, 3. 

We  can  recover  the  Euler  flux  F  (see  equation  1)  by  simply  setting  U9  =  0, 
and  in  general  we  have  that  Gi  =  Fi  -  UfU.  Now  if  we  write  the  ALE 
Euler  equations  in  terms  of  the  Euler  flux  then  the  source  term  on  the 
right-hand-side  of  equation  (2)  is  eliminated  and  we  obtain: 

Ui  +  -  UfU,i  =  0,  (3) 

which  can  then  be  recasted  in  the  standard  quasi-linear  form 

Ut  +  [Ai  -  UfI]Uti  =  0, 

where  Aj  —  dFi/dU  (i  —  1,2,3)  is  the  flux  Jacobian  and  I  is  the  unit 
matrix.  In  this  form  it  is  straightforward  to  obtain  the  corresponding  char¬ 
acteristic  variables  since  the  ALE  Jacobian  matrix  can  be  written 

A?le  =  [A;  -  Ufl)  =  Ri  •  [A,-  -  Ufl]  •  Li , 

where  brackets  denote  matrix.  Here  the  matrix  A  contains  in  the  diago¬ 
nal  the  eigenvalues  of  the  original  Euler  Jacobian  matrix  A,  and  R  and 
L  are  the  right-  and  left-eigenvector  matrices,  respectively,  containing  the 
corresponding  eigenvectors  of  A.  Notice  that  the  shifted  eigenvalues  of  the 
ALE  Jacobian  matrix  do  not  change  the  corresponding  eigenvectors  in  the 
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Figure  1.  Notation  for  a  triangular  element. 


characteristic  decomposition. 

To  explain  the  discontinuous  Galerkin  ALE  formulation  we  consider  the 
two-dimensional  equation  for  advection  of  a  conserved  scalar  q  in  a  region 
«(t) 

|  +  V.F(?)-Ug-V?  =  0. 

In  the  discontinuous  Galerkin  framework,  we  test  the  equation  above  with 
discontinuous  test  functions  v  separately  on  each  element  (e)  (see  also  [10, 
11])  to  obtain 

(v,dtq)e  +  (v,V-F(q))e  -  (v,U*-Vq)e 

+  f  v[f(qi,qe)  -  F{q)  -  {qup  -  fl)-Ug]*nds  =  0.  (4) 

JdTc 

Here  (•,  •)  denotes  inner  product  evaluated  over  each  element,  and  /  is  a 
numerical  boundary  flux  [10];  the  notation  is  explained  in  figure  1.  Notice 
that  this  form  is  different  than  the  form  used  in  the  work  of  [12]  and  [13] 
where  the  time  derivative  is  applied  to  the  inner  product,  i.e. 

8t{v ,  q)e  +  (v,  V-F(9))e  -  (t>,  U g-V9)e  -  (u,  qV  ■  Ug)e 


+  /  v[f(qu  qe)  -  F (q)  -  (qup  -  qt)-Ug]-nds  =  0. 
JdTc 


(5) 
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Note  that  from  Reynolds  transport  theorem  we  have  that 


where  the  partial  time  derivative  on  the  right-hand-side  is  with  respect  to 
the  moving  ALE  grid.  The  difference  between  the  forms  in  equations  4  and 
5  is  that  the  different  treatment  of  the  time  derivative  introduces  a  term 
in  the  second  case  (equation  (5))  that  involves  the  divergence  of  the  grid. 
While  the  two  forms  are  equivalent  in  the  continuous  case,  they  are  not 
necessarily  equivalent  in  the  discrete  case. 

To  compute  the  boundary  terms,  we  follow  an  upwind  treatment  based 
on  characteristics  similar  to  the  work  in  [10],  including  here  the  term  repre¬ 
senting  the  grid  motion.  To  this  end,  we  need  to  linearize  the  ALE  Jacobian 
normal  to  the  surface,  i.e.  [A  -  U%I]  =  R[A  -  U%I]L,  where  U%  is  the  veloc¬ 
ity  of  the  grid  in  the  bfn  direction.  The  term  (qup  —  qi )  expresses  a  jump  in 
the  variable  at  inflow  edges  of  the  element  resulted  from  an  upwind  treat¬ 
ment.  In  the  case  of  a  system  of  conservation  laws  the  numerical  flux  /  is 
computed  from  an  approximate  Riemann  solver  [10]. 

In  this  formulation,  the  space  of  test  functions  may  contain  formally  dis¬ 
continuous  functions,  and  thus  the  corresponding  discrete  space  contains 
polynomials  within  each  “element”  but  zero  outside  the  element.  Here  the 
“element”  is,  for  example,  an  individual  triangular  region  T*  in  the  com¬ 
putational  mesh  applied  to  the  problem.  Thus,  the  computational  domain 
Q  =  (Jt.  T„  and  T,,Tj  overlap  only  on  edges.  In  the  current  work,  we  em¬ 
ploy  a  spectral  polynomial  basis  as  a  trial  basis  which  is  orthogonal  and  has 
tensor-product  form  on  triangles  and  quadrilaterals  in  two-dimensions  as 
well  as  on  tetrahedra,  hexahedra,  prisms  and  pyramids  in  three-dimensions 
(see  [4]  for  details). 

The  diffusion  part  is  not  altered  by  the  moving  grids  and  we  refer  the 
reader  to  [14];  also  details  on  the  new  grid  velocity  algorithm  can  be  found 
in  [15]. 

2.2.  DISCONTINUOUS  GALERKIN  FOR  DIFFUSION 

The  viscous  contributions  do  not  depend  on  the  grid  velocity  U9,  and  there¬ 
fore  we  can  apply  the  following  discontinuous  Galerkin  formulation.  Let  us 
consider  as  a  model  problem  the  parabolic  equation  with  variable  coefficient 
t/(x)  to  demonstrate  the  treatment  of  the  viscous  contributions: 

ut  =  V  •  (i/Vu)  +  /,  in  Q,  u  €  L2(Q) 
u  =  g(x.,t),  on  dQ, 
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We  then  introduce  the  flux  variable 

q  =  —  i/V«  (6) 

with  q(x,  t)  e  L2(fi),  and  re-write  the  parabolic  equation 

u t  =  —V  •  q  +  /,  in  Cl 

1/i/q  =  -Vu,  in  Cl 
u  =  g(x,t),  on  dCl, 

The  weak  formulation  of  the  problem  is  then  as  follows: 

Find  (q,  u)  €  L2(ft)  X  L2(Cl)  such  that 

(ut,w)e  =  (q,  Viu)e-  <  w,  qb  •  n  >e  +(/,  w)e,  Vin  6  L2(Cl) 

l/i^(qm,v)e=  (u,  V  •  v)e—  <  Wb,  v  •  n  >e,  Vv  G  L2(fi) 
u  =  g(x,t),  on  dCl 

where  the  parentheses  denote  standard  inner  product  in  an  element  (e), 
as  before,  and  the  angle  brackets  denote  boundary  terms  on  each  element, 
with  n  denoting  the  unit  outwards  normal.  The  boundary  terms  contain 
weighted  boundary  values  of  Ub,qb,  which  can  be  chosen  as  the  arithmetic 
mean  of  values  from  the  two  sides  of  the  boundary,  i.e.  Ub  =  0.5(u,-  +  ue), 
and  qb  =  0.5(9,  +  qe)  [16],  where  the  subscript  (i)  denotes  contributions 
evaluated  at  the  interior  side  of  the  element  boundary,  and  (e)  on  the 
exterior  side  of  the  element  boundary  (see  Figure  1). 

Upon  integrating  by  parts  once  more,  we  obtain  an  equivalent  formula¬ 
tion  which  is  easier  to  implement,  and  it  is  actually  used  in  the  computer 
code.  The  new  variational  problem  is 

(ut,  w)e  =  (-V  •  q,  w)e-  <  W,  (qb  -  qi)  •  n  >e  +(/>  w)e,  Vw  €  L2(Cl) 

l/i/(q,  v)e  =  (- Vu,  v)e —  <ub-Ui,vn  >E,  Vv  €  L2  (Cl) 
u  =  g(x,t),  in  dCl. 

This  method  is  element-wise  conservative,  a  property  which  is  partic¬ 
ularly  difficult  to  preserve  in  high-order  finite  elements.  A  similar  conser¬ 
vative  discontinuous  Galerkin  method  for  diffusion  problems  but  using  a 
single  variational  statement,  i.e.  without  the  introduction  of  the  auxiliary 
flux  variable  (equation  6),  has  been  developed  by  Oden  et  al.  [17]  (see  also 
[18]  and  [19]).  We  refer  the  interested  reader  to  these  works  and  to  [17] 
in  particular  for  a  theoretical  treatment  of  the  diffusion  problem  including 
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Figure  2. 
endplates  ( 
flow  past  a 


Skeleton  mesh  for  flow  past  a  three-dimensional  NACA0012  airfoil  with 
top  and  middle).  Iso-contours  for  x-component  of  momentum  for  M  =  0.5 
three-dimensional  NACA0012  airfoil  with  endplates  (bottom). 
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a  more  rigorous  definition  of  discrete  spaces  (the  so-called  broken  Sobolev 
spaces)  as  well  as  derivation  of  a  priori  error  estimates. 

3.  Subsonic  Flow  Simulations 

We  consider  flow  past  a  NACA  0012  airfoil  with  plates  attached  to  each  end 
as  a  simple  model  of  a  wing  between  an  engine  and  fusalage.  We  impose 
uniform  upwind  boundary  conditions  at  inflow  and  outflow,  and  the  domain 
is  periodic  from  one  end  of  the  airfoil  to  the  other.  A  thin  layer  of  hexahedra 
was  used  on  the  surface  of  the  wing,  and  a  combination  of  both  hexahedra 
and  prisms  were  used  in  the  remainder  of  the  computational  domain.  The 
simulation  was  run  with  up  to  4th  order  expansion  at  Re  =  2000  (based  on 
chord  length).  A  summary  of  the  simulation  parameters  is  given  in  table  1, 
and  the  hybrid  grid  and  representative  results  are  shown  in  2. 


|  Parameter 


Value 


Dimension 

3d 

Re 

2000  base  on  chord  length 

Mach 

0.5 

At 

le-4 

P-Range 

1  to  4 

K  Prisms 

1960 

K Hex 

j  2095 

1  Method 

|  Discontinuous  Galerkin 

TABLE  1.  Simulation  parameters  for  com¬ 
pressible  flow  past  a  NACA0012  airfoil  with 
endplates. 


At  low-order  the  simulation  ran  to  steady  state.  This  is  due  to  a  reduced 
effective  Reynolds  number  achieved  because  of  numerical  dissipation.  As  we 
increased  the  order  we  saw  unsteadiness  developing  in  the  wake  of  the  wing, 
and  what  appears  to  be  oblique  shedding.  This  is  only  a  marginally  three- 
dimensional  domain  but  it  does  demonstrate  the  ability  of  AfenTar  to 
direct  resolution  into  boundary  layers  and  to  fill  out  a  domain  with  larger 
elements. 
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4.  Supersonic  Flow  Simulations 

We  first  show  results  from  a  2D  simulation  of  supersonic  viscous  flow  around 
a  pitching  wing.  In  particular,  we  consider  a  NACA4420  airfoil  with  periodic 
pitching  about  a  pivot  axis  at  |  chord  length.  The  temporal  variation  of 
the  pitch  is  given  by: 

(  x  \  _  (  xc\,R.(  cos (Q(0)  \ 

V  y  )  V  Vc  )+  V  Sin(fi(t)j  )  • 

The  angle  of  attack  is  changing  according  to: 

fi(t)  =  fio  +  a  •  sin(iu>), 

where  a  is  a  magnitude  of  the  pitch  (we  performed  2  sets  of  simulations 
with  a  equal  to  0.1  and  0.15).  u>  is  the  frequency,  its  nondimensional  value 
was  taken  §.  The  initial  angle  of  attack  f20  is  20  degrees.  The  computa¬ 
tional  domain  is  shown  in  3.  1582  triangular  elements  were  used  in  the 
discretization.  The  pivot  axis  is  at  xc  =  0 .,yc  =  0.1.  The  Mach  number  is 
2,  and  the  chord  Reynolds  number  is  1,200. 

The  main  objective  here  is  to  show  the  possibility  of  computing  super¬ 
sonic  flows  in  moving  or  deforming  domains  without  remeshing.  In  order  to 
accomplish  that,  we  used  comparatively  thick  layer  of  h-refinement  around 
the  shock  wave,  again,  p  =  0  order  polynomials  were  used  there  in  order  t 
o  avoid  oscillation.  This  thick  layer  is  needed  in  order  to  capture  the  shock 
wave  which  is  not  stationary,  but  is  moving  periodically  with  the  pitching 
airfoil.  The  magnitude  of  pitching  a  is  restricted  not  only  by  mesh  deforma¬ 
tion  considerations  but  by  the  fact  that  the  shock  wave  should  be  confined 
within  p  =  0  elements.  If  the  shock  wave  gets  in  the  area  of  high  order 
elements,  we  can  expect  the  computation  to  blow  up.  As  it  turned  out  the 
algorithm  allowed  comparatively  large  deformations;  the  simulations  were 
stable  even  for  a  =  0.15,  which  correspond  to  angle  of  attack  variations 
from  11.4  to  28.6  degrees.  Figures  4  show  the  position  of  the  airfoil  and 
density  contours  for  those  two  cases. 

Figure  5  shows  plots  of  the  drag  and  lift  coefficients  for  the  two  cycles 
of  the  pitching  movement.  In  the  plot  we  present  separately  the  forces  due 
to  pressure  and  due  to  viscosity.  We  see  that  the  viscous  forces  contribute  a 
non-negligible  amount  to  the  drag  force  and  they  decrease  the  lift  by  some 
amount.  In  figure  6  we  plot  total  lift  and  drag  coefficients  for  a  =  0.15, 
0.1  pitching  and  for  the  stationary  airfoil.  The  drag  coefficient  increases 
by  almost  50%  while  the  lift  is  increased  by  30%  when  the  angle  of  attack 
is  maximal  if  compared  to  the  stationary  airfoil.  Even  for  the  stationary 
airfoil  the  drag/lift  ratio  is  about  0.735.  This  is  a  aerodynamic  stall,  as 
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Figure  3.  The  computational  domain  for  Ma  —  2  flow  around  a  pitching  airfoil.  Thick 
layer  of  p  =  0  elements  is  used  around  the  shock  wave  to  capture  its  movement.  High 
order  elements  are  used  around  and  in  the  wake  of  the  airfoil. 


there  is  a  large  area  of  separated  flow  on  the  upper  surface  near  the  trailing 
edge. 

The  last  simulation  is  a  supersonic  3D  flow  past  a  deforming  NACA  4420 
airfoil.  The  computational  grid  was  obtained  by  3D  extrusion  of  the  two 
dimensional  grid  used  in  the  previous  simulation.  Six  layers  of  tetrahedra 
have  been  built  on  the  top  of  the  mesh  shown  in  3,  the  width  of  each  layer  is 
0.5,  so  the  domain  extends  in  z-direction  from  0.  to  3.  As  in  2D,  it  is  Mach 
number  2.,  Reynolds  number  1,200  flow.  28,476  elements  have  been  used 
in  this  simulation.  Variable  order  polynomials  were  used  in  this  simulation: 
p  =  0  (constants)  at  the  shock  wave  and  up  to  p  =  5  around  and  in  the  wake 
of  the  airfoil.  The  movement  of  the  wing  was  prescribed  by  the  following 
formula: 

/  x  \  /  xc  \  /  cos(Q(t,z))  \ 

(«/)  =  (  sin(ft(i,z))  1 

where 


f }(t,  z)  =  f20  +  cti  sin(Jwi)  +  « 2  sin(fu2)(l.  -  sin(7r/32)) 
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Figure  4.  Mach  number  2,  Reynolds  number  1,200  flow.  Density  contours.  Shown  on  the 
left  is  the  minimal  angle  of  attack  position  11.4  degrees,  and  on  the  right:  28.6  degrees. 


Figure  5.  Drag  (left)  and  lift  (right)  coefficients  versus  time  for  the  supersonic  pitching 
2D  wing.  The  dash  line  denotes  contribution  from  pressure  forces,  and  the  dot  line  denotes 
contributions  from  viscous  forces;  the  solid  line  is  the  total  force. 
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Figure  6.  Drag  (left)  and  lift  (right)  coefficients  versus  time  for  the  3D  flapping  wing. 
The  solid  line  corresponds  to  a  =  0.15,  the  dot  line  -  a  —  0.1  pitching  amplitude,  and 
the  dash  line  denotes  the  stationary  airfoil. 


This  motion  combines  two  dimensional  pitch  with  the  deformation  along 
the  z-axis.  oq,  uq  define  the  two  dimensional  pitch,  those  values  have  been 
taken  equal  to  0.1,  Values  of  02 ,  ^2  (0.07,  §)  are  the  parameters  of  3D 
deformation.  The  center  of  rotation  is  the  point  ( xc ,  yc )  =  (0.,  0.1).  Figure  7 
shows  two  snapshots  of  the  shape  of  the  airfoil.  Figure  7  plots  the  isosurface 
of  density  equal  to  0.5  and  the  shock  wave  that  was  visualized  by  computing 
the  value  of  grad{p)  •  V.  One  can  see  3D  structures  developing  in  the  wake 
of  the  wing. 

Finally,  we  conclude  this  section  by  commenting  on  the  computational 
cost  of  the  simulations.  All  the  two-dimensional  and  the  three-dimensional 
simulations  were  run  using  an  MPI-based  parallel  version  of  the  method 
presented  here  with  the  partitioning  based  on  a  multi-level  graph  approach 
provided  by  the  METIS  software  [20].  Specifically,  The  three-dimensional 
supersonic  simulation  was  run  for  25,000  time  steps  on  32  processors  of  SGI 
02000  at  NCSA  for  a  total  of  65  CPU  hours. 
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Figure  8.  Shock  wave  and  density  p  =  0.5  contour  for  the  Ma  2.,  Re  1,200  flow  past 
deforming  wing. 


14 


I.  LOMTEV  ET  AL. 


References 

1.  C.  Farhat,  M.  Lesoinne,  and  P.  LeTallec.  Load  and  motion  transfer  algorithms  for 
fluid/structure  interaction  problems  with  non-matching  discrete  interfaces:  Momen¬ 
tum  and  energy  conservation,  optimal  discretization  and  application  to  aeroelastic- 
ity.  Comp .  Meth.  Appl.  Mech.  Eng.,  157:95-114,  1998. 

2.  T.  Tezduyar,  M.  Behr,  and  J.  Liu.  A  new  strategy  for  finite  element  computations 
involving  moving  boundaries  and  interfaces  -  The  deforming  spatial  domain/space- 
time  procedure:  I.  The  concept  and  the  preliminary  numerical  tests.  Comp.  Meth. 
Appl.  Mech .  Eng.,  94:339-351,  1992. 

3.  M.  Dubiner.  Spectral  methods  on  triangles  and  other  domains.  J.  Set.  Comp., 
6:345,  1991. 

4.  G.E.  Kamiadakis  and  S.J.  Sherwin.  Spectral/hp  Element  Methods  for  CFD.  Oxford 
University  Press,  1999. 

5.  C.S.  Venkatasubban.  A  new  finite  element  formulation  for  ALE  Arbitrary  La- 
grangian  Eulerian  compressible  fluid  mechanics.  Int.  J.  Engng  Set.,  33  (12):1743- 
1762,  1995. 

6.  R.  Lohner  and  C.  Yang.  Improved  ale  mesh  velocities  for  moving  bodies.  Comm. 
Num.  Meth.  Eng.  Phys.,  12:599-608,  1996. 

7.  G.  Di  Battista,  P.  Eades,  R.  Tamassia,  and  I.G.  Tollis.  Graph  Drawing.  Prentice 
Hall,  1998. 

8.  T.J.R.  Hughes,  W.K.  Liu.,  and  T.K.  Zimmerman.  Lagrangian- Eulerian  finite  ele¬ 
ment  formulation  for  incompressible  viscous  flows.  Comput.  Methods  Appl.  Mech. 
Eng.,  29:329,  1981. 

9.  G.  Jiang  and  C.W.  Shu.  On  a  cell  entropy  inequality  for  discontinuous  Galerkin 
methods.  Math.  Comp.,  62:531,  1994. 

10.  I.  Lomtev,  C.  Quillen,  and  G.E.  Kamiadakis.  Spectral/hp  methods  for  viscous 
compressible  flows  on  unstructured  2D  meshes.  J.  Comp.  Phys.,  144:325-357,  1998. 

11.  K.S.  Bey,  A.  Patra,  and  J.T.  Oden,  hp  version  discontinuous  Galerkin  methods  for 
hyperbolic  conservation  laws.  Comp.  Meth.  Appl.  Mech.  Eng.,  133:259-286,  1996. 

12.  L.-W.  Ho.  A  Legendre  spectral  element  method  for  simulation  of  incompressible 
unsteady  free- surface  flows.  PhD  thesis,  Massachustts  Institute  of  Technology,  1989. 

13.  B.  Koobus  and  C.  Farhat.  Second-order  schemes  that  satisfy  GCL  for  flow  computa¬ 
tions  on  dynamic  grids.  In  AIAA  98-01 13,  36th  AIAA  Aerospace  Sciences  Meeting 
and  Exhibit ,  Reno,  NV,  January  12-15,  1998. 

14.  I.  Lomtev  and  G.E.  Kamiadakis.  A  discontinuous  Galerkin  method  for  the  Navier- 
Stokes  equations.  Int.  J.  Num.  Meth.  Fluids ,  29:587-603,  1999. 

15.  I.  Lomtev,  R.M.  Kirby,  and  G.E.  Kamiadakis.  A  discontinuous  Galerkin  ALE 
method  for  viscous  compressible  flows  in  moving  domains.  J.  Comp.  Phys.,  to 
appear,  1999. 

16.  I.G.  Giannakouros.  Spectral  element/ Flux- Corrected  methods  for  unsteady  com¬ 
pressible  viscous  flows.  PhD  thesis,  Princeton  University,  Dept,  of  Mechanical  and 
Aerospace  Engineering,  1994. 

17.  J.T.  Oden,  I.  Babuska,  and  C.E.  Baumann.  A  discontinuous  hp  finite  element 
method  for  diffusion  problems.  J.  Comp.  Phys.,  146:491-519,  1998. 

18.  C.E.  Baumann  and  J.T.  Oden.  A  discontinuous  hp  finite  element  method  for  the 
solution  of  the  Euler  and  Navier-Stokes  equations.  Int.  J.  Num.  Meth.  Fluids,  in 
press,  special  issue  edited  by  J.  Heinrich. 

19.  C.E.  Baumann  and  J.T.  Oden.  A  discontinuous  hp  finite  element  method  for 
convection-diffusion  problems.  Comp.  Meth.  Appl.  Mech.  Eng.,  in  press,  special 
issue  on  Spectral,  Spectral  Element,  and  hp  Methods  in  CFD,  edited  by  G.E.  Kar- 
niadakis,  M.  Ainsworth  and  C.  Bemardi. 

20.  G.  Karypis  and  V.  Kumar.  METIS:  Unstructured  graph  partitioning  and  sparse 
matrix  ordering  system  version  2.0.  Technical  report,  Department  of  Computer 
Science,  University  of  Minnesota,  Minneapolis,  MN  55455,  1995. 


DNS  OF  A  MACH  4  REACTING  TURBULENT 
BOUNDARY  LAYER 


M.P.  MARTIN  AND  G.V.  CANDLER 
University  of  Minnesota 

Department  of  Aerospace  Engineering  and  Mechanics 
Army  High  Performance  Computing  Research  Center 
110  Union  St.  SE,  Minneapolis,  MN  55455 


Abstract.  A  direct  numerical  simulation  approach  is  used  to  study  a  Mach 
4,  Reg  =  8200  turbulent  boundary  layer.  The  conditions  chosen  represent 
a  26°  wedge  at  a  Mach  number  of  20  and  20  km  altitude.  In  this  case,  the 
boundary  layer  temperature  is  high  enough  to  induce  chemical  reactions.  It 
is  found  that  endothermic  reactions  result  in  a  reduction  in  the  magnitude  of 
the  temperature  fluctuations.  However,  when  the  reactions  are  exothermic, 
the  temperature  and  the  reaction  rate  fluctuations  are  enhanced. 


1.  Introduction 

The  boundary  layers  on  proposed  air-breathing  hypersonic  cruise  vehicles 
will  be  hot,  turbulent  and  chemically  reacting.  To  design  these  hypersonic 
vehicles,  we  need  a  clear  understanding  of  the  physical  processes  that  govern 
these  flows.  For  this  reason,  we  perform  direct  numerical  simulations  (DNS) 
of  hypersonic  reacting  turbulent  boundary  layers. 

Thus  far,  our  understanding  of  the  interaction  between  turbulent  mo¬ 
tion  and  chemical  reactions  in  hypersonic  flows  is  somewhat  limited.  With 
the  very  high  energies  present  in  hypersonic  flows,  the  temperature  fluc¬ 
tuations  will  be  very  large.  The  reaction  rate  depends  exponentially  on 
temperature,  and  temperature  fluctuations  result  in  large  increases  in  the 
reaction  rates.  Also,  the  chemical  source  term  can  either  damp  or  amplify 
turbulent  fluctuations.  Recent  linear  stability  analysis  by  Johnson  et  al. 
(1998)  has  shown  that  hypersonic  boundary  layers  tend  to  be  stabilized  by 
endothermic  reactions  and  destabilized  by  exothermic  reactions. 
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Figure  1. 


Flow  conditions  for  the  direct  numerical  simulations  of  boundary  layers. 


Martin  and  Candler  (1998)  use  DNS  to  perform  a  fundamental  study  of 
isotropic  turbulence  interacting  with  finite-rate  chemical  reactions  at  con¬ 
ditions  typical  of  a  hypersonic  boundary  layer.  They  find  that  the  turbulent 
motion  is  fed  from  the  energy  provided  by  the  exothermic  reactions,  while 
the  reaction  rate  is  increased  by  the  turbulent  temperature  fluctuations. 
This  is  a  feedback  process  that  takes  place  through  the  pressure-strain  term 
in  the  Reynolds  stress  equation.  The  feedback  is  negative  for  endothermic 
reactions,  resulting  in  a  reduction  in  the  turbulent  motion. 

To  generalize  the  findings  from  the  isotropic  simulations,  DNS  of  tur¬ 
bulent  reacting  boundary  layers  are  presented.  The  conditions  chosen  are 
Ree  =  8200,  =  4.0,  =  5000  K,  and  =  0.5  kg/m3.  These  con¬ 

ditions  represent  a  26°  wedge  at  a  Mach  number  of  20  and  20  km  altitude 
and  are  illustrated  in  Fig.  1.  In  this  case,  the  boundary  layer  tempera¬ 
ture  is  high  enough  to  induce  chemical  reactions.  We  use  a  single  model 
reaction,  Si  +  M  S2  +  M,  where  species  SI  and  S2  have  the  same  molec¬ 
ular  weight,  that  of  diatomic  nitrogen,  Mn2.  The  dissociation  reaction  rate 
corresponds  to  a  nitrogen  dissociation  reaction. 

The  remainder  of  the  paper  is  organized  as  follows.  We  first  discuss  the 
numerical  method  and  initial  condition  for  the  simulations.  We  describe 
results  for  the  non-reacting  turbulent  boundary  layer.  Finally,  we  compare 
the  non-reacting,  endothermic,  and  exothermic  simulation  results. 

2.  Numerical  method  and  initial  conditions 

The  numerical  method  combines  an  ENO  scheme  for  the  inviscid  fluxes  with 
an  implicit  time  advancement  technique.  The  ENO  scheme  was  designed 
for  low  dissipation  by  Weirs  et  al.  (1997)  and  provides  shock-capturing, 
which  is  necessary  at  the  Mach  numbers  considered.  The  time  advancement 
technique  is  based  on  the  DPLU  relaxation  method  of  Candler  et  al.  (1994) 
and  was  extended  to  second-order  accuracy  by  Olejniczak  and  Candler 
(1997).  The  derivatives  required  for  the  viscous  terms  are  evaluated  using 
4th-order  central  differences. 
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The  implementation  of  the  numerical  scheme  has  been  successfully  val¬ 
idated  in  Martin  et  al.  (1998)  by  performing  a  DNS  of  a  non-reacting  tur¬ 
bulent  boundary  layer  at  Ree  =  740,  M  =  0.3,  Tw  =  —  300  K,  and 

Poo  =  1  kg/m3,  and  by  comparing  the  results  to  experimental  data. 

The  initial  conditions  chosen  for  the  supersonic  boundary  layer  simula¬ 
tions  are  Ree  =  7000,  M oo  =  4.0,  =  5000  K,  and  =  0.5  kg/m3.  The 

size  of  the  domain  in  both  homogeneous  directions  needs  to  be  long  enough 
to  enclose  a  good  statistical  sample  of  the  large  structures.  It  is  found  that 
the  lengths  of  4<$,  and  28  in  the  streamwise  and  spanwise  directions,  respec¬ 
tively,  are  adequate.  In  the  wall-normal  direction,  the  length  of  the  domain 
is  determined  so  that  acoustic  disturbances  originating  in  the  upper  bound¬ 
ary  do  not  interact  with  the  boundary  layer  on  the  lower  wall.  The  x,  y, 
and  2  coordinates  correspond  to  the  streamwise,  spanwise,  and  wall-normal 
directions,  respectively.  The  number  of  grid  points  is  192  x  128  x  128.  The 
resolution  for  this  grid  is  15Ax+  x  11Aj/+  in  the  homogenous  directions. 
The  grid  is  stretched  in  the  wall-normal  direction  and  the  grid-stretching 
factor  is  1.069.  The  first  point  away  from  the  wall  is  located  at  z+  =  0.13, 
and  there  are  28  grid  points  below  z+  =  10. 

The  boundary  condition  in  the  streamwise  direction  is  periodic.  Thus, 
the  outflow  conditions  are  used  as  in  flow  conditions  and  the  boundary  layer 
is  allow  to  grow  in  time  as  the  simulation  progresses.  Low  speed  simulations 
with  these  type  of  boundary  conditions  are  jeopardized,  since  the  amount  of 
kinetic  energy  at  the  boundary  layer  edge  may  not  be  sufficient  to  maintain 
the  turbulence  levels  in  the  boundary  layer.  However,  this  is  not  an  issue  in 
the  present  simulations,  since  the  kinetic  energy  at  the  boundary  layer  edge 
is  substantial.  The  boundary  condition  in  the  spanwise  direction  is  periodic, 
and  the  boundary  condition  at  the  boundary  layer  edge  is  supersonic. 

The  initialization  of  compressible  turbulence  is  the  art  of  making  an 
educated  guess.  In  the  following  simulations,  the  mean  velocity,  density, 
and  temperature  turbulent  profiles,  and  the  inner  parameters,  uT  and  2r,  at 
desired  Mach  number  are  obtained  from  a  k  —  e  Reynolds-averaged  Navier- 
Stokes  simulation  (Jones  and  Launder,  1992).  The  fluctuating  velocity  fields 
are  obtained  by  normalizing  the  Mach  0.3  velocity  fluctuations  (Martin  et 
a/.,  1998)  by  the  ratio  of  the  inner  parameters  at  the  high  Mach  number 
to  that  at  M  =0.3.  In  this  way,  the  initial  fluctuating  fields  are  scaled  in 
proportion  to  the  Mach  number,  and  the  initial  turbulence  structures  and 
energy  spectra  resemble  those  of  a  realistic  turbulent  boundary  layer.  The 
initial  fluctuations  in  the  thermodynamic  variables  are  estimated  using  the 
strong  Reynolds  analogy  (Morkovin,  1962). 

The  chemical  reactions  are  turned  on  after  the  boundary  layer  simu¬ 
lation  reaches  a  stationary  state  based  on  a  constant  distribution  of  the 
turbulent  kinetic  energy  scaled  on  inner  variables.  The  binary  reaction 
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Si  +  M  t~  S2  +  M  is  used,  and  both  species  have  the  same  molecular 
weight,  Mn2,  and  internal  degrees  of  freedom,  so  that  the  gas  constant 
and  specific  heat  do  not  change  during  the  simulation.  The  species  mass 
fractions  are  initialized  to  their  equilibrium  values  at  the  mean  tempera¬ 
ture  and  density.  Although  the  chemical  composition  in  typical  hypersonic 
boundary  layers  is  not  in  equilibrium,  this  initialization  serves  to  isolate 
the  effect  of  turbulent  fluctuations  in  the  turbulence-chemistry  interaction. 
For  the  conditions  chosen,  the  reaction  is  endothermic.  To  achieve  exother- 
micity  for  the  purpose  of  comparison,  we  change  the  sign  of  the  heat  of 
formation. 

3.  Non-reacting  simulations 

After  initializing  the  flow,  the  turbulent  kinetic  energy  is  found  to  be  out  of 
equilibrium.  The  non-reacting  adiabatic  boundary  layer  simulation  reaches 
a  stationary  state  near  f/rA  =  12,  where  t  is  the  time  and  rA  =  5/Ua c.  The 
Reynolds  number  increases  during  the  simulation,  the  results  are  shown  for 
t/TA  =  12,  and  Ree  =  8200. 

Figure  2  plots  the  two-point  correlations,  showing  that  the  turbulent 
structures  are  not  correlated  in  the  middle  of  the  box.  Thus,  the  size  of 
the  box  remains  large  enough  to  perform  a  DNS  at  the  conditions  chosen. 
Figure  3  plots  the  energy  spectra  for  various  quantities  in  the  logarithmic 
region,  z+  =  110,  and  in  the  viscous  sublayer,  z+  =  4.25.  The  Reynolds 
number  for  the  simulation  is  large  enough  so  that  the  energy  spectra  develop 
an  inertial  range.  Furthermore,  there  are  about  4  decades  of  decay,  showing 
that  the  turbulence  is  well  resolved. 

Figure  4  plots  the  mean  velocity  profile  scaled  on  the  inner  variables. 
The  data  agree  with  the  theoretical  values  in  the  viscous  region.  However, 
the  data  fail  to  match  the  empirical  law  in  the  logarithmic  region.  Recent 
experimental  data  (Konrad  and  Smits,  1998)  show  that  a  Mach  3  adiabatic 
boundary  layer  matches  the  Van-Driest  law  in  the  logarithmic  region.  Note 
that  the  adiabatic  wall  temperature  increases  by  47%  in  going  from  M  =  3 
to  M  =  4.  Also,  the  temperatures  in  the  DNS  are  much  higher  than  those 
in  the  experiment  because  the  experiment  was  conducted  with  a  cold  free- 
stream  (total  temperature  of  approximately  265  K).  It  is  uncertain  whether 
there  is  an  edge  temperature  effect  that  modifies  the  scaling  of  the  law  of 
the  wall. 

Figure  5  plots  the  temperature  contours  along  planes  perpendicular  to 
the  flow  direction.  Since  the  wall  temperature  is  very  high,  the  bursting 
events  are  clearly  seen  as  the  hot  fluid  from  the  near-wall  region  mixes  into 
the  cold  fluid  above.  We  observe  the  typical  mushroom-shaped  structures 
associated  with  turbulent  boundary  layers.  However,  these  structures  are 
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Figure  3.  Two-dimensional  energy  spectra  at  (a)  z+  =  110,  and  (b)  z+  =  4.25,  for  the 
non-reacting  simulation. 
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Figure  4-  Mean  velocity  profile  scaled  on  inner  variables,  and  compared  to  the  theoretical 
u+  =  z+,  and  Van-Driest  empirical  ti+  =  2.44  logz+  +  5.2  scaling  laws  for  non-reacting 
simulation. 
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Figure  5.  Temperature  contours  along  the  spanwise  direction  for  the  non-reacting  simu- 
lation,  (a)  x  =  S/8,  (b)  x  =  S/4,  (c)  x  =  35/8,  (d)  x  =  S/2,  (e)  x  =  S,  and  (f)  x  =  35/2.For 
a  color  version  visit  our  web  site  at  www.arc.umn.edu/  martin/research.html. 
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Figure  6.  Streamwise  vorticity  contours  along  the  spanwise  direction  for  the  non-reacting 
simulation,  (a)  *  =  S/8,  (b)  *  =  S/4,  (c)  *  =  36/8,  (d)  *  =  S/2,  (e)  x  =  6,  and  (f) 
x  =  3J/2. 


significantly  larger  than  previously  observed  in  experiments  with  lower  com¬ 
pressibility  levels  and  temperature  fields. 

Figure  6  plots  the  streamwise  component  of  vorticity  along  the  spanwise 
direction.  We  observe  that  the  eddy  structures  are  composed  of  counter¬ 
rotating  vortices  that  enhance  mixing.  Although  these  structures  comprise 
large  portions  of  the  boundary  layer,  it  is  found  that  they  dissipate  in  less 
than  70  wall  units  in  the  streamwise  direction. 

4.  Reacting  simulations 

As  a  preliminary  analysis  of  the  turbulent-chemistry  interaction  in  the 
boundary  layer,  the  reacting  adiabatic  simulation  is  considered.  Under  the 
temperature  conditions  chosen,  the  reaction  SI  +  M  ^  S2  +  M  is  endother¬ 
mic  across  the  boundary  layer.  To  achieve  exothermic  reactions,  the  sign 
of  the  heat  of  formation  is  changed.  In  this  section,  the  non-reacting,  en¬ 
dothermic,  and  exothermic  simulations  for  the  adiabatic  boundary  layer  are 
compared. 


8 


M.P.  MARTIN  AND  G.V.  CANDLER 


Temperature  Streamwise  vorticity 


Figure  7.  Temperature  (left)  and  streamwise  vorticity  (right)  contours  along  the  span- 
wise  direction  for  the  (a)  non-reacting,  (b)  endothermic,  and  (c)  exothermic  simulations, 
x  =  6/ 4. 


Figure  7  plots  temperature  contours  along  the  spanwise  direction.  We 
observe  that  for  the  endothermic  simulation,  the  vortical  structures  are  an¬ 
nihilated.  Thus,  the  temperature  increases  continuously  from  the  boundary 
layer  edge  to  the  wall.  In  contrast,  for  the  exothermic  simulation,  the  tem¬ 
perature  at  the  core  of  the  mushroom-shaped  structures  increases.  Thus, 
the  exothermic  reactions  occur  locally,  and  in  regions  of  the  flow  where  the 
temperature  is  highest.  Figure  7  also  plots  the  streamwise  vorticity  along 
the  spanwise  direction  for  the  same  simulations.  For  the  endothermic  sim¬ 
ulation,  the  magnitude  of  vorticity  decreases.  However,  for  the  exothermic 
simulation,  the  vorticity  magnitude  increases  at  the  cores  of  the  vortex 
pairs.  The  localized  addition  of  energy  causes  compressions  and  expansions 
that  flatten  and  elongate  the  cores  of  the  vortex  pairs. 

Figure  8  plots  the  product  mass-fraction  contours  for  the  reacting  simu¬ 
lations.  For  the  endothermic  simulation,  the  chemical  composition  does  not 
differ  significantly  from  the  initial  condition.  In  contrast,  for  the  exother- 
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Figure  8.  Product  mass-fraction  contours  along  the  spanwise  direction  for  the  (a)  en¬ 
dothermic,  and  (b)  exothermic  simulations,  x  =  6/4. 

mic  simulation,  the  product  mass  fraction  increases  in  regions  where  the 
magnitude  of  the  temperature  fluctuations  is  high. 

Figure  9  plots  the  magnitude  of  the  temperature  fluctuations  for  the 
three  simulations.  We  observe  that  the  magnitude  decreases  when  the  re¬ 
actions  are  endothermic.  In  contrast,  when  the  reaction  is  exothermic,  the 
magnitude  increases  up  to  110%  of  the  average  temperature.  Finally,  Fig.  10 
plots  the  mass  fraction  of  species  S2  normal  to  the  surface.  The  solid  line 
represents  the  initial  mass  fraction.  For  the  endothermic  simulation,  there 
is  very  little  activity  in  the  production  or  destruction  of  S2.  However,  there 
is  significant  production  for  the  exothermic  simulation. 

5.  Summary 

The  initialization  and  resolution  requirements  for  a  Mach  4,  Ree  =  8200 
boundary  layer  have  been  presented.  It  is  found  that  the  domain  size  and 
grid  resolution  are  adequate  to  perform  the  direct  numerical  simulations. 
The  preliminary  results  for  an  adiabatic  boundary  layer  have  been  dis¬ 
cussed. 

For  the  non-reacting  simulation,  it  is  found  that  the  turbulent  mixing 
of  hot  and  cold  fluid  substantial.  This  process  generates  large  mushroom¬ 
shaped  structures  that  comprise  large  portions  of  the  boundary  layer.  The 
cores  of  these  structures  are  composed  of  counter-rotating  vortex  pairs.  It 
is  found  that  these  structures  observed  in  the  spanwise  planes  dissipate 
quickly  in  the  stream  wise  direction.  A  possible  explanation  for  this  is  the 
increase  in  dissipation  due  to  the  presence  of  shocks.  However,  a  careful 
shock  detection  study  has  not  been  performed  yet.  The  mean  velocity  with 
Van-Driest  transformation  given  by  the  DNS  and  the  empirical  prediction 
were  not  in  agreement.  For  the  conditions  chosen,  the  adiabatic  wall  tem¬ 
perature  was  nearly  18500  K.  It  is  not  clear  whether  the  significantly  higher 
adiabatic  wall  temperature  simulation  should  reproduce  the  theoretical  re¬ 
sults,  which  are  predicted  for  much  lower  temperature  fields.  Further  analy- 
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Figure  9.  Normalized  magnitude  of  the  temperature  fluctuations  for  the  non-reacting, 
endothermic,  and  exothermic  simulations. 


Figure  10.  Mass  fraction  of  S2  species  for  the  endothermic  and  exothermic  simulations. 


sis  is  required  to  assess  whether  there  is  an  edge  temperature  effect  that 
may  explain  the  stronger  mixing  and  modified  mean  velocity  profile  that 
are  predicted  by  the  DNS. 

For  the  endothermic  reacting  simulations,  the  energy  removed  by  the 
reaction  results  in  annihilation  of  the  vortical  structures  in  the  temperature 
field  and  weakening  of  the  vortex  dipoles.  In  contrast,  the  heat  released  by 
the  exothermic  reaction  increases  the  strength  of  the  vortices.  The  energy 
release  induces  localized  expansions  and  compressions  that  elongate  the 
cores  of  the  vortex  pairs. 

As  in  the  case  of  the  reacting  isotropic  turbulence  (Martin  and  Candler, 
1998),  it  is  found  that  the  exothermic  reactions  increase  the  magnitude  of 
the  temperature  fluctuations,  while  the  reaction  rate  is  increased  by  the 
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turbulent  temperature  fluctuations.  The  opposite  occurs  when  the  reaction 
is  endothermic. 
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Abstract. 

The  dynamic  model  has  been  very  successful  in  Large-Eddy  Simulation 
of  a  variety  of  turbulent  flows.  The  model  makes  the  crucial  assumption 
that  the  coefficient  is  scale-invariant,  which  is  reasonable  in  the  inertial 
range  of  turbulence.  Surprisingly,  the  dynamic  model’s  success  has  occurred 
even  in  flows  where  the  grid-scale  is  not  in  an  ideal  inertial  range.  It  turns 
out  that  the  most  well-known  successful  applications  (such  as  transitional 
flows,  the  viscous  sublayer,  etc..)  are  those  where  the  true  SGS  stress  is 
only  a  small  contribution  to  the  dynamics,  and  where  the  errors  induced 
by  the  deviations  from  scale-invariance  are  of  minor  consequence.  However, 
there  are  important  flows  in  which  the  errors  can  have  large  effects,  such 
as  in  LES  of  wall-bounded  flows  that  do  not  resolve  the  viscous  sublayer. 
Near  the  wall,  the  grid-scale  is  on  the  order  of  the  local  integral  scale  (the 
distance  to  the  wall)  and  the  SGS  shear  stress  contributes  significantly  to 
the  mean  momentum  balance.  In  this  paper  we  show  that  the  traditional 
dynamic  model  yields  coefficients  that  are  too  small,  which  translates  into 
high  wavenumber  pile-up  of  the  longitudinal  energy  spectra  near  the  wall. 
In  order  to  correct  for  this  problem  in  a  dynamic  fashion,  a  new  scale- 
dependent  dynamic  model  is  proposed.  It  involves  a  secondary  test-filter 
operation  that  allows  one  to  probe  from  the  simulated  resolved  field  how 
the  coefficient  depends  on  scale.  Applications  to  LES  of  a  wall-bounded 
flow  that  does  not  resolve  the  viscous  sublayer  are  presented,  showing  much 
improved  longitudinal  energy  spectra  and  better  mean  velocity  profiles. 
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1.  Introduction 

The  dynamic  model  (Germano  et  al,  1991)  has  had  a  significant  impact 
in  improving  the  accuracy  of  LES  of  turbulent  flows  in  a  number  of  ge¬ 
ometries  and  flow  conditions.  In  principle,  the  dynamic  model  allows  us 
to  circumvent  the  need  for  a-priori  specification  and  consequent  tuning  of 
the  coefficient  because  it  is  evaluated  directly  from  the  resolved  scales  in  an 
LES  (see  Meneveau  &  Katz,  2000,  for  a  review  on  the  use  of  scale-invariance 
based  turbulence  models  in  LES). 

However,  the  traditional  dynamic  model  makes  the  crucial  assumption 
that  the  coefficient  does  not  depend  on  scale.  While  this  is  a  reasonable 
assumption  if  the  filter  scale  A  pertains  to  an  idealized  inertial  range  of 
turbulence,  it  is  not  expected  to  hold  if  A  falls  near  a  transition  scale 
(denoted  below  by  A{)  where  more  complicated  physics  may  occur.  For 
instance,  in  certain  flow  regions  the  grid  scale  may  approach  the  integral 
scale  of  turbulence,  i.  This  limit  is  of  considerable  relevance  for  applications 
in  which  LES  approaches  the  Reynolds-averaged  Navier-Stokes  (RANS) 
formulation,  sometimes  called  VLES.  In  particular,  it  can  be  important  in 
LES  of  wall-bounded  flows,  where  in  general  the  integral  scale  is  on  the  order 
of  the  distance  to  the  wall,  z.  If  the  simulation  does  not  resolve  the  viscous 
sublayer,  the  first  few  cells  near  the  wall  have  a  grid-scale  on  the  order  of 
the  local  integral  scale.  Thus,  at  a  scale  A  ~  z  one  expects  a  transition 
behavior.  When  LES  approaches  direct  numerical  simulation  (DNS),  the 
model  coefficient  decreases  when  the  grid-scale  approaches  the  Kolmogorov 
scale  T) ,  i.e.  the  transition  occurs  near  A t  ~  77  (Voke,  1996;  Meneveau  & 
Lund,  1997).  In  each  one  of  these  applications,  possible  scale-dependencies 
of  the  model  coefficient  near  At  occur  which  violate  the  central  assumption 
of  the  dynamic  model.  Further,  one  does  not  necessarily  know  a-priori  how 
the  coefficient  changes  with  scale,  e.g.  whether  it  decreases  or  increases  with 
decreasing  scale. 

In  this  work,  we  present  a  generalization  of  the  dynamic  model  that 
relaxes  the  assumption  of  strict  scale  invariance.  Briefly,  the  methodology 
is  based  on  introducing  a  secondary  test  filter  that,  in  addition  to  the 
traditional  test  filter,  is  used  to  determine  both  the  coefficient  and  how  it 
changes  across  scales.  It  thus  allows  applying  the  dynamic  model  to  cases 
where  the  model  coefficient  changes  with  scale.  This  is  the  case  in  large- 
eddy  simulation  of  very  high-Reynolds  number  boundary  layers  such  as 
the  atmospheric  boundary  layer.  The  scale-dependent  model  is  tested  in 
such  simulations,  and  the  results  are  compared  with  those  from  (a)  the 
traditional  Smagorinsky  model  that  requires  specification  of  the  coefficient 
and  of  parameters  for  a  wall  damping  function,  and  (b)  the  traditional 
dynamic  model  that  assumes  scale  invariance  of  the  coefficient. 
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2.  Smagorinsky  and  standard  dynamic  model 


The  traditional  Smagorinsky  model  (Smagorinsky,  1963)  for  the  deviatoric 
part  of  the  subgrid-scale  stress  reads 


T~ij  „  Tfcfc  5ij  2  UT  Sij, 


(1) 


where  Stj  =  \  ( dui/dxj  +  duj/dxi)  is  the  resolved  strain  rate  tensor  and 

iAp  is  the  eddy  viscosity  given  by  r*r  =  (Cf  A)2  |5|.  Here  \S\  —  2  (SijSij'j 
is  the  magnitude  of  the  resolved  strain-rate  tensor,  A  is  the  filter  width, 
and  Cf  is  the  Smagorinsky  coefficient  (a  non-dimensional  parameter).  For 
isotropic  turbulence  with  a  cutoff  scale  A  in  the  inertial  subrange,  Lilly 
(1967)  determined  that  Cs  «  0.17,  independent  of  A.  However,  it  is  well- 
known  that  this  value  is  not  universal.  In  non-turbulent  regions  it  should 
vanish  (Piomelli  &  Zang,  1991),  and  in  the  presence  of  mean  shear  it  should 
be  lower  (Moin  &  Kim  1982).  The  dynamic  model  (Germano  et  al.  1991) 
avoids,  in  principle,  the  need  for  a-priori  specification  and  consequent  tun¬ 
ing  of  the  coefficient  because  it  is  evaluated  directly  from  the  resolved  scales 
during  an  LES.  The  approach  is  based  on  the  Germano  identity 

Lij  —  Ujtlj  UiUj  =  Tij  T  ij ,  (2) 

where  Ty  =  u^uj  -  UiUj  is  the  stress  at  a  test-filter  scale  (typically  2A). 
For  the  Smagorinsky  model  applied  at  scale  2A  we  may  write 

Tij  -  1  Ttt  Sti  =  -2  (Cf  2 A) 2  (3) 

Substitution  of  Eqs.  1  and  3  into  2,  in  addition  to  the  crucial  assumption 
of  scale  invariance 

C2A  =  Cf  =  Cs,  (4) 

leads  to  the  system 

Uj-^SijLkk  =  C2S  Mij,  where  (5) 

Mij  =  2A2(\S\S~j-MS\Sij)-  (6) 

(It  has  also  been  assumed  that  the  coefficient  can  be  extracted  from  the  test¬ 
filtering  operation,  Ghosal  et  al.,  1995).  Minimizing  the  error  ((Lij  -  C2Mij )2) 
(Lilly  1992),  where  the  averaging  is  over  directions  of  statistical  homogene¬ 
ity  (Ghosal  et  al.  1995)  or  fluid  pathlines  (Meneveau  et  al.  1996),  results 

2  (Lij  Mij) 

s  ~  ( MijMijY 


in 


(7) 
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However,  as  anticipated  in  section  1,  there  are  situations  in  which  the  as¬ 
sumption  of  scale-invariance  (Eq.  4)  may  not  hold,  such  as  in  high- Reynolds 
number  LES  of  wall-bounded  flows  in  which  the  viscous  sublayer  is  not 
resolved.  To  illustrate  the  difficulties  encountered  we  begin  with  an  imple¬ 
mentation  of  the  traditional  Smagorinsky  and  the  standard  dynamic  models 
in  the  simulation  of  a  rough-wall,  pressure-driven  channel  flow  which  does 
not  resolve  the  viscous  sublayer. 

3.  Simulations  with  traditional  models 

LES  of  a  rough-wall,  pressure-driven  channel  flow  is  performed,  using  the 
traditional  Smagorinsky  and  standard  dynamic  Smagorinsky  model. 

3.1.  NUMERICAL  PROCEDURE 

A  modified  version  of  the  LES  code  described  in  Albertson  &  Parlange 
(1999)  is  used.  The  code  solves  the  filtered  Navier-Stokes  equations  for  in¬ 
compressible  flow,  driven  by  a  constant  pressure  gradient  in  the  streamwise 
direction.  The  convective  term  is  written  in  rotational  form,  and  the  gradi¬ 
ent  of  resolved  kinetic  energy  is  included  in  the  pressure  gradient.  Horizontal 
directions  are  discretised  pseudo-spectrally,  while  wall-normal  derivatives 
are  approximated  with  second-order  central  differences.  The  grid  planes 
are  staggered  in  the  vertical  with  the  first  vertical  velocity  plane  at  a  dis¬ 
tance  Az  =  LZ/(NZ  -  1)  from  the  surface,  and  the  first  horizontal  velocity 
plane  at  Az/2  from  the  surface. 

The  wdu/dz  convective  term  at  the  first  node  z  =  Az/2  is  treated  in 
a  special  fashion.  Since  w  and  du/dz  are  obtained  at  z  =  Az  (w  nodes 
in  the  staggered  grid),  wdu/dz  at  z  =  Az/2  is  computed  by  averaging 
its  value  at  z  —  0  (where  it  is  zero)  and  at  z  —  Az.  For  a  logarithmic 
mean  velocity  profile  the  finite-difference  approximation  of  the  derivative, 
[du/dz] fd,  becomes  inaccurate  near  z  =  0.  In  order  to  account  for  this 
problem,  the  value  of  the  derivative  du/dz  at  z  =  Az  is  corrected  using 
du/dz  =  [du/dz] fd  +  dU/dz(l  -  /),  where  U  is  the  mean  resolved  velocity 
at  z  =  Az  and  /  =  (Zn(3))-1  ~  0.91  is  the  ratio  between  the  finite-difference 
approximation  and  the  exact  value  of  the  derivative  based  on  the  logarith¬ 
mic  velocity  profile.  This  correction  only  affects  the  mean  flow  near  the 
wall,  leaving  rms  profiles  and  spectra  unchanged. 

The  pseudospectrally  evaluated  convective  terms  are  dealiased  by  zero 
padding  and  truncation  using  the  3/2  rule  (Orszag,  1970).  A  rigurous 
dealiasing  of  these  terms  is  necessary  since  aliasing  errors  affect  the  small¬ 
est  resolved  scales,  which  are  used  by  the  dynamic  procedure  to  compute 
the  model  coefficient.  The  upper  boundary  has  a  stress-free  condition,  i.e. 
du/dz  =  dw/dz  =  0.  At  z  =  0,  the  instantaneous  wall  stress,  ri3  |„,,  must 
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be  prescribed.  It  is  related  to  the  velocity  at  the  first  vertical  node  through 
the  application  of  a  log-layer  condition  (see  e.g.  Schumann  1975,  Balaras  et 
al.  1995)  as  follows 


Tiz  |»=  -ul  [i Hi{z)/U(z )]  =  - 


'  Ujz )  k  I2 
.In  (z/z0). 


[ui(z)/U(z)} 


(i  =  1,3). 


(8) 


Here  u*  is  the  friction  velocity,  za  is  the  roughness  length,  and  n  is  von 
Karman’s  constant  (k=0.4).  U(z)  is  the  mean  resolved  horizontal  velocity 
that  is  evaluated  from  the  simulation  by  averaging  over  wall  parallel  planes. 
ut(z)  is  the  instantaneous  local  resolved  velocity  at  a  height  2:  (in  our  case, 
we  use  z  =  A^/2). 

The  computational  domain  size  is  Lx  =  Ly  =  27r  Lz.  The  simulations 
are  for  “infinite  Reynolds  number”,  i.e.  the  equations  are  solved  with  the 
eddy-viscosity  but  without  a  molecular  viscosity  term.  A  wall  roughness 
of  z0  =  Lz  x  10-4  is  prescribed.  The  time  advancement  is  by  a  second- 
order  accurate  Adams-Bashforth  scheme.  The  numerical  parameters  of  the 
simulation  are  Lz  =  103,  u*  =  0.45,  and  zD  =  0.1.  Simulations  with  the 
traditional  Smagorinsky  model  use  a  coefficient  equal  to  Cs  =  0.17  with 
a  wall-damping  function  as  proposed  in  Mason  &  Thomson  (1992)  that 
include  a  damping  parameter  set  to  n  =  1.  Simulations  with  the  standard 
dynamic  model  do  not  prescribe  arbitrary  parameters,  except  for  using  2A 
as  a  test-filter  scale.  Test-filtering  is  done  in  wall-parallel  planes  using  a 
spectral  cutoff  filter. 

The  domain  is  divided  into  Nx  x  Ny  x  Nz  =  54  x  54  x  54  nodes,  and 
additional  simulations  are  carried  out  with  resolutions  of  Nx  x  Ny  x  Nz  = 
16  x  16  x  16, 24  x  24  x  24,  and  36  x  36  x  36,  in  order  to  study  the  dependence 
on  filter  (grid)  scale.  In  order  to  significantly  reduce  computational  over¬ 
load,  the  dynamic  coefficients  at  every  horizontal  plane  are  computed  only 
once  every  10  time  steps.  We  have  found  no  significant  differences  in  the 
results  by  reducing  this  interval.  Where  needed,  an  equivalent  filter  scale 
is  computed  according  to  A  =  (AxAyAz)1/3  (Deardorff  1974,  Scotti  et  al. 
1993). 


3.2.  RESULTS 

Mean  velocity  distributions  are  reported  in  Porte- Agel  et  al.  (1999).  In  this 
paper,  we  concentrate  on  the  spectral  characteristics  of  the  flow,  and  on 
the  coefficients  returned  by  the  dynamic  model.  As  a  summary,  in  terms  of 
the  mean  flow  an  overall  reasonable  agreement  with  the  log-law  is  observed 
(not  shown).  Looking  in  detail,  however,  the  traditional  Smagorinsky  model 
slightly  overpredicts  the  log-law  profile,  while  the  dynamic  model  slightly 
underpredicts  it.  These  trends  are  typically  indicative  of  excessively  damped 
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Figure  1.  Normalized  streamwise  velocity  spectra  versus  kiz  at  different  heights  (a): 
computed  from  the  traditional  Smagorinsky  model  with  C ,  =  0.17  and  a  wall-damping 
parameter  n  =  1.  (b)  Spectra  computed  from  the  standard  dynamic  model  which  assumes 
Ca  =  C2A.  Prom  top  to  bottom,  the  curves  are  for  $  =  z/lz  =  0.009,  0.028,  0.047  0  066 
0.123,  0.179,  0.235,  0.292,  0.349,  0.406,  0.462,  0.519. 


or  excessively  elevated  resolved  Reynolds  stresses,  respectively,  which  points 
to  excessive  SGS  energy  dissipation  by  the  traditional  Smagorinsky  model, 
and  to  insufficient  SGS  dissipation  by  the  dynamic  model. 

Figure  1(a)  shows  longitudinal  energy  spectra  for  the  traditional  Smag- 
orinky  model,  in  units  of  u%  and  z,  the  height  above  the  wall.  Differ¬ 
ent  curves  correspond  to  different  non-dimensional  heights  above  the  wall, 
£  =  z/Lz.  In  these  units,  previous  laboratory  (Perry  et  al.,  1986)  and  at¬ 
mospheric  (Kader  &  Yaglom,  1991)  measurements  show  full  collapse  of  the 
various  curves,  with  a  kx5/3  behavior  at  small  scales  {kxz  >  1)  and  a  Jbf 1 
behavior  at  larger  scales  [kxz  <  1).  These  sets  provide  useful  data  for  com¬ 
paring  LES-generated  spectra  at  various  heights  to  experimented  data  in 
wall-bounded  flows.  As  is  evident  from  Fig.  1(a),  the  Smagorinsky  model 
does  not  produce  the  desired  collapse,  and  it  causes  the  spectra  to  decay 
too  quickly  at  high  wavenumbers,  i.e.  the  model  is  too  dissipative.  This  is 
a  well-known  problem  of  the  Smagorinsky  model  in  non-viscous  sublayer 
resolving  LES,  even  using  wall-damping  functions. 

Figure  1(b)  shows  longitudinal  energy  spectra  for  the  standard  dynamic 
Smagorinky  model,  which  assumes  scale-invariance.  There  is  good  collapse 
at  high  wavenumbers  (i.e.  the  model  appears  to  give  the  correct  behavior  in 
the  bulk  of  the  channel).  However,  in  the  near- wall  region  (i.e.  at  wavenum¬ 
bers  k\z  <  1),  the  spectra  do  not  collapse,  and  they  appear  too  flat,  i.e. 
there  is  ‘pile-up’  of  energy  at  small  scales.  This  behavior  is  indicative  that 
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Figure  2.  (a)  Dynamic  Smagorinsky  coefficients  as  obtained  from  the  scale-invariant 

traditional  dynamic  model  in  LES  of  channel  flow  that  does  not  resolve  the  viscous 
sublayer.  Different  symbols  denote  results  for  different  resolutions.  Circles:  Nz  =  16, 
squares:  Nz  =  24,  triangles:  Nz  =  36,  and  rhombs:  Nz  =  54.  In  all  cases  Nx  —  Ny  =  Nz. 
(b)  Same  as  (a),  plotted  as  function  of  z/A. 


the  dynamic  coefficient  is  too  low.  These  trends  are  consistent  with  the 
mean  velocity  profile  results  described  above. 

In  order  to  understand  why  the  dynamic  model  yields  too  low  a  co¬ 
efficient,  it  is  instructive  to  repeat  the  calculation  at  various  resolutions. 
Figure  2(a)  shows  the  resulting  coefficient  profiles  for  the  four  resolutions 
used.  As  can  be  seen,  the  damping  near  the  wall  is  indeed  captured  by 
the  dynamic  procedure.  A  decrease  near  the  wall  was  also  observed  in  high 
(but  finite)  Reynolds  number  simulations'  of  Balaras  et  al.  (1995).  When 
replotted  as  function  of  z/A  (Fig.  2(b)),  our  results  show  that  there  is  an 
excellent  collapse  with  (z/A). 

While  the  results  confirm  that  the  dynamic  model  is  able  to  automati¬ 
cally  capture  wall-damping  in  non-resolved  wall  layers,  the  observed  scaling 
with  z/A  is  problematic  because  it  implies  that  at  any  fixed  z,  the  coeffi¬ 
cient  is  a  function  of  A.  This  contradicts  the  fundamental  scale-invariance 
assumption  of  the  dynamic  model  (Eq.  4).  As  pointed  out  before,  the  de¬ 
pendence  of  Cs  on  A  is  not  surprising  since  the  grid  scale  near  the  wall 
approaches  the  local  integral  scale.  These  observations  raise  the  possibility 
that  the  results  of  Fig.  2(b)  are  incorrect  since  they  have  been  obtained 
from  a  procedure  with  an  internal  inconsistency.  In  fact,  if  one  believes 
that  the  coefficient  obtained  from  the  standard  dynamic  procedure  may  be 
appropriate  at  a  scale  larger  than  A  (but  not  at  A,  see  Meneveau  &  Lund, 
1997),  and  since  in  the  present  flow  C3  is  a  decreasing  function  of  A,  it  is 
plausible  that  the  coefficient  obtained  here  is  too  low.  This  trend  would  be 


8 


CHARLES  MENEVEAU  ET  AL. 


consistent  with  the  observed  spectral  pile-up. 

4.  The  scale-dependent  dynamic  model 

Next,  we  present  a  generalization  of  the  dynamic  model  that  can  be  used 
in  applications  in  which  the  assumption  of  Eq.  4  (scale  invariance)  is  not 
justified.  More  technical  details  can  be  found  in  Porte-Agel  et  al.  (1999). 

4.1.  FORMULATION 

Without  assuming  that  Cf  =  C2A,  we  can  still  write  down  the  Germano 
identity  for  the  Smagorinsky  model  (Eq.  5)  where 

My  =  2A2  (j S\S~j  -  2 2/3  |5|  StJ)  .  (9) 

This  expression  contains  a  new  unknown,  (3  =  (C2A/Cf)2.  When  scale- 
invariance  holds,  /?  =  1.  In  order  to  obtain  a  dynamic  value  for  /?,  we  use 
a  second  test-filter  at  a  larger  scale.  For  simplicity  we  take  4A.  Variables 
filtered  at  scale  4A  are  denoted  by  a  caret.  Writing  the  Germano  identity 
between  scale  A  and  4A  yields 


Qij  ~  ^  Qkk  Sij  =  (Cf)2  Nij,  where 

(10) 

Qij  =  U{Uj  —  UiUj ,  and 

(11) 

=  2A2  (j®,  -  42  0  |5|  h)  , 

(12) 

where  9  = 

(CgA/Cf)2.  Again  minimizing  the  error  ((Qij  - 

C2Nij)2),  we 

obtain 

(r>A\2  — 

(s)  {Nij  Nij) 

(13) 

Setting  Eq.  7  equal  to  Eq.  13  yields  ' 

(Qij Nij)  ( MijMij )  -  (LijMij)  (NijNij)  =  0, 

(14) 

This  expression  has  two  unknowns,  (3  and  6.  In  order  to  solve  Eq.  14  they 
must  be  related.  This  goal  can  be  achieved  by  postulating  a  functional  form 
for  the  scale  dependence  of  the  coefficient,  valid  at  least  in  the  vicinity  of  the 
scale  A.  A  natural  choice  is  to  assume  a  power  law  of  the  form,  Cf  =  7  A^, 
or,  in  a  dimensionally  more  appropriate  way, 


CfA  =  Cf(  A)  at 


(15) 
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For  such  power-law  behavior,  P  =  oft,  independent  of  scale.  This  assump¬ 
tion  is  far  weaker  than  the  standard  dynamic  model,  which  corresponds  to 
the  special  case  <f>  =  0.  For  the  assumed  local  power-law  behavior,  one  can 
show  that  6  =  P2.  With  this  substitution  Eq.  14  only  contains  the  unknown 
P,  and  can  be  rewritten  as  follows: 

4)  +  MP  +  A2p2  +  A3p3  +  A^pft  +  4/35  =  0.  (16) 

Above, 

4  =  Mi  -  b\C2,  A\  =  01C2  -  Mi, 

A2  =  b2d\  +  b\e2  -  a2c\,  A2  =  a2e\  -  a\e2,  (17) 

4  =  -a2d\  -  M2,  and  4  =  M2,  where 
ai  =  — 2A24  (\S\SijLij)  ,  61  =  -2A2  (\S\S~j  Li5)  , 

Cl  =  (2A2)2  (jSjSy  WSi) ,  =  (2A2)242  (|I|24-  Sij) ,  (18) 

and  ci  =  (2A2)24  (|S|4  |5|  4} 
are  also  already  needed  for  the  traditional  dynamic  model,  and 

a2  =  — 2A242  (\§\ Sij  Qij )  ,  h  =  — 2A2  (|5|4  , 

c2  =  (2A2)2  (\S\Sij\sTSii)  ,  d2  =  (2A2)2  (42)2  {\k\%  hj) ,  (19) 

and  e2  =  (2A2)2  (4)2  (\S\hj  |®j)  , 
are  new  requirements  for  the  scale-dependent  model. 

4.2.  RESULTS 

The  scale-dependent  model  is  implemented  in  the  simulation  described  in 
§3.1.  The  additional  test-filtered  quantities  at  scale  4A  axe  obtained  by 
spectral  filtering  in  the  x-z  planes.  As  in  the  traditional  dynamic  model, 
tensor  contractions  are  averaged  over  such  planes,  corresponding  to  a  min¬ 
imization  of  the  error  in  the  modeled  Germano  identity  over  these  regions 
of  statistical  homogeneity  (Ghosal  et  al.  1995).  Having  evaluated  the  re¬ 
quired  tensor  contractions,  we  must  find  the  appropriate  root  of  the  poly¬ 
nomial  of  Eq.  16.  Detailed  analysis  of  the  polynomial  (see  Porte- Agel  et 
al.  1999)  shows  that  of  the  five  roots  for  p,  only  the  largest  one  is  physi¬ 
cally  meaningful.  The  other  values  of  p  imply  changes  in  sign  of  ( Lf/My ) 
and/or  ( QijNij ),  which  is  unphysical  (on  average).  In  order  to  solve  the 
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Figure  3.  (a):  Vertical  distribution  of  the  time-averaged  coefficient  CA  (solid  line), 

C?A  =  /?1/2CA  (dashed  line),  and  C,A  =  (dot-dashed  line)  obtained  using  the 

scale-dependent  dynamic  model.  The  dotted  line  is  the  coefficient  obtained  using  the 
traditional  dynamic  model  that  assumes  C,  A  =  CA.  (b):  Normalized  streamwise  velocity 
spectra  versus  k\z  at  different  heights,  computed  from  the  scale-dependent  dynamic 
model.  From  top  to  bottom,  the  curves  are  for  the  same  £  =  z/L,  as  in  previous  figures. 


polynomial  equation,  a  Newton-Raphson  technique  is  employed.  In  terms 
of  computational  expense,  with  the  dynamic  procedure  applied  every  10 
time  steps,  the  scale-dependent  dynamic  model  takes  only  an  insignificant 
amount  more  CPU  time  than  the  traditional  dynamic  model.  Once  (3  has 
been  found,  it  is  replaced  into  Eq.  9  and  Cf  is  obtained  from  Eq.  7. 

Fig.  3(a)  shows  the  distribution  of  the  average  value  of  the  coefficients 
CA  obtained  using  the  scale-dependent  procedure  (solid  line).  Comparing 
this  result  to  the  average  value  of  the  coefficient  that  results  from  the  tra¬ 
ditional  dynamic  model  (dotted  line,  replotted  from  Fig.  2(b)),  it  can  be 
seen  that  the  present  result  is  higher.  This  trend  is  as  expected:  The  tra¬ 
ditional  dynamic  model  underestimates  the  coefficient  since  it  is  based  on 
scales  larger  than  A  (which  are  near  the  local  integral  scale).  By  properly 
extrapolating  the  trend,  the  scale-dependent  dynamic  model  gives  a  coef¬ 
ficient  which  is  appropriate  at  the  true  grid-scale  A  where  the  coefficient 
should  be  larger.  Also  shown  in  the  figure  are  the  coefficients  at  the  larger 
scales,  also  determined  dynamically  from  the  scale-dependent  approach:  the 
dashed  line  is  C2A  =  ^2CA,  and  the  dot-dashed  line  is  CjA  =  (3CA. 

Figure  3(b)  shows  the  longitudinal  spectra  at  various  heights  above 
the  wall  obtained  from  the  scale-dependent  dynamic  model.  Comparisons 
with  Figs.  1(a)  and  1(b)  confirms  that  this  model  yields  much  improved 
predictions  of  the  turbulence  structure  at  all  scales,  and  at  all  heights  above 
the  wall.  No  ‘pile-up’  of  energy  is  observed  near  the  wall,  which  is  consistent 
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with  a  higher  model  coefficient.  Mean  velocity  profiles  (not  shown)  also 
indicate  improved  agreement  with  the  law  of  the  wall. 


5.  Conclusions 

It  has  often  been  argued  that  the  main  strength  of  the  dynamic  model  is 
manisfested  in  flows  in  which  the  grid-scale  is  outside  of  the  inertial  range 
(e.g.  improved  predictions  in  transitional  flows,  in  the  viscous  sublayer,  or 
in  the  transition  to  the  viscous  range),  where  indeed  the  assumption  of 
scale- invariance  should  not  hold.  As  has  been  shown  before  (Meneveau  & 
Lund,  1997),  even  if  the  assumption  does  not  hold  the  dynamic  model  is 
able  to  reproduce  the  main  trends  of  changing  coefficient.  And,  in  the  cases 
mentioned  (transitional  flows,  in  the  viscous  sublayer,  or  in  the  viscous 
subrange),  the  SGS  stresses  are  small  to  begin  with.  In  those  cases  it  does 
not  matter  too  much  if  the  dynamic  model  gives  an  overestimate  of  the 
coefficient,  since  the  SGS  stresses  contribute  only  a  negligible  part  of  the 
dynamics.  However,  in  applications  where  the  SGS  stress  becomes  a  signif¬ 
icant  part  of  the  dynamics,  such  as  in  the  near- wall  region  of  non-sublayer 
resolving  simulations,  it  matters  a  great  deal  whether  the  coefficient  is  un¬ 
derestimated. 

For  such  cases,  we  have  developed  a  generalization  of  the  dynamic  model 
that  allows  the  coefficient  to  change  with  A  in  a  self-consistent  fashion.  The 
new  model  involves  a  secondary  test  filter  that,  together  with  the  traditional 
test  filter,  is  used  to  determine  both  the  coefficient  and  how  it  changes  across 
scales.  This  model  has  been  applied  to  LES  of  a  non-sublayer  resolving 
LES  of  wall-bounded  flow.  Simulations  with  such  a  model  are  stable  and 
robust,  and  yield  expected  trends  of  the  coefficient  as  function  of  scale. 
Predictions  of  energy  spectra  near  the  wall  are  significantly  improved.  The 
mean  velocity  profiles  are  also  improved  over  those  that  use  the  standard 
dynamic  model.  This  new,  more  general,  dynamic  model  should  be  tested  in 
other  applications  in  which  scale-dependence  of  the  coefficient  is  suspected 
and  important.  Examples  include  rapidly  distorted  turbulence,  stratified 
flows,  etc... 

ACKNOWLEDGMENT 

The  authors  gratefully  acknowledge  the  financial  support  of  NSF-ATM- 
9726270.  CM  is  also  supported  by  the  Office  of  Naval  Research  (grant 
N00014-98-1-0221,  Dr.  Patrick  Purtell,  program  manager). 

References 

J.D.  Albertson  and  M.B.  Parlange.  Surface  length-scales  and  shear  stress:  implications 


12 


CHARLES  MENEVEAU  ET  AL. 


for  land-atmosphere  interaction  over  complex  terrain.  Water  Resour .  Res.,  in  press, 
(1999a). 

E.  Balaras,  C.  Benocci,  and  U.  Piomelli.  Finite-difference  computations  of  high  Reynolds- 

number  flows  using  the  dynamic  subgrid-scale  model.  Theor.  Comp.  Fluid  Dyn ., 
7:207-216,  (1995). 

J.  W.  Deardorff.  Three-dimensional  numerical  study  of  the  height  and  mean  structure 
of  a  heated  planetary  boundary  layer.  Bound.  Layer  Meteor .,  7:81,  (1974). 

M.  Germano,  U.  Piomelli,  P.  Moin,  and  W.H.  Cabot.  A  dynamic  subgrid-scale  eddy 
viscosity  model.  Phys.  Fluids  A ,  A  3:1760,  (1991). 

S.  Ghosal,  T.S.  Lund,  P.  Moin,  and  K.  Akselvoll.  A  dynamic  localization  model  for  large 
eddy  simulation  of  turbulent  flow.  J.  Fluid  Mech.,  286:229-255,  (1995). 

B.  Kader  and  A.M.  Yaglom.  Spectra  and  correlation  functions  of  surface  layer  atmo¬ 
spheric  turbulence  in  unstable  thermal  stratification.  Turbulence  and  coherent  struc¬ 
tures  (0.  Metais  and  M.  Lesieur,  editors ),  Kluwer  Academic,  Norwell  Mass.  450pp, 
(1991). 

D.K.  Lilly.  The  representation  of  small-scale  turbulence  in  numerical  simulation  exper¬ 
iments.  In  Proc.  IBM  Scientific  Computing  Symposium  on  Environmental  Sciences , 
page  195,  (1967). 

D.K.  Lilly.  A  proposed  modification  of  the  Germano  subgrid  scale  closure  method.  Phys. 
Fluids  A,  4:633,  (1992). 

S.  Liu,  J.  Katz,  and  C.  Meneveau.  Evolution  and  modeling  of  subgrid  scales  during  rapid 
straining  of  turbulence.  J.  Fluid  Mech .,  387:281-320,  (1999). 

P.J.  Mason  and  D.J.  Thomson.  Stochastic  backscatter  in  large-eddy  simulations  of  bound¬ 
ary  layers.  J.  Fluid  Mech.,  242:51-78,  (1992). 

C.  Meneveau  and  J.  Katz.  Scale- invariance  and  turbulence  models  for  large-eddy- 
simulation.  Annu.  Rev.  Fluid  Mech.,  in  press,  (2000). 

C.  Meneveau,  T.  Lund,  and  W.  Cabot.  A  Lagrangian  dynamic  subgrid-scale  model  of 
turbulence.  J.  Fluid  Mech.,  319:353-385,  (1996). 

C.  Meneveau  and  T.S.  Lund.  The  dynamic  Smagorinsky  model  and  scale-dependent 
coefficients  in  the  viscous  range  of  turbulence.  Phys .  Fluids ,  9:3932-3934,  (1997). 

P.  Moin  and  J.  Kim.  Numerical  investigation  of  channel  flow.  J.  Fluid  Mech.,  118:341- 
377,  (1982). 

A.E.  Perry,  S.  Henbest,  and  M.S.  Chong.  A  theoretical  and  experimental  study  of  wall 
turbulence.  J.  Fluid  Mech.,  165:163-199,  (1986). 

U.  Piomelli  and  T.  A.  Zang.  Large-eddy-simulation  of  transitional  channel  flow.  Comp. 
Phys.  Comm.,  65:224,  (1991). 

F.  Porte-Agel,  C.  Meneveau,  and  M.B.  Parlange.  Dynamic  model  for  large-eddy- 
simulations  near  the  limits  of  the  inertial  range  of  turbulence.  ASME  FED  1999, 
FEDSM99-7835,  (1999). 

F.  Porte-Agel,  C.  Meneveau,  and  M.B.  Parlange.  A  scale-dependent  dynamic  model  for 
large-eddy  simulation:  application  to  the  atmospheric  boundary  layer.  J.  Fluid  Mech., 
submitted,  (1999). 

U.  Schumann.  Subgrid  scale  model  for  finite  difference  simulations  of  turbulent  flows  in 
plane  channels  and  annuli.  J.  Comp.  Phys.,  18:376,  (1975). 

A.  Scotti,  C.  Meneveau,  and  D.K.  Lilly.  Generalized  Smagorinsky  model  for  anisotropic 
grids.  Phys.  Fluids  A,  5:2306,  (1993). 

J.  Smagorinsky.  General  circulation  experiments  with  the  primitive  equations,  i.  the  basic 
experiment.  Mon.  Weather  Rev.,  91:99,  (1963). 

L.  M.  Smith  and  V.  Yakhot.  Short-  and  long-time  behavior  of  eddy-viscosity  models. 
Theoret.  Comput.  Fluid  Dynamics ,  4:197,  (1993). 

P.R.  Voke.  Subgrid-scale  modeling  at  low  mesh  Reynolds  number.  Theor.  Comp.  Fluid 
Dyn.,  8:131-143,  (1996). 


DIRECT  NUMERICAL  SIMULATION  OF  HIGH 

SUBSONIC  JETS 

FAROUK  OWIS*  P.  BALAKUMAR1 
Old  Dominion  University 
Aerospace  Engineering  Department 
Norfolk,  VA  23529 


Abstract 

The  stability  of  spatially  developing  high  subsonic  jets  at  low  and  high  Reynolds  number  is 
investigated  using  direct  numerical  simulation  of  the  unsteady  full  Navier-Stokes  equations.  High 
order  accurate  numerical  scheme  with  minimum  dispersion  error  is  used  for  the  simulation  and  a 
perfectly  matching  layer  technique  is  applied  for  the  treatment  of  the  outflow  boundaries.  The 
sound  radiated  by  the  vortex  pairing  process  is  studied  by  introducing  the  inflow  disturbances  at 
the  fundamental  frequency  and  its  first  two  subharmonics.  The  results  are  in  general  agreement 
with  the  observations. 

1.  Introduction 

This  research  is  motivated  by  the  need  to  understand  the  mechanism  of  jet  development 
into  turbulence  and  the  noise  generation  process  in  jet  mixing  layers.  Understanding  the 
noise  generation  process  represents  the  key  to  find  noise  suppression  methods.  Recently, 
there  have  been  many  studies  on  supersonic  and  subsonic  jet  noise  radiation.  Mankabadi 
and  et  al.  (1993)  studied  the  structure  of  supersonic  jet  and  the  noise  radiated  to  the  far 
field  using  Lighthill’s  acoustic  analogy.  Mitchel,  Lele  and  Moin  (1995)  investigated  the 
sound  generation  of  subsonic  and  supersonic  jets  due  to  the  vortex  pairing  process  in  the 
mixing  layer  and  Colonius  and  et  al.  reported  that  the  vortex  pairing  process  is 
responsible  for  noise  radiation  from  the  shear  layers. 

Experiments  by  Laurence  (1956)  and  Laufer  and  Yen  (1983)  have  shown  that  the 
sound  radiated  from  the  jet  is  greatest  within  4-6  diameters  downstream  and  then  decays 
through  a  transition  region.  This  region  is  characterized  by  large  vortical  structures  and 
the  size  of  these  structures  is  of  the  flow  geometry  size.  For  this  reason,  the  unsteady 
flow  equations  can  be  solved  in  the  near  field  using  direct  numerical  simulation  to 
provide  the  sound  source  for  acoustic  computations  of  the  far  field  noise. 

Evaluation  of  the  sound  source  using  the  direct  numerical  simulation  of  Navier- 
Stokes  equations  requires  using  numerical  techniques  with  minimum  distortion  and 
diffusive  characteristics.  The  numerical  errors  get  worth  for  high  Reynolds  number  flow 
simulation.  Typically,  free  shear  layers  of  interest  have  very  high  Reynolds  numbers. 
Therefore  high  order  accurate  numerical  schemes  with  minimum  dissipation  and 
dispersion  errors  are  needed.  One  of  the  well-tested  numerical  schemes  is  the  extension 
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of  the  second  order  MacCormack  scheme,  which  is  known  as  2-4  scheme  and  is 
developed  by  Gottlieb  and  Turkel  (1976).  This  scheme  has  been  used  successfully  by 
Farouk  and  Oran  (1991),  and  by  Ragab  and  Sheen  (1991)  for  studying  the  nonlinear 
instability  problems  in  plane  shear  layers.  The  scheme  is  fourth-order  accurate  in  space 
and  second  order  accurate  in  time.  It  has  been  extended  to  sixth-order  spatial  accuracy  by 
Bayliss  (1985).  A  new  family  of  MacCormack  schemes  has  been  developed  by  Hixon 
(1997)  to  increase  the  accuracy  of  2-4  scheme  and  to  minimize  the  dispersion  error.  In 
addition,  the  accuracy  of  the  time  integration  for  these  schemes  is  increased  to  fourth 
order  using  Runge  Kutta  method.  These  schemes  have  been  tested  on  benchmark 
problems.  One  of  the  these  schemes,  which  is  MacCormack  scheme  based  on  the  finite 
difference  of  the  optimized  dispersion  relation  preserving  scheme,  is  employed  in  this 
work  to  study  the  sound  radiated  from  subsonic  jets  by  the  vortex  roll-up  and  pairings. 

A  special  attention  to  the  boundary  treatment  is  required  since  the  numerical 
boundaries  can  generate  spurious  waves  that  may  render  the  computed  solution  entirely 
unacceptable.  Several  boundary  conditions  have  recently  been  proposed  for 
computational  aeroacoustics.  These  boundary  conditions  include  characteristic  methods 
such  as  Thompson  (1987)  and  Giles  (1990),  asymptotic  analysis  of  the  governing 
equations  [Bayliss  and  Turkel  (1982)],  buffer  domain  technique  [Street  and  Macaraeg 
(1989)]  and  matching  layer  developed  by  Hu  (1995).  In  the  current  study,  the  perfectly 
matching  layer  technique  is  adopted  since  it  produces  minimum  reflections  at  the 
boundaries. 

In  order  to  directly  compute  the  fluctuation  quantities  of  the  jet  flow,  the  laminar 
boundary  layer  equations  are  solved  using  two-point  compact  scheme  to  obtain  the  jet 
mean  flow.  An  initial  hyperbolic  axial  velocity  profile,  equation  (1),  is  assumed  for  the 
laminar  flow  computations  and  the  initial  temperature  profile  is  obtained  using  Crocco’s 
relation  (2). 

U  =  0.5[(l  +  C/oo)-(l-(/oo)tanh{yS(r-l)}]  (1) 

T  =  T„  +  (Tj  -  7L )  - ~ 1 U~- 1 +  0.5  Tj  (y  - 1)  M : 2  (U .  -  U)  - U~- ) -  (2) 

(Uj-U.)  (Uj-U„)2 

The  fundamental  frequency  and  the  eigenfunction  are  obtained  using  the  linear 
stability  analysis  of  the  jet  laminar  flow. 

2.  Governing  Equations 

The  governing  equations  are  the  unsteady  full  Navier-Stokes  equations  in  polar 
coordinates  and  the  equations  are  written  in  conservative  form  for  two-dimensional  axi- 
symmetric  jet.  The  equations  are  normalized  with  respect  to  the  jet  exit  conditions. 
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The  viscosity  is  calculated  using  Sutherland’s 
obtained  from  this  equation 


(4) 

(5) 

(6) 

law  and  the  thermal  conductivity  is 
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3.  Numerical  Discretization 

MacCormack  type  schemes  developed  by  Hixon  (1997)  with  operator  splitting  are  used 
for  the  numerical  discretization.  The  operators  are  applied  in  the  following  symmetric 
way: 

Qn+2  =  L2xL2rLirLlxQn  (8) 

Where  Lx  and  Lr  are  one-dimensional  operators  in  x  and  r  directions  that  are  applied  to 
the  following  one-dimensional  equations 

Qt=-Fx  (9) 

Qt=-Gr+S  (10) 

Using  Rung-Kutta  method  for  the  time  integration,  the  operator  Lx  is  written  as  follows: 

Qt=-^-[F(Q))  (11) 
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For  the  forward  and  backward  differencing,  the  fluxes  are  discretized  using  the 
optimized  dispersion  relation-preserving  scheme  as  follow: 
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4.  Boundary  conditions 

Inflow  B.CS: 

For  supersonic  flow,  all  the  flow  variables  are  specified  at  the  inflow  boundary  as  mean 
flow  and  perturbations  as: 

Q  =  Qm+eQdist 

JL,  icotl2kA  (14) 

=SRea«2/i('-)«"‘"'/2  ) 

k= 1 

where  Qk(  r )  are  the  eigenfunctions  of  the  flow  variables  which  are  obtained  from  the 
linear  stability  analysis  for  the  most  unstable  frequency  0)  and  its  subharmonics  a/1  and 
a/4  and  e  is  the  amplitude  of  the  disturbance  at  the  inflow  boundary. 

For  subsonic  flow,  one  flow  variable  is  obtained  from  the  interior  points  using  the 
continuity  equation  and  the  rest  of  the  flow  variables  are  specified  at  the  boundary  as 
follow: 
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For  non-reflecting  inflow  boundary,  ?i2=/\,5=0  and  X,j  is  calculated  from  the  interior 

points. 

Centerline  Conditions: 

A  new  set  of  equations  is  derived  at  the  centerline  using  L’Hospital  rule.  These 
equations  are  applied  with  the  following  symmetric  conditions: 

Bp  _Bu  _  Bp 

Br  Br  Br  (16) 


v  =  0 

Perfectly  Matching  Layer: 

The  perfectly  matching  layer  technique  is  applied  at  the  outflow  boundaries.  This  method 
is  first  proposed  by  Berenger  (1994)  for  the  absorption  of  electromagnetic  waves  and 
applied  by  Hu  (1995)  for  Euler  equations.  In  this  technique,  a  region  is  attached  to  the 
computational  domain  at  the  boundaries  as  shown  in  figure  (1)  where  exponential 
damping  terms  are  added  to  the  governing  equation  (3)  to  damp  the  disturbance. 


Figure  (1)  Computational  Domain 


For  two-dimensional  axisymmetric  jet,  the  governing  equations  (3)  are  divided  into 
two  equations,  one  for  the  disturbance  which  is  produced  by  the  axial  flux  and  the  other 
for  the  radial  flux. 
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Lb 

Gmx  is  the  maximum  value  of  the  absorption  coefficient  crx,  Lb  is  the  length  of  PML  and 
x*  is  the  beginning  of  the  Layer.  Qm,Fm,  Gm  and  Sm  denote  the  mean  flow  variables.In 

this  technique,  a  region  is  added  at  the  boundary  as  shown  in  figure  (1)  to  damp  the 
disturbance.  In  this  region  of  the  domain,  exponential  damping  terms  are  added  to  the 
governing  equations  of  the  form: 

5.  Results 

Two  case  cases  are  computed  at  different  Reynolds  numbers.  The  first  simulation  is  done 
at  Mach  number  0.8  and  Reynolds  number  2500.  An  initial  axial  velocity  profile  with 
momentum  thickness  0.08334  ( /3  =6)  is  used  for  this  simulation  to  obtain  the  jet  mean 
flow.  The  fundamental  frequency  obtained  using  the  linear  stability  theory  is  1.3195 
(St=0.42)  and  the  first  two  subharmonics  are  0.66  and  0.33.  The  amplitude  of  the  inflow 
disturbance  is  assumed  0.0015  and  the  eigenfunctions  of  the  inflow  disturbances  are 
normalized  with  respect  to  the  maximum  amplitude  of  the  axial  velocity  disturbance.  The 
dimensions  of  the  domain  and  the  grid  parameters  are  summarized  in  table  (3). 


Table  (3)  Grid  parameters  for  case  1  (i! 

4i=  0.8) 

Parameter 

Value 

Xmax/rj  (including  matching  layer) 

55 

Rmax/rj  (including  matching  layer) 

70 

Maching  layer  in  x-direction  (Lbx) 

5 

Maching  layer  in  r-direction  (L*,r) 

8 

Number  of  points  in  x-direction  ( IMAX) 

1225 

Number  of  points  in  r-direction  ( JMAX) 

451 

Number  of  points  in  axial  matching  layer 

111 

Number  of  points  in  radial  matching  layer 

14 

Ax/rj 
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( Ar/rj)mn  at  r=l 
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Si 
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II 
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The  computations  are  run  until  the  entire  domain  is  settled  into  its  nearly  periodic 
steady  state.  Time  history  of  the  axial  velocity  at  different  downstream  positions 
indicates  that  the  flow  becomes  periodic  at  the  outflow  boundary  after  approximately  40 
cycles  of  the  fundamental  frequency.  The  last  12  cycles  of  the  computations  are 
presented  in  figure  (2).  The  axial  velocity  disturbances  near  the  inflow  boundary  are 
dominated  by  all  the  excitation  frequencies  as  shown  in  figure  (2a)  while  the  flow  near 
the  outflow  boundary  is  dominated  by  the  frequency  of  the  first  subharmonic  which  is 
the  frequency  of  the  vortex  pairing  process. 


a)  d) 


Figure  (2)  Time  history  of  total  axial  velocity  for  Mj=0.8  at  r=7and  a)  x=0,  b)  x=50 


The  near  field  vorticity  contours  are  plotted  in  figure  (3)  at  five  equally  spaced 
instants  within  a  periodic  cycle  of  the  second  subharmonic  of  period  ( T ).  The  jet  shear 
layer  roll-up  is  clear  near  the  inflow  and  the  vortex  pairing  is  captured  at  two  different 
downstream  positions.  As  the  flow  moves  downstream,  the  vorticity  is  reduced  due  to  the 
effect  of  the  viscosity. 
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Figure  (3)  Evolution  of  vorticity  with  time  at  different  equally  spaced 
intervals  (Mp 0.8).  The  contour  levels  range  from  0  to  2.84  U/Rj  with 
increment  0.236  U/Rj  and  12  contour  levels  for  each  plot. 
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The  amplitude  of  the  axial  velocity  disturbance  at  different  frequencies  is  computed 
from  equation  (18)  using  the  Fourier  transform  of  the  time  signal  for  the  last  cycle  of  the 
second  subharmonic  and  the  results  are  introduced  in  figure  (4). 


(18) 


One  concludes  from  the  figure  that  the  maximum  amplitude  of  the  disturbance  occurs 
at  frequency  172  which  is  the  frequency  of  the  first  subharmonic.  The  amplitude  of  the 
first  subharmonic  grows  until  it  peaks  at  downstream  location  (x=22)  where  the  vortex 
pairing  process  is  complete.  The  correspondence  of  the  saturation  position  and  the 
completion  of  the  vortex  pairing  process  is  also  observed  by  Mitchel,  Lele  and  Moin 
(1995).  Additionally,  the  amplitude  of  the  disturbances  at  the  fundamental  frequency 
saturates  in  the  region  of  the  vortex  roll-up  and  it  grows  again  until  it  saturates  at  the  end 
of  the  vortex  pairing  process.  The  multiple  saturation  is  observed  by  Colonius  and  et  al. 
(1997).  The  amplitude  of  the  second  subharmonic  grows  slowly  and  no  saturation  is 
observed  for  this  frequency  which  means  that  a  third  pairing  process  may  be  obtained 
further  downstream.  Other  frequencies  are  plotted  but  they  have  small  amplitudes  with 
respect  to  the  fundamental  frequency  and  the  first  subharmonic. 
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Figure  (4)  Amplitude  of  axial  velocity  disturbance  versus  downstream  position 
at  various  frequencies  (Af/=0.8) 

Table  (3)  Source  frequencies  and  saturation  positions  for  (Mp0.8) 


Frequency 

Saturation 

position 

Maximum 

amplitude 

f/2 

22.5 

0.406 

f 

12.5 

0.245 

3172 

22.5 

0.0405 

2f 

10 

0.0269 

5f72 

22.5 

0.012 

3f 

10.5 

0.0164 
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A  list  of  the  saturation  positions  of  the  different  frequencies  and  their  amplitudes  is 
presented  in  table  (4).  Only  even  frequencies  of  the  second  subharmonic  have 
considerable  amplitudes.  The  fundamental  frequency  if)  and  its  multiple  frequencies  (n 
f),  where  n  is  integer,  saturate  at  the  same  axial  position  where  the  first  pairing  process  is 
complete  while  multiple  frequencies  of  the  first  subharmonic  (n  f/2 )  reach  their  peak 
amplitude  at  the  same  location  of  the  second  vortex  pairing. 

The  growth  of  the  momentum  thickness  is  plotted  for  both  laminar  and  disturbed  jet 
flows  as  shown  in  figure  (5).  In  the  region  of  vortex  roll-up,  the  momentum  thickness  has 
nearly  the  same  value  as  for  the  laminar  jet.  Following  the  region  of  the  vortex  roll-up, 
two  steps-like  increase  in  the  momentum  thickness  are  observed  at  various  axial 
positions,  which  correspond  to  two  different  vortex-pairing  processes.  The  first  step  like 
increase  in  the  momentum  thickness  starts  at  x=6  and  ends  at  x=ll  which  is  the  position 
of  saturation  for  the  fundamental  frequency  and  another  step  increase  resumes  after  the 
completion  of  the  first  pairing.  The  second  vortex  pairing  is  complete  where  the  first 
subharmonic  reaches  its  maximum  value  which  means  that  this  region  is  dominated  by 
the  frequency  of  the  first  subharmonic.  As  a  result  of  the  viscosity  effect  on  the  vorticity 
levels,  the  growth  rate  of  the  momentum  thickness  decreases  after  the  completion  of  the 
second  vortex  pairing  process. 

The  far  field  pressure  disturbance  contours  are  shown  in  figure  (6)  with  an  arrow 
indicating  the  position  of  the  vortex  pairing  process.  The  domain  shown  in  the  graph  is 
limited  between  5  and  50  radius  in  the  radial  direction.  It  is  evident  that  the  pressure 
waves  propagate  to  the  far  field  in  semi-circles  and  these  waves  emanate  from  the  region 
of  the  vortex  pairing  where  the  instability  waves  saturate.  This  is  similar  to  the 
observations  of  Laufer  and  Yen  (1983)  and  Colonius,  Lele  and  Moin  (1997). 


Figure  (5)  Variation  of  jet  momentum  thickness  with  downstream  position  (Mj= 0.8) 


Figure  (6)  Far  field  pressure  disturbance  contours  for  Mj=  0.8  with  maximum 
and  minimum  pressure  levels  ±1.5xl03  and  15  levels 

The  total  radial  velocity  contours  in  tho  near  field  is  presented  in  figure  (7).  The 
contours  are  presented  in  the  region  (0  <  r  <  5)  with  16  contour  levels.  The  maximum 
value  of  the  levels  is  0.236  and  the  minimum  is  -0.23.  High  values  of  the  total  radial 
velocity  exist  where  the  vortices  are  located  and  these  regions  of  high  radial  velocity  are 
equally  spaced  near  the  outflow. 


Figure  (7)  Contours  of  total  normal  velocity  (A//=0.8). 

The  second  case  is  computed  at  higher  Reynolds  number  (Re=105)  and  Mach  number 
0.85.  The  initial  axial  velocity  profile  used  for  the  laminar  flow  computations  has  a 
momentum  thickness  0. 1  (|3=5)  and  the  temperature  ratio  of  the  jet  is  assumed  to  be  one. 
Prandtle  number  is  chosen  to  be  0.72  for  this  simulation.  Linear  stability  analysis  for  this 
jet  indicates  that  the  most  unstable  frequency  is  1.231  (St=0.392).  The  inflow  for  the  jet 
simulation  is  also  excited  at  the  most  unstable  frequency  and  its  first  two  subharmonics 
with  an  initial  amplitude  0.014. 

The  computational  domain  is  extended  to  60  radius  in  the  axial  direction  and  14 
radius  in  the  radial  direction.  The  last  10  radius  in  the  axial  direction  are  used  for  the 
matching  layer.  The  mesh  size  is  1336x151  and  uniform  grid  is  used  in  the  axial 
direction  while  the  grid  is  stretched  in  the  radial  direction  with  minimum  grid  spacing 
0.0.29  at  the  shear  layer. 


The  computations  are  continued  until  the  flow  becomes  nearly  periodic  at  the 
outflow  boundary  after  45  cycles  of  the  fundamental  frequency  and  the  data  of  the  last 
four  cycles  are  analyzed  using  the  discrete  Fourier  transform.  The  axial  velocity 
disturbance  amplitudes  at  different  frequencies  are  presented  in  figure  (8). 


Figure  (8)  Amplitude  of  axial  velocity  disturbance  versus  downstream 
position  at  various  frequencies  (Mp 0.85  and  Re=105) 

As  a  result  of  increasing  Reynolds  number,  the  amplitude  of  the  disturbance  for 
the  first  subharmonic  is  higher  than  that  of  the  low  Reynolds  number  simulation.  The 
same  result  is  predicted  by  the  linear  stability  analysis.  The  first  subharmonic  saturates 
approximately  in  the  same  downstream  position  of  the  lower  Reynolds  number 
simulation.  Only  one  saturation  is  observed  for  the  fundamental  frequency  at  x=ll  and 
the  higher  frequencies  peaks  near  the  saturation  location  of  the  first  subharmonic. 


Figure  (9)  Variation  of  jet  momentum  thickness  with  downstream 
position  (MpO.85  and  Re=10 5) 


The  momentum  thickness  of  the  laminar  flow  grows  very  slowly  with  axial  distance 

since  the  effect  of  the  viscosity  for  high  Reynolds  number  jet  is  very  small.  For  the 

perturbed  jet,  the  momentum  thickness  grows  very  quickly  and  two  steps-like  increase 

are  observed  at  the  vortex  pairing  positions. 
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1.  Introduction 

Analysis  based  on  Galilean  invariance  [1]  and  more  recently  of  positive  def¬ 
initeness  [2]  are  useful  in  approaching  some  kind  of  validation  for  proposed 
subgrid  scale  models  used  in  large  eddy  simulations.  In  [3]  an  attempt  is 
made  to  construct  general  formulae  for  the  residual  stress-strain  in  terms  of 
the  macroscale  variables  (equivalently  the  filtered  fields)  based  on  a  model 
error.  In  [4]  it  was  demonstrated  how  such  formulae  could  form  a  template 
for  the  discretization  scheme  and  how  the  differencing  coefficients  and  em¬ 
pirical  parameters  of  the  model  can  be  associated.  It  was  suggestive  of 
exploiting  the  degrees  of  freedom  of  the  coupled  system  of  empirical  and 
numerical  difference  coefficients  to  investigate  the  possible  employment  of 
constraints  which  capture  the  dominant  dissipative-dispersive  characteris¬ 
tics  of  the  application.  The  process  also  demonstrates  how  the  subgrid  scale 
model  can  be  isolated  from  the  discretization  error. 

The  approach  of  [3,  4]  involves  a  transformation  from  the  systems  of 
equations  which  govern  the  macroscale  to  those  governing  the  microscale. 
As  a  result  only  general  structures  of  the  macroscale  equations  can  be  inves¬ 
tigated  with  the  necessity  of  incorporating  into  these  equations  a  relatively 
large  number  of  unknown  empirical  parameters.  Applying  tests  such  as 
Galilean  invariance  along  with  other  physical  constraints  can  considerably 
reduce  the  number  of  empirical  parameters  leading  to  an  expression  for  the 
residual  stress-strain  which  approaches  practical  application  (see  [3]).  The 
same  transformation  technique  applied  to  the  inverse  map,  i.e.  from  the 
microscale  to  the  macroscale  systems,  is  less  useful  since  relatively  high  fre¬ 
quency  oscillations  contained  in  the  microscale  solutions  are  not  removed 
and  useful  definitions  of  the  model  error  are  more  difficult  to  construct. 
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This  difficulty  can  be  overcome  by  effectively  incorporating  into  the  trans¬ 
formation  the  filtering  process  to  remove  the  oscillations  of  relatively  high 
frequencies.  The  result  is  a  formulation  for  the  residual  stress-strain  with 
much  of  the  empiricism  removed. 

The  filtering  process  generates  a  one-parameter  family  of  filtered  fields 
from  exact  solutions  of  the  equations  of  fluid  motion.  One  can  examine  the 
behaviour  of  the  equations  of  motion  under  the  action  of  this  one-parameter 
family  of  filtered  fields.  This  ultimately  leads  to  useful  definitions  for  the 
model  error  of  the  filtered  or  macroscale  equations.  The  model  error  can 
be  directly  associated  with  the  approximation  of  the  residual  stress-strain 
of  the  filtered  equations  of  motion.  By  introducing  the  scale  parameter  as 
an  independent  variable  along  with  the  usual  space  and  time  coordinates  it 
is  found  that  the  residuals  satisfy  a  partial  differential  equation  constraint 
through  which  the  model  error  is  related.  Under  this  constraint  the  model 
error  of  the  governing  filtered  equations  can  be  estimated  given  any  sub¬ 
grid  scale  model.  In  addition  these  derived  identities  suggest  approximation 
schemes  for  the  residual  stress-strain. 

A  brief  outline  of  the  approach  will  be  presented  here  in  a  relatively 
informal  manner  and  for  brevity  the  description  is  restricted  to  incompress¬ 
ible  fluids.  A  more  rigourous  description  of  the  approach  starting  from  the 
equations  of  compressible  fluids  will  be  presented  elsewhere. 

2.  Model  Error 

Let  0  denote  the  space  domain  with  independent  coordinates  ( x° )  (a  = 
1,2,3)  which  correspond  to  the  usual  cartesian  coordinates  (xl,x2,x3)  = 
(x,y,z).  Let  M  =  fi  x  T  denote  the  space  of  independent  variables  (x“,  t), 
where  T  is  the  semin-infinite  interval  t  >  0,  and  t  is  the  time.  Let  N  denote 
the  space  M  x  I,  where  I  is  the  semi-infinite  interval  rj  >  0,  and  77  is  some 
parameter  associated  with  scale  to  be  defined  below.  Let  ua  (ct  =  1,...,4) 
denote  the  dependent  variables  on  N,  where  ua  =  va  (a  =  1, 2, 3)  is  the 
filtered  velocity  and  u4  =  p  is  the  filtered  pressure.  The  Gaussian  filter 
operating  on  space  sections  fi  of  N  (i.e.  for  t  and  rj  held  constant)  for  a 
dependent  variable  ua(xa,t,ri)  is  given  by 

ua(xa,t,T))  =  [  G(xa  —  xa,r])ua(xa,t,0)dQ.  (1) 

JCl 

where  dfl  =  dxdydz  is  the  spatial  volume  element  and 

G(xa,rj)  =  (4Tcr))~3/2exp[-6cdXcxd /(At])]  (2) 

where  Srf  =  5*  —  8°*  =  1  for  c  =  d  and  zero  otherwise.  Here  and 
throughout  we  use  nondimensional  variables  and  for  convenience  the  in- 
dicies  a,b,c,d,e,  f,g  will  be  used  specifically  for  the  range  1  to  3.  The 
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Greek  indices  a,  (3  will  be  used  specifically  for  the  range  1  <  a,/3  <  4. 
The  Einstein  summation  convention  is  used.  The  parameter  rj  is  associated 
with  scale  along  which  the  smooth  transitions  of  microscale  to  macroscale 
systems  occurs.  We  can  write 


V  =  Pe2/2  (3) 

where  e  =  l/L  represents  the  ratio  of  the  microscopic  length  scale  l  (small¬ 
est  resolvable  characteristic  length  scale)  and  the  macroscopic  length  scale 
L.  The  parameter  j3  (>  0)  is  chosen  to  control  the  rate  of  damping  of 
oscillations  in  the  dependent  variables. 

If  all  dependent  variables  on  N  are  smooth  and  vanish  as  each  of  |x|, 
|y|  and  \z\  tend  to  infinity  on  the  space  section  Cl  then  the  filter  (1)  is  a 
solution  to  the  Cauchy  problem  satisfying 


dua 

dr] 


=  Aua 


(4) 


with  the  data  ua(xa,  t,  0)  prescribed  on  the  section  N\v-o.  Here 


A  = 


5°d 


a2 

dxcdxd 


(5) 


and  the  Cauchy  problem  is  defined  such  that  the  scale  parameter  replaces 
the  role  traditionally  taken  by  the  time  t  ( t  appears  only  as  a  parameter). 
Integration  of  the  diffusion  equation  (4)  with  respect  to  the  parameter  r] 
will  generate  a  one-parameter  family  of  fields  ua(xa,t,Tj)  on  N  from  the 
initial  data  ua(xa,t,  0)  prescribed  on  the  section  JV^o. 

The  motivation  behind  the  introduction  of  the  filter  (1)  is  to  damp  out 
oscillations  of  relatively  high  frequencies  that  may  exist  in  the  ua(xa,t,  0). 
As  a  result  of  the  special  property  of  the  diffusion  equation  the  same  type 
of  damping  can  be  effected  as  (4)  is  integrated  along  the  scale  parameter 
r).  If  the  spatial  domain  is  bounded  this  equation  may  be  supplemented 
with  boundary  conditions  with  the  same  consequence  of  damping.  Hence 
we  may  regard  the  filtering  operation  to  be  effected  in  the  general  sense  by 
the  integration  of  the  partial  differential  equation  (4)  with  respect  to  r]  and 
ignore  the  integral  filter  operator  (1)  altogether. 

We  define  the  functions  fa  €  C°°(N)  (a  =  1,...,4) 


fa  =  vt  +  v^Z  +  S^pb-nS^ 

f  =  vbb  (6) 


where  the  subscripts  t  and  b,  respectively,  denote  differentiation  with  re¬ 
spect  to  t  and  xb,  respectively.  We  are  using  nondimensional  variables  so 
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that  \i  is  the  inverse  of  the  Reynolds  number.  Let  ua(xa,t,  0)  be  a  solution 
of 

7°  -  0,  t?  =  0  (7) 

i.e.  ua(xa,t,  0)  is  an  exact  solution  of  the  equations  of  fluid  momentum  and 
continuity.  From  the  prescribed  data  ua(xa,t,0)  we  can  generate  a  one- 
parameter  family  of  fields  ua(xa,t,rj)  by  the  integration  of  (4)  with  respect 
to  77.  We  now  investigate  the  behaviour  of  the  fQ  of  (6)  under  the  action  of 
these  fields. 

Differentiating  (6)  with  respect  to  77,  and  noting  (4),  gives  after  some 


manipulation 

dfa 

w=A/“-s“ 

(8) 

where 

=  2S^vbA  s4  =  0 

(9) 

Let  ea  €  C°°(N )  such  that 

dva 

eQ  =  -  A rQ-  sa 

OT) 

(10) 

for  some  ra  €  C°°(N)  such  that 

ra  =  0,  77  =  0 

(11) 

Let 

fa  =  fa  +  r° 

(12) 

We  refer  to  the  ra  as  the  residuals.  It  follows  that 

dfa 

w=Ar+e“ 

(13) 

By  definition 

r= 0,  77=0 

(14) 

First,  consider  the  case  where  Cl  is  unbounded  and  the  flow  vanishes  as  the 
|x°|  tend  to  infinity.  Then  (13)-(14)  defines  a  Cauchy  problem  for  the  fa 
with  formal  solution  given  by 


fa(xa,t,Tj)  =  [  f  G(xa  —  i“,77  —  fj)ea(xa,t,T})dCldf}  (15) 
Jo  J n 

Here  the  definition  of  the  Cauchy  problem  is  used  in  the  sense  that  77 
replaces  the  traditional  role  taken  by  the  time  t,  and  t  appears  only  as 
a  parameter.  The  right  hand  side  of  (15)  defines  the  model  error  of  the 
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filtered  equations  of  fluid  motion  in  an  unbounded  spatial  domain  Cl.  The 
aim  is  to  find  the  residual  terms  ra  which  render  the  ea  sufficiently  small. 
If  the  residuals  ra  are  known  exactly,  i.e.  ra  satisfy  (10)  such  that  ea  =  0, 
then  the  Cauchy  problem  (13)-(14)  yields  the  trivial  solution  fa  =  0  for 
77  >  0. 

If  Cl  is  bounded  then  we  have  through  the  prescription  of  the  ua  on  the 
boundary  dCl  of  Cl  the  boundary  conditions 

/“  =  ipa(xa,  t, 77),  (xa)  €  dCl  (16) 

where  the  ipa  are  given  through  the  prescription  of  the  ua  on  the  boundary 
dCl.  The  system  (13),  (14)  and  (16)  can  be  regarded  as  an  initial/boundary 
value  problem  for  the  /“,  where  as  above  77  replaces  the  traditional  role 
taken  by  the  time  t,  and  t  appears  only  as  a  parameter. 

For  the  intitial-boundary  problem  (13),  (14)  and  (16)  it  follows  from  [5] 
(pp.  301-303)  that,  if  for  some  770  >  0  and  <5o  >  0  , 

1^“!  <  S0/2  ,  |e“|  <  <V(2t7o)  5  0  <  77  <  770,  t  >  0  (17) 

then 

|/°|<<50  ;  (xa)eCl,  0  <  77  <  770,  t  >  0  (18) 

The  inequality  (18)  can  be  defined  as  the  model  error  associated  with  the 
filtered  equations  of  motion  for  the  bounded  Cl  case.  The  aim  is  to  find  the 
residual  terms  ra  which  render  the  ea  sufficiently  small.  The  inequality  on 
ipa  is  obtained  by  a  suitable  prescription  of  boundary  conditions  involving 
the  velocity,  and  possibly  the  fluid  pressure. 

The  derivations  given  above  are  important  in  that  they  demonstrate 
how  the  model  error  associated  with  the  governing  filtered  equations  can 
be  estimated  given  any  prescribed  subscrid  scale  model  ra.  On  the  other 
hand  (10)  is  suggestive  of  possible  approximations  for  the  r“.  Without 
meaning  to  be  exhaustive  three  are  presented  in  the  following  section. 

3.  Approximation  of  the  Residuals 
3.1.  ASYMPTOTIC  APPROXIMATION 

The  right  hand  side  of  (10)  suggests,  for  sufficiently  small  77,  an  expansion 
of  the  form 

=  (W) 

P=0 

for  some  P  >  1,  where  €  C°°(N )  depend  only  on  the  indicated  argu¬ 
ments,  i.e.  they  have  no  explicit  dependence  on  the  independent  coordinates 
xa,t,  77.  By  construction 
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rf0)  =  0  (20) 

We  seek  an  approximate  solution  by  substituting  this  expansion  into  the 
right  hand  side  of  (10)  and  collecting  like  terms  in  powers  of  rj.  The  following 
identities  are  obtained: 


rd)  = 

sa 

_a  _ 

r(p )  ~ 

(21) 

and 

«•  =  VlArfo  -  «] 

(22) 

For  P  = 

1  we  have 

r“  =  2r)8cdvbv%d,  r4  =  0 

(23) 

The  model  error  for  the  unbounded  Q  case  can  be  obtained  by  calculating 
ea  from  (22)  and  substituting  the  result  into  (15)  to  obtain 


fa(x9,t,V)  =  -4  f  r?  [  G(x°  -x^r,- 

JO  J  Q 

fA(xa,t,r))  =  0  (24) 

In  balance  form  we  can  write 

ra  =  (rab)b  (25) 

where 

=  27)5^^  (26) 

and  we  have  omitted  terms  involving  vb,  vf^,  etc.  The  symmetric  tensor 
r0^  represents  the  residual  stress-strain  which  satisfies  the  requirement  of 
Galilean  invariance  (see  [1]).  We  also  note  that  the  above  approximation  of 
the  residual  is  within  the  general  structure  derived  in  [3]. 

Higher  order  expressions  could  be  obtained  using  this  procedure.  For 
P  =  2  we  obtain 


r“  =  277^*4  +  2r,26cd6efvbcevS4f  (27) 

The  residual  stress-strain  in  this  case  is  given  by  the  symmetric  tensor 

r' 06  =  2r}8cdvbv<d  +  2r128cd8eIvbcevadf 


(28) 
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which  also  satisfies  the  required  conditon  of  Galilean  invariance. 

3.2.  SCALE  DISCRETIZATION 

On  some  slice  N\v=;amstanU  we  seek  to  solve 

/“  =  /“+  rQ  «  0  (29) 

for  some  approximation  of  ra.  An  implicit  finite  difference  approximation 
of  the  right  hand  side  of  (10)  across  any  two  slices  N \v=m  and  N\v=vo  can 
be  written 


(r° lv=m  ~  ra\v=vo)/(Vi  ~  Vo)  -  (A ra  +  sa)|^=m  «  0  (30) 

In  view  of  (10)  the  term  ea  is  related  to  the  truncation  error  of  the  difference 
approximation  (30).  If  ra  and  sa  are  known  exactly  on  the  slice  N\v^vo  then 
ea  is  given  by 


e 


a 


1  d2ra 
2V  di 72 


(31) 


where  evaluation  of  the  partial  derivative  with  respect  to  77  is  taken  at  some 
point  in  the  interval  (770,771).  For  the  case  770  =  0  (30)  reduces  to  (recalling 
(11)) 


A ra  —  —  ra  +  sa  «  0,  V  =  Vi 
V 


(32) 


Note  that  we  have  used  a  backward  Euler  scheme  (with  respect  to  77)  which 
avoids  the  evaluation  of  sa  on  the  slice  N\v=vo.  On  the  slice  N\V=T)1,  we 
iteratively  solve  the  coupled  system  (29)  and  (32).  The  system  (29)  and 
(32)  will  be  discretized  in  time  and  space  and  solved  by  iteration  within 
each  timestep. 

The  procedure  could  be  extended  by  discretizing  across  more  than  one 
scale  element,  0  =  770  <  771  <  ...  <  r\p  for  some  P  >  1.  On  each  slice 
N\v=Vp,  p  =  1, P,  a  grid  system  for  the  spatial  discretization  is  required. 
For  increasing  scale  a  coarser  spatial  grid  system  is  used.  With  present  day 
computer  hardware  capacity  it  is  likely  that  anything  larger  than  P  =  2 
is  not  practical.  In  current  dynamic  modelling  techniques  the  prescription 
for  the  residual  ra  on  the  scale  grid  point  77  =  771  is  assumed  to  be  known 
(usually  the  Smagorinsky  model  is  assumed).  In  such  a  case  the  ea  for  the 
first  scale  element  would  not  be  given  by  (31)  since  one  must  include  the 
error  associated  with  the  prescribed  subgrid  scale  model  assumed  on  the 
slice  iV  1 77=771  •  This  error  is  obtained  by  first  estimating  the  ea  by  substituting 
the  prescribed  subgrid  scale  model  into  the  right  hand  side  of  (10). 
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The  problem  here  is  prescribing  a  suitable  model  on  the  finer  space  grid 
system  defined  at  77  =  771.  Using  only  two  spatial  grid  systems  defined  on 
the  slices  N\v=:m  and  N\jj=T)2  we  can  avoid  this  difficulty  if  we  can  make 
the  assumption  that  there  exists  some  relationship  of  the  form 

ra\n=F«{rX=m)  (33) 

where  Fa  are  some  known  functions  of  the  indicated  arguments.  Using  a 
trapezoidal  scheme  with  respect  to  r)  for  the  approximation  of  (10)  yields 

^  _  ~  ~  7,1  —  2^(r0,|v=T72+T‘a|r?=I7l)— 2^a^=,?2’*"SQ|,?=m)  (34) 

Such  a  formulation  is  especially  advantageous  since  ea  =  0((t?2  —  771  )2). 
The  systems  (33)  and  (34)  are  coupled  to  (29),  which  are  also  solved  on 
the  slices  and  N\V=T}2.  These  are  iterated  within  each  timestep  and 

the  terms  sa\T}=m  and  sQ\v-Vl  updated  from  the  velocity  fields  computed 
on  the  two  grid  systems. 
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Abstract 

Time-developing  turbulent  boundary  layers  over  an  isothermal  flat  plate 
at  free-stream  Mach  numbers  of  0.3  and  0.7  are  computed  using  an  ex¬ 
plicit  finite-difference  method  on  structured  multi-block  grids.  The  size  of 
each  block  is  adjusted  depending  on  the  dimension  of  the  largest  structures 
present  locally  in  the  flow.  This  results  in  substantial  savings  of  memory 
and  CPU  time,  compared  to  standard  single-block  methods.  The  near-wall 
region  is  computed  using  a  smaller  domain,  repeated  periodically  in  the 
spanwise  direction.  The  outer  layer,  which  contains  larger  structures,  is 
computed  using  a  domain  that  is  twice  as  wide.  Although  the  flow  at  the 
interface  between  the  blocks  has  a  periodicity  length  determined  by  the 
inner-layer  block,  within  a  few  grid  points  longer  wavelengths  are  generated. 
The  velocity  statistics  and  rms  intensities  compare  well  with  single-block 
calculations  that  use  substantially  more  grid  points. 

1.  Introduction 

In  applications  that  involve  the  interaction  of  a  fluid  stream  with  solid 
boundaries,  the  different  length  scales  of  the  turbulent  eddies  in  the  inner 
and  outer  layers  can  pose  a  significant  challenge  for  numerical  simulations 
that  resolve  the  energy-carrying  structures,  such  as  direct  and  large-eddy 
simulations  of  turbulence.  Chapman  [1]  and  Reynolds  [2]  studied  the  grid 
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requirements  necessary  to  resolve  the  turbulent  boundary  layer.  In  the  outer 
layer,  the  turbulent  eddies  scale  with  6.  To  resolve  such  structures  it  is  nec¬ 
essary  to  use  a  grid-spacing  scaled  in  outer  units,  Axi/6.  The  number  of  grid 
points  required  to  resolve  the  outer  layer  is  proportional  to  Re0A  [1],  (where 
Re  =  Ueoi/v  is  the  Reynolds  number  based  on  the  free-stream  velocity,  f/oo, 
and  a  reference  length,  £,  of  the  same  order  as  the  computational  domain 
size,  Li).  On  the  other  hand,  since  the  inner-layer  structures  scale  in  wall 
units,  the  grid  spacing  in  wall  units,  A xf  (where  a  plus  indicates  quantities 
normalized  by  the  friction  velocity  uT  and  is),  must  be  kept  constant.  This 
results  in  a  number  of  points  in  each  direction  given  by 


Ni  = 


Li  IS  Li  £U rx,  Uj 

Axi  AXiUr  £  IS  Ua 


1-Q 


(1) 


where  it  is  assumed  that  Cj  ~  Re~2a.  For  a  ^  0.1  —  0.125  this  yields  a 
total  number  of  grid  points  that  scales  like  N  ~  Re2  6. 

These  scaling  arguments  dictate  the  size  of  computational  grids  that 
must  be  used  by  numerical  simulation  methods  that  resolve  the  energy- 
carrying  turbulent  flow  structures.  In  Direct  Numerical  Simulations  (DNS) 
all  of  the  relevant  structures  axe  resolved,  down  to  the  smallest  scales  of 
motion,  and  no  modeling  is  used.  In  Large-Eddy  Simulations  (LES),  only 
the  energy-carrying  structures  are  computed  accurately;  the  small,  subgrid, 
scales,  which  are  more  isotropic  and  drain  energy  from  the  large  scales 
through  the  cascade  process,  are  modeled.  LES  can  result  in  significant 
savings  over  DNS,  in  terms  of  computational  costs,  especially  when  no  solid 
boundaries  are  present:  if  the  grid  size  corresponds  to  a  wave-number  in 
the  inertial  region  of  the  spectrum,  the  resolution  required  by  LES  becomes 
independent  of  the  Reynolds  number.  When  the  energy-carrying  structures 
are  Reynolds- number  dependent,  as  is  the  case  in  the  near- wall  region  of  a 
boundary  layer,  the  cost  of  the  calculations  is  again  affected  by  the  Reynolds 
number,  and  is  driven  by  the  inner-layer  resolution  requirements.  Although 
significant  savings  can  be  achieved  over  DNS,  the  application  of  LES  to 
high  Reynolds  number  external  flows  is  still  expensive. 

The  strong  Reynolds-number  dependence  of  the  number  of  required  grid 
points  is  due  to  the  fact  that  the  entire  computational  domain  is  discretized 
with  a  grid  spacing  that  scales  on  the  very  small  inner  variables.  In  prin¬ 
ciple,  the  inner  layer  does  not  require  a  computational  domain  as  large 
as  the  outer  one.  Jimenez  and  Moin  [3]  investigated  the  “minimal  channel 
flow  unit,”  and  concluded  that  a  computational  domain  that  spans  approx¬ 
imately  250  —  350  wall  units  in  the  streamwise  direction  and  100  wall  units 
in  the  spanwise  direction  is  sufficient  to  sustain  turbulence  in  plane-channel 
flow.  Thus,  a  computational  domain  of  these  dimensions  contains  a  suffi¬ 
cient  number  of  turbulent  structures  (hairpins,  quasi-streamwise  vortices, 
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Figure  1.  Sketch  of  the  multi-block  structure  in  the  cross-plane  with  “inner-layer  units” . 
The  flow  is  out  of  the  paper,  (a)  Low  Reynolds  number;  (b)  high  Reynolds  number. 


etc.)  to  allow  the  dynamic  cycle  of  generation  and  destruction  of  such  eddies 
to  take  its  natural  course. 

Thus,  a  possible  way  to  decrease  the  cost  of  the  calculation  of  the  inner 
layer  in  flows  that  are  homogeneous  in  one  direction,  is  to  use  a  nearly  min¬ 
imal  flow-unit  in  the  near-wall  region  that  is  repeated  periodically,  and  a 
larger  computational  domain  in  the  outer  region  (Figure  1).  In  the  spanwise 
and  wall-normal  directions,  the  “inner-layer  unit”  (ILU)  would  have  con¬ 
stant  dimensions  in  wall  units.  Therefore,  its  size  (in  outer  variables)  would 
scale  like  Re~1,  and  it  would  require  a  constant  number  of  grid  points  in 
the  spanwise  and  wall-normal  directions.  The  number  of  points  required  to 
resolve  an  ILU  would  be  proportional  to  Re0  9.  The  size  of  the  outer-layer 
block,  on  the  other  hand,  would  depend  on  the  boundary-layer  thickness 
only,  since  the  structures  there  scale  like  S.  As  the  Reynolds  number  in¬ 
creases,  the  physical  dimensions  of  the  inner-layer  unit  would  decrease,  and 
the  unit  would  be  replicated  as  many  times  as  necessary  to  match  the  outer 
flow  domain  (Figure  lb).  Thus,  the  cost  of  the  calculation  of  the  inner  layer 
would  be  a  relatively  weak  function  of  the  Reynolds  number,  as  the  size 
of  the  ILU  remains  constant.  The  interface  between  the  smaller  inner-layer 
domains  and  the  larger  outer-layer  ones  may  pose  a  problem,  since  the 
largest  eddy  present  at  the  interface  between  layers  is  determined  by  the 
size  of  the  ILU. 

In  this  study  the  multi-block  approach  is  proposed  and  tested  in  a  wall- 
bounded  flow  with  one  direction  of  homogeneity,  namely  a  temporally  de¬ 
veloping  boundary  layer.  Single  block  LES  calculations  were  performed  at 
two  Mach  numbers,  and  the  results  are  compared  with  those  obtained  using 
the  inner-layer  unit  approach.  In  the  next  section,  the  problem  formulation, 
numerical  method  and  subgrid-scale  model  used  jure  described.  Then,  com¬ 
putational  results  are  presented  and  discussed.  Finally,  some  conclusions 
are  drawn  in  the  last  section. 
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2.  Problem  formulation 

The  governing  equations  for  compressible  LES  are  obtained  through  the 
application  of  spatial  Favre-filtering  [5,  6]  to  the  Navier-Stokes  equations 
to  separate  the  effects  of  the  (large)  resolved  scales  from  the  (small)  subgrid- 
scale  motions.  A  Favre-filtered  variable  is  defined  a s:  f  =  pf  /~p.  The  Favre- 
filtered  compressible  Navier-Stokes  equations  of  motion  are  given  by 

m  +  Wj  {n’]  =  °-  (2) 

<9  _  d  , _  _  _  drji 

^pu^+^u^+pSn-^)^-—  (3) 

3  3  3 

-Q-fi  E)  +  fa-[(pE  +  P)uj  -  °j&i  +  Qj]  =  —fa  b/CvQj)  •  (4) 

Here, 

2_  ~  _  ~&f 

&ij  —  ^^SijSkki  Qj  =  k  >  (5) 

where  p  is  the  molecular  viscosity,  and  k  is  the  thermal  conductivity  corre¬ 
sponding  to  the  filtered  temperature  T,  and  Sy  =  ( dv,i/dxj  +  duj/dxx) /2 
is  the  resolved  strain-rate  tensor.  The  effect  of  the  subgrid  scales  appears 
through  the  SGS  stresses  t%3,  and  the  SGS  heat  flux  Qy 

Tij  =  p  (mUj  -  UiUj)  (6) 

Qj  =  p  ~  ujr^j  •  (?) 


It  is  also  assumed  here  that  p(T)Slj  ~  p(T)Sij ,  and  an  equivalent  equality 
involving  the  thermal  conductivity  applies.  Furthermore,  the  SGS  contri¬ 
butions  to  turbulent  and  viscous  diffusion  axe  neglected.  The  subgrid-scale 
stresses  were  parametrized  using  the  plane-averaged  dynamic  eddy- viscosity 
model  [7,  8]  in  the  form  derived  by  Moin  et  al.  [9]  for  compressible  flows. 

Equations  (2-4)  are  solved  in  conservation  form.  The  convective  term  is 
discretized  using  flux-vector  splitting  [10]  with  a  fifth-order  upwind-biased 
reconstruction;  the  diffusive  terms  are  discretized  using  a  fourth-order  cen¬ 
tered  scheme.  An  explicit  third-order  low-storage  Runge-Kutta  method  [11] 
was  used  for  the  temporal  integration. 

The  initial  condition  was  obtained  from  a  single-block  large-eddy  simu¬ 
lation  of  the  incompressible  turbulent  flat-plate  boundary  layer.  The  Reynolds 
number  was  Res*  =  6*Uoq/ v  ~  1110,  where  5*  is  the  initial  displacement 
thickness.  The  size  of  the  computational  domain  was  1205*  x30<f*  x22S* 
in  the  streamwise,  spanwise  and  wall-normal  directions  respectively;  these 
dimensions  corresponded  to  6570x1640x1230  wall  units. 
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Figure  2.  Multi-block  arrangement  for  3D  turbulent  boundary  layer 


Periodic  boundary  conditions  were  used  in  the  streamwise  and  spanwise 
directions,  and  isothermal  no-slip  conditions  were  specified  at  solid  surface, 
z  =  0.  The  plate  temperature  Tw  was  set  equal  to  the  free-stream  temper¬ 
ature  Tqq.  The  wall  density  was  computed  from  conservation  of  mass  at 
the  wall,  and,  along  with  the  specified  wall  temperature  Tw ,  was  used  to 
calculate  the  wall  pressure  using  the  equation  of  state.  At  the  top  of  the 
domain,  the  normal  gradients  of  the  conserved  variables  were  set  to  zero. 

Two  types  of  calculations  were  performed;  first,  single-block  compu¬ 
tations  were  carried  out  as  baseline  cases;  then,  multi-block  computations 
were  performed  to  validate  the  proposed  approach.  In  the  single-block  cases, 
64x48x48  grid  points  were  used  in  the  streamwise,  spanwise  and  wall- 
normal  directions,  respectively,  to  discretize  a  domain  whose  size  was  equal 
to  that  of  the  initial  field;  resulted  in  an  initial  grid  resolution  Arr+  «  103, 
34,  and  A z^nino  =  0.15  (a  subscript  “o”  indicates  that  the  initial 
friction  velocity,  uT]0,  and  displacement  thickness,  6*,  were  used  for  the 
normalizations).  The  multi-block  calculations  were  carried  out  using  the 
arrangement  shown  in  Fig.  2.  Two  rectangular  subdomains  were  used,  with 
conforming  grids  (the  grid  lines  were  continuous  across  the  interfaces). 

The  inner  layer  was  discretized  using  two  subdomains,  Blocks  1  and  (1) 
in  Fig.  2;  the  latter  is  purely  virtual,  and  is  periodic  copy  of  Block  1.  The 
inner-layer  unit  had  the  same  dimension  in  the  streamwise  direction  as  the 
single-block  calculation,  and  extended  up  to  a  height  Zij,  which  could  be 
varied.  Its  spanwise  size  was  L+0  =  820.  The  dimensions  of  the  ILU  were 
significantly  larger  than  those  of  the  “minimal  flow  unit”  of  Jimenez  and 
Moin  [3],  and  were  sufficient  to  contain  several  near- wall  structures.  The 
outer  layer  was  discretized  using  a  single  block  (Block  2  in  the  figure),  whose 
dimensions  were  L+0  =  6570,  L+0  =  1640;  in  the  wall  normal  direction, 
it  extended  from  zfj  to  Lf0  =  1230.  Two  values  of  Z(f  were  tested:  in  one 
case,  the  interface  was  placed  in  the  buffer  region,  at  z+  =  30,  in  the  other, 
in  the  logarithmic  layer  at  =  104. 
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For  the  multi-block  calculations,  the  initial  condition  had  to  be  modified 
to  ensure  regularity  at  the  interface  between  the  virtual  inner-layer  block 
and  the  outer  block.  This  was  achieved  by  assigning  a  generic  variable  q  at 
point  y  +  Ly/2  to  be  the  average  of  the  same  variable  in  the  single-block 
calculation,  qs,  at  points  y  and  y+Ly/2.  An  exponentially  decaying  function 
of  z  was  used  to  decrease  the  contribution  of  the  point  y  as  z  increased: 

g(j/  +  y,0)  =  [1  -  g(z)]qa{v,0)  +  g(z)qs{y  +  y,0)V:r,z;  (8) 

g(z)  is  defined  as 


9(z)  = 


1 

— rr^r  tanh 
tanh(/3) 


Lz  ~  zif 


(9) 


The  choice  of  the  parameter  /?,  which  controls  the  thickness  of  the  region 
over  which  the  function  transitions  from  0  to  1,  is  crucial  to  the  procedure, 
as  will  be  shown  later. 


3.  Results  and  discussion 

Large-eddy  simulations  were  carried  out  for  two  values  of  the  Mach  number, 
Mqo  =  0-3  and  MTO  =  0.7.  The  mean  flow  temperature  and  density  were 
chosen  to  be  Too  =  300  K  and  Poo  =  lkg/m3.  In  the  viscosity  law,  Tr  = 
273  K,  Ts  =  110.4  K  and  the  reference  viscosity  was  pr  =  1.71  x  10~5  kg/(m- 
s)  and  nr  =  3.99  x  10-5  kg/  (m  •  s)  for  the  two  calculations  respectively 
[4].  The  Reynolds  numbers  per  unit  length  ( Re/lr  =  5.66  x  106m-1)  was 
maintained  constant  while  the  Mach  number  was  changed.  The  simulations 
were  stopped  after  2  large-eddy  turnover  times  (LETOTs)  S*/uTy0,  since 
the  boundary  layer  thickness  was  becoming  comparable  with  the  height  of 
the  computational  domain.  Several  multi-block  calculations  were  compared 
with  the  single-block  calculations.  The  multi-block  calculations  differed  by 
the  height  of  the  interface  between  the  two  layers,  and  by  the  thickness  of 
the  transition  layer  (i.e.,  by  the  parameter  (3). 

In  Fig.  3  the  mean  velocity  profiles  after  0.4  LETOTs  are  shown.  Prac¬ 
tically  no  difference  can  be  observed  between  the  various  cases  at  this  time. 
The  same  behavior  is  obtained  at  later  times  for  this  case,  as  well  as  for 
the  higher  Mach-number  case. 

Figure  4  shows  the  rms  turbulence  intensities,  =  (u  i'2)1/2,  for  the 

low  Mach-number  case  at  tuTt0/6*  =  0.4.  Overall,  the  most  accurate  results 
were  obtained  when  the  interface  was  placed  in  the  logarithmic  region. 

The  resolved  Reynolds  shear  stress,  —{pu"w")  normalized  by  tw  is  shown 
in  Fig.  5  for  the  M  =  0.3  calculation.  The  differences  observed  in  the  rms 
intensities  are  more  evident  here.  The  calculations  in  which  the  interface  is 


MULTIBLOCK  LES  OF  TURBULENT  BOUNDARY  LAYERS 


7 


Figure  3.  Mean  velocity  profiles  at  tuTt0/S’  =  0.4  for  M  =  0.3.  - Single  block; 

.  zlj  o  ss  30  wide  transition; - zf{  o  as  30  narrow  transition; - o  «  104 

narrow  transition. 


Figure  4 ■  Turbulence  intensities  at  tuT,0/8Z  —  0.4  and  M  =  0.3.  (a)  Streamwise, 

(b)  spanwise,  (c)  wall  normal.  - Single  block;  .  zfJo  «  30,  wide  transition; 

- z+fi0  ~  30,  narrow  transition; - zfJo  w  104,  narrow  transition. 


in  the  buffer  layer  under-predict  the  stress  throughout  the  buffer  and  loga¬ 
rithmic  regions;  more  accurate  prediction  of  the  stresses  is  obtained  when 
the  interface  is  in  the  logarithmic  region. 

At  the  higher  Mach  number,  better  agreement  was  obtained.  This  re¬ 
sult  may  be  due  to  the  fact  that  at  higher  Mach  number  the  convection 
effects  are  more  significant,  and  stronger  non-linear  interactions  scramble 
the  initial  periodicity  more  rapidly. 

The  first-  and  second-order  statistics  obtained  using  the  multi-block  ap- 
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Figure  5.  Resolved  Reynolds  shear  stress  for  M  =  0.3.  (a)  tuT/S *  =  0.4;  (b)  tuT/S’  =  2. 

- Single  block; .  zfj  0  as  30,  wide  transition; - zfj  o  as  30,  narrow  transition; 

- zfj  0  as  104  narrow  transition. 


proach  with  a  periodic  inner-layer  unit  compare  well  with  those  of  single¬ 
block  calculations  at  both  Mach  numbers  examined.  The  main  effect  of  the 
interface  on  the  results  is  due  to  the  initialization  procedure,  which  results 
in  a  Reynolds-stress  defect  that  was  not  recovered  by  the  time  the  calcula¬ 
tion  was  stopped.  One  could  conjecture  that,  if  the  flow  were  statistically 
steady,  and  enough  time  were  given  for  the  nonlinear  interactions,  the  de¬ 
fect  would  be  completely  filled  in;  the  high-Mach  number  results  support 
this  argument.  In  any  case,  when  the  interface  is  located  in  the  logarithmic 
layer  this  defect  is  rather  small,  and  good  agreement  with  the  single-block 
calculations  is  achieved. 

The  effect  of  the  interface  periodicity  on  the  turbulence  structure  in 
the  outer  layer  remains  to  be  investigated.  To  this  end,  define  the  two- 
point  spanwise  direction  autocorrelation  of  an  arbitrary  fluctuating  velocity 
component  q": 


Rqq{r,z;  t) 


(g"(s,  y,  z;  y  +  r,z;t)) 

(q"(x,y,z-,t)2) 


(10) 


The  streamwise  velocity  autocorrelation  is  shown  in  Fig.  6  at  tuTj0/8*0  =  0.4, 
and  at  three  distances  from  the  wall  (normalized  using  ur>0).  At  «  10, 
the  two-point  correlation  goes  to  zero  well  before  half  of  the  sub-domain 
width,  showing  that  the  width  of  the  ILU  is  sufficient  to  include  the  widest 
structures  present  in  the  flow.  At  «  35  (one  grid  point  above  the  in¬ 
terface),  the  periodicity  of  the  interface  condition  results  in  a  secondary 
peak  of  the  two-point  correlation  at  Ly/2  (i.e.,  r/5*  ~  14).  This  secondary 
peak  is  higher  (approximately  0.93)  for  the  thick  transition  case;  for  the 
thin  transition,  it  is  reduced  to  0.83.  In  the  outer  layer,  at  «  167  no 
correlation  can  be  observed  for  either  interface. 
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Figure  6.  Two-point  spatial  autocorrelation  function  Ruu  at  tuTto/S *  =  0.4  for  M  =  0.3. 

(a)  z+  «  10,  (b)  z+  «  35,  (c)  z+  «  167.  - Single  block;  .  zfjQ  «  30  wide 

transition; - zfjo  «  30  narrow  transition; - zfj  0  «  104  narrow  transition. 


Figure  7.  Two-point  spatial  autocorrelation  function  Ruu{Ly/ 2).  (a)  tur/6*  —  0.4, 

(b)  tuT/6*  =  2. - ^>0  a  30,  wide  transition,  M  =  0.3;  .  zff  o  a  30,  narrow 

transition,  M  —  0.3; - a  104,  narrow  transition,  M  =  0.3; - ^  0  a  30, 

narrow  transition,  M  =  0.7.  The  thick  lines  represent  the  two  interfaces. 


To  determine  the  thickness  over  which  the  periodicity  effects  are  felt, 
Fig.  7  plots  the  value  of  the  secondary  peak,  #^(1^/2),  as  a  function  of 
z  after  0.4  and  2  LETOTs.  The  narrow-transition  calculations  have  a  very 
rapid  decrease  of  the  secondary  peak:  within  4  grid  points  of  the  interface 
(about  half  a  displacement  thickness)  the  peak  has  decreased  by  75%.  Most 
of  the  outer  layer  is  not  affected  at  all  by  the  periodicity  introduced  by  the 
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Figure  8.  Instantaneous  velocity  iso-contours  for  M  =  0.3,  tuT/S’  =  1.  zfjc  «  104,  thin 
transition,  (a)  it;  (b)  v;  (c)  w.  Dashed  lines:  virtual  block. 


ILU.  The  same  behavior  is  observed  in  the  correlations  for  the  other  velocity 
components. 

The  rapid  loss  of  periodicity  can  also  be  illustrated  through  the  instan¬ 
taneous  contours  of  the  velocity  fluctuations  (Fig.  8).  The  difference  in  the 
structures  between  the  two  halves  of  the  domain  is  quite  remarkable.  The 
large  structure  observed  in  the  v  contours  at  y/6*  ~  15  and  z/6*  «  4  in 
Fig.  8b  is  one  example  of  a  completely  asymmetric  eddy  which  must  obvi¬ 
ously  result  from  the  nonlinear  interactions  that  occur  above  the  interface. 

4.  Conclusions 

An  approach  for  the  treatment  of  the  near-wall  layer  in  turbulence  simula¬ 
tions  has  been  presented  that,  in  flows  that  have  one  direction  of  homogene¬ 
ity,  allows  substantial  savings  of  CPU  time  and  memory  over  conventional 
methods.  This  method  uses  computational  domains  whose  size  is  deter¬ 
mined  by  the  local  scaling.  The  inner  layer  is  resolved  by  a  sub-domain 
(“inner-layer  unit”  or  ILU)  whose  size  is  fixed  in  wall  units.  The  ILU  is 
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then  repeated  periodically  as  many  times  as  required  to  match  the  dimen¬ 
sions  of  the  outer  layer  sub-domain,  which  is  determined  by  the  size  of  the 
larger  eddies  present  in  the  core  of  the  flow. 

Multi-block  simulations  with  an  ILU  that  is  extended  periodically  give 
good  agreement  with  single-block  calculations  for  first-  and  second-order 
statistics,  especially  if  the  interface  is  located  in  the  logarithmic  layer.  Plac¬ 
ing  the  interface  in  the  buffer  layer,  where  much  of  the  turbulent  activity 
takes  place,  results  in  under-prediction  of  the  Reynolds  stress  magnitudes 
and  spurious  pressure  fluctuations.  The  periodicity  introduced  at  the  inter¬ 
face  between  the  inner  and  outer  layers  does  not  spread  outwards.  Within  a 
few  grid  points,  larger  structures  are  generated,  and  the  correlation  between 
the  two  halves  of  the  domain  is  lost. 

In  the  present  study,  only  modest  computational  savings  were  achieved: 
the  two  multi-block  calculations  required  only  25  and  33%  fewer  points 
than  the  single-block  calculation.  However  with  increased  Reynolds  num¬ 
ber,  the  ratio  of  the  near-wall  periodic  region  thickness  to  the  boundary- 
layer  thickness  decreases;  this  results  in  a  dramatic  increase  in  the  number 
of  grid  points  required  to  resolve  the  near  wall  region  with  a  conventional 
method.  With  the  present  approach,  the  cost  does  not  increase  as  rapidly 
since  the  ILU  can  be  repeated  as  many  times  as  necessary  in  the  spanwise 
direction.  If  non-conforming  meshes  are  used,  such  that  the  spanwise  and 
streamwise  spacings  of  the  outer-layers  can  be  increased  over  those  of  the 
inner-layer  sub-domain,  additional  savings  can  be  achieved. 
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EULERIAN  TIME-DOMAIN  FILTERING  FOR  SPATIAL  LES 
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Abstract.  Eulerian  time-domain  filtering  seems  to  be  appropriate  for  LES 
of  flows  whose  large  coherent  structures  convect  approximately  at  a  com¬ 
mon  characteristic  velocity;  e.g.,  mixing  layers,  jets,  and  wakes.  For  these 
flows,  we  develop  an  approach  to  LES  based  on  an  explicit  second-order 
digital  Butterworth  filter,  which  is  applied  in  the  time  domain  in  an  Eule¬ 
rian  context.  The  approach  is  validated  through  a  priori  and  a  posteriori 
analyses  of  the  simulated  flow  of  a  heated,  subsonic,  axisymmetric  jet. 


1.  Introduction 

Historically,  large-eddy  simulation  (LES)  has  relied  upon  spatial  rather 
than  time-domain  filters.  Conceptually,  however,  filtering  in  time  would 
seem  to  enjoy  certain  advantages.  First,  the  DNS-LES-RANS  spectrum  of 
numerical  approaches  would  be  self-consistent  if  time-domain  filtering  were 
exploited  for  LES  as  it  is  for  RANS.  Second,  as  observed  by  Frisch  (1995) 
“Most  experimental  data  on  fully  developed  turbulence  are  obtained  in  the 
time  domain  and  then  recast  into  the  space  domain  via  the  Taylor  hypoth¬ 
esis.”  If  time-domain  analysis  is  natural  for  experiments,  one  wonders  why 
spatial  re-interpretation  is  necessary  or  desirable.  Third,  differentiation- 
operator/filter-operator  commutation  error  is  problematic  for  spatial  filter¬ 
ing  on  finite  domains  (Blaisdell,  1997,  and  Vasilyev  et  al.,  1998).  Fourth, 
according  to  Moin  and  Jimenez  (1993):  “In  LES,  it  is  highly  desirable  for 
the  filter  width  to  be  significantly  larger  than  the  computational  mesh  to 
separate  the  numerical  and  modeling  errors.  Practical  considerations,  how¬ 
ever,  usually  require  the  filter  width  and  mesh  to  be  of  the  same  order.  In 
this  case,  there  does  not  appear  to  be  a  necessity  for  higher  than  second 
order  numerical  methods  for  LES.”  In  contrast,  for  the  present  temporally 
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filtered  approach,  the  filter  width  is  naturally  an  order  of  magnitude  larger 
than  the  time  step.  Finally,  it  may  be  desirable  in  spatial  LES  of  certain 
physical  problems  (e.g.,  jet  flow)  to  manipulate  the  flow  by  localized  (point) 
time-dependent  sources  for  the  purposes  of  control.  Dakhoul  and  Bedford 
(1986)  suggest  that  spatial  filtering  is  fundamentally  inconsistent  with  the 
introduction  of  point  sources,  whereas  temporal  filtering  is  not. 

A  few  researchers  (e.g.,  Dakhoul  and  Bedford,  1986)  have  developed 
space-time  filters  for  LES,  and  recently,  Meneveau  et  al.  (1996)  has  imple¬ 
mented  Lagrangian  time-domain  filtering.  The  author  is  unaware  of  any 
(solely)  Eulerian  time-filtered  approach,  the  subject  of  this  paper. 

Given  the  possible  advantages  of  temporal  filtering,  one  wonders  why 
the  idea  has  received  relatively  little  attention.  Two  possible  reasons  come 
to  mind.  First,  time-domain  filters  for  LES  must  be  causal.  That  is,  causal 
digital  filters,  which  require  past  information,  necessarily  impose  an  over¬ 
head  on  memory  requirements.  Second,  as  intimated  by  Speziale  (1987), 
temporally  filtered  approaches  raise  issues  regarding  Galilean  invariance. 

In  the  next  section,  we  develop  a  causal  digital  filter  that  is  well-suited 
to  LES.  Section  3  presents  the  filtered  governing  equations.  In  Section  4,  the 
issue  of  Galilean  invariance  is  addressed,  and  practical  difficulties  associated 
with  temporal  filtering  are  considered.  The  remaining  sections  comprise  a 
“proof  of  concept”  for  Eulerian  time-domain  filtering.  In  Section  5,  a  jet- 
flow  test  case  of  interest  in  the  field  of  aeroacoustics  is  defined.  Section 
6  reviews  the  numerical  methodology  exploited  for  the  LES  and  reference 
DNS.  In  Section  7,  a  priori  and  a  posteriori  analyses  of  jet-flow  data  are 
presented.  Finally,  conclusions  are  offered  in  Section  8. 

2.  Time-Domain  Filters 

For  LES,  time-domain  filters  must  be  causal ;  that  is,  they  cannot  access 
future  information. 

2.1.  CONTINUOUS  CAUSAL  FILTERS 

In  general,  continuous  causal  filters  assume  the  form 

4>{t,-x)=  f  -t,A)dT  (1) 

J  — OO 

where  G  is  a  kernel  satisfying 
f° 

/  G(t ,  A )dr  =  1  and  lim  G(t  —  t,  A)  =  6{t  -  t)  (2) 

J— oo  A— >0 

Here,  an  overline  denotes  a  filtered  field,  S(t )  is  the  ID  Dirac  delta  function, 
and  A  is  a  variable  temporal  filter  width.  If  G  has  bounded  support  (that 
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is,  lim^-oo  G(t,  A)  =  0),  then  partial  differentiation  and  filtering  com¬ 
mute.  As  an  example  of  a  kernel  that  satisfies  these  constraints,  consider 
G(t,A)  =  H(t  +  A) /A,  where  H  is  the  Heaviside  function,  and  whereby 
fat)  =  ft_£  fafadr.  Because  bounded  support  is  the  norm  for  time-domain 
filters,  but  not  for  spatial  filters  (Blaisdell,  1997),  time-domain  filtering 
enjoys  a  natural  advantage  with  respect  to  commutation  error. 


2.2.  DISCRETE  CAUSAL  FILTERS 

The  discrete  analog  of  Eq.  1  is  fa  =  Y.’JLoPjfa-ji  where  fa  =  faiAt,  x)  and 
At  is  a  (fixed)  time  increment.  In  general,  the  coefficients  pj  depend  on 
the  quadrature  rule  used  to  approximate  the  integral  of  Eq.  1,  the  specific 
kernel  G,  and  the  width  A.  Following  Press  et  al.  (1986),  a  more  versatile 
digital  filter-of  recursive  type-is  given  by 

m  n 

4>i  =  53  Pjh-i +  2  Qidi-k  (3) 

j=0  Jfc=l 


whereby  fa  is  a  linear  combination  of  previous  unfiltered  and  filtered  values. 
From  Press  et  al.  (1986),  the  frequency  response  of  recursive  filters  of  the 
form  of  Eq.  3  is 


H(Q)  = 


E?LoPje-^ 

1  -  ELi  qke~lktt 


(4) 


where  i  =  y/—l,  ft  =  u*  At*  is  the  dimensionless  frequency,  and  /*  and  u>*  = 
2nf*  are  the  dimensional  physical  and  circular  frequencies,  respectively. 
(Throughout  the  paper,  we  denote  dimensional  quantities  by  asterisks.) 

A  class  of  recursive  filters  well-suited  to  LES  is  the  “Butterworth”  class. 
Low-pass  digital  Butterworth  filters  have  the  trait  that  po  vanishes  in  Eq.  3, 
which  renders  them  fully  explicit  in  time.  The  design  of  Butterworth  filters 
of  various  order  properties  is  discussed  in  Strum  and  Kirk  (1988),  to  which 
the  reader  is  referred.  As  our  prototype,  we  adopt  a  second-order  Butter¬ 
worth  filter,  whose  frequency  response  is  shown  in  Fig.  1.  The  prototype, 
with  a  nominal  cutoff  frequency  of  ft 'c  «  1,  is  rendered  tunable  by  the  in¬ 
troduction  of  a  cutoff  parameter,  Rc  =  ftc/ftj.  =  At/ A,  defined  as  the  ratio 
of  the  actual  cutoff  to  that  of  the  prototype.  The  action  of  the  filter  on  a 
harmonically  rich  signal  is  shown  in  Fig.  2  for  selected  values  of  Rc. 

Time-domain  filters  suffer  some  disadvantages  relative  to  spatial  filters. 
First,  they  require  storage  of  past  information;  the  higher  the  order,  the 
more  storage.  In  particular,  our  second-order  filter  requires  four  fields  of 
storage  for  each  field  filtered.  However,  relative  to  DNS,  the  net  storage 
savings  of  temporally  filtered  LES  remains  substantial.  Moreover,  time- 
domain  filtering,  which  is  one-dimensional,  results  in  less  computational 
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effort  than  multi-dimensional  spatial  filtering.  Second,  unlike  spatial  fil¬ 
ters,  causal  filters  are  necessarily  one-sided;  hence,  they  unavoidably  intro¬ 
duce  phase  errors.  Although  space  limitations  forclose  a  discussion  of  this 
point,  the  phase  errors  are  predictable  and  usually  modest.  Third,  digital 
Butterworth  filters  do  not  completely  eliminate  harmonics  at  the  Nyquist 
frequency  fi  =  7r.  However,  in  practical  applications  to  LES,  Rc  «  1,  in 
which  case  the  amplitude  at  the  Nyquist  frequency  is  reduced  several  orders 
of  magnitude  (Fig.  1). 


3.  Governing  Equations 


Let  [p,p,T,u\,U2,uz]T  be  the  fluid  state  vector  comprised  of  the  density 
p,  pressure  p,  temperature  T,  and  velocity  components  u\,  112,  and  113.  If 
the  compressible  Navier-Stokes  equations  (CNSE)  are  filtered  in  the  time 
domain,  the  resulting  system  is  formally  identical  to  that  of  Eqs.  (15), 
(16),  and  (34)  of  Erlebacher  et  al.  (1992),  where  overlines  and  tildes  dis¬ 
tinguish  conventionally  filtered  and  Favre-filtered  quantities,  respectively. 
Favre  (density-weighted)  filtering  arises  naturally  from  the  use  of  conser¬ 
vative  variables  and  results  in  considerable  simplification  of  the  filtered 


CNSE.  Specifically,  for  example,  tt,  =  pujp.  For  the  filtered  equations,  the 
fluid  state  vector  is  comprised  of  a  mixture  of  conventionally  and  Favre- 
filtered  quantities,  namely  [p,p,T, iii,fi2,U3]r.  The  filtered  equations  con¬ 
tain  residual  [subgrid-scale  (SGS)]  stresses  not  present  in  the  original  equa¬ 
tions,  which  require  modeling.  Several  candidate  SGS  models  are  possible; 
however,  for  our  present  purpose,  we  adapt  to  temporal  filtering  the  SEZHu 
model  as  detailed  in  Erlebacher  et  al.  (1992).  In  tensor  notation,  and  with 
modeled  terms  denoted  by  underlines,  the  dimensionless  equations  of  state, 
continuity,  momentum,  and  energy,  respectively,  are 


7  Arp  =  pf 


dp  djpuj) 
dt  dx  i 


=  0 


(5) 

(6) 


d(piii) 

dt 


dp  d 
dxi  dxj 


[(pv  +  pr)Sij] 


(7) 


dp  d 
dt  dxi 


pui  + 


P 

7  M2 


(uiT  UiT) 


-(7-1  )pD  + 


d_ 

dxi 


.  dT 

(KV  +  «t)^- 


Re 


(8) 
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where  D  =  is  the  resolved-scale  dilatation,  Stj  =  2 (eq  —  \D8l3), 
is  the  Kronecker  delta,  etj  =  1  is  the  resolved-scale  strain- 

rate  tensor,  and  $  is  the  dissipation  function.  For  brevity,  the  physical 
viscosity  and  thermal  conductivity  are  denoted,  respectively,  as  pv  =  fi/Re 
and  kv  =  p/(M2RePr),  where  Re,  Pr,  and  M  are  the  Reynolds,  Prandtl, 
and  Mach  numbers,  respectively.  Similarly,  the  eddy  viscosity  and  the  eddy 
thermal  conductivity  are  given,  respectively,  by  pr  =  CTl2pUll2  and  kt  = 
PT/{‘yM2PrT),  where  l  is  a  length  scale,  Ptt  is  the  turbulent  Prandtl 
number,  7  is  the  ratio  of  specific  heats,  and  II  =  SijSij. 

Of  mixed  type,  the  SEZHu  model  incorporates  both  scale-similarity 
and  eddy- viscosity  terms,  which  are  underlined  on  the  left  and  right  sides 
of  the  equations  above,  respectively.  In  the  momentum  equation,  for  exam¬ 
ple,  the  underlined  terms  together  model  =  p(uiUj  -  upx3),  the  exact 
residual-stress  tensor.  The  CNSE  are  recovered  whenever  the  underlined 
terms  are  turned  off,  which  renders  the  equations  valid  for  either  DNS  or 
LES.  For  LES,  the  SGS  model  requires  values  for  three  constants.  Following 
Erlebacher  et  al.  (1992),  we  use  Prr  =  0.5,  Cr  =  0.012,  and  l  =  2Ax. 

For  the  axisymmetric  jet-flow  application,  we  exploit  a  cylindrical  co¬ 
ordinate  system,  for  which  x  (tq)  and  z  (iq)  are  the  axial  and  radial  co¬ 
ordinates  (velocities),  respectively.  Because  of  axisymmetry,  the  azimuthal 
coordinate  (0)  does  not  come  into  play. 

4.  Galilean  Invariance 

Speziale  (1987)  raises  issues  regarding  Galilean  invariance  and  Eulerian 
time-domain  filters.  Ultimately,  one  can  circumvent  the  issue  by  imple¬ 
menting  temporal  filtering  in  a  Lagrangian  frame  of  reference,  as  has  been 
proposed  by  Meneveau  et  al.  (1996).  However,  Lagrangian  time-filtered  ap¬ 
proaches  suffer  at  least  one  drawback,  namely  the  introduction  of  additional 
closure  equations,  which  renders  SGS  models  potentially  as  computation¬ 
ally  cumbersome  as  Reynolds-stress  models.  Thus,  Eulerian  time-domain 
filtering  would  be  preferable  whenever  it  is  appropriate,  which  is  the  subject 
of  this  section. 

4.1.  DOPPLER  EFFECT 

Speziale  (1985)  shows  that  the  spatially  filtered  part  of  a  Galilean-invariant 
function  is  itself  Galilean-invariant.  Subsequently  (Speziale,  1987),  he  im¬ 
plies  that  the  same  is  not  true  of  time-domain  filters,  which  we  have  verified. 
In  our  words,  although  the  governing  equations  themselves  are  Galilean  in¬ 
variant  for  time-domain  filters,  the  individual  terms  of  those  equations  are 
not.  In  essence,  Eulerian  temporally  filtered  quantities  experience  a  Doppler 
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shift  in  the  direction  of  the  translational  velocity  of  the  reference  frame,  as 
illustrated  below. 


4.2.  MODIFIED  DISPERSION  RELATION 


We  consider  two  reference  frames,  (t\f,  xm)  and  (t,  x),  that  are  related  by 
the  Galilean  transformation  =  t,  xm  =  x  —  vt,  and  um  =  u  —  v,  where 
v  is  the  translational  velocity  of  the  moving  frame  (denoted  by  M )  relative 
to  the  fixed  one.  We  then  consider  as  a  model  problem  Burger’s  equation 
on  an  infinite  domain, 

du  du 

—  +  u—  =  0  £  >  0  ;  -oo  <  x  <  oo  (9) 

ot  ox 


for  which  uo{t,  x)  is  a  known  solution.  If  u  =  uq+u'  and  |u'|/|uo|  <<  1>  then 
the  linearized  disturbance  equation  (LDE)  holds  for  any  small  perturbation 
|«'|,  namely 


du'  du'  .  duo 

■§T  +  ““'to 


0 


(10) 


Normally  the  LDE  arises  in  the  context  of  stability  theory,  in  which  case 
no  is  typically  a  time-independent  basic  state.  However,  in  the  context  of 


LES,  uo  could  be  the  time-dependent  large-scale  component  of  the  velocity. 
The  traveling-wave  ansatz  u'  =  ex(kx~ut)  yields  a  time-asymptotic  solution 
to  Eq.  10  provided  u  =  uok  —  i^-,  which  defines  the  dispersion  relation 
between  frequency  u)  and  wavenumber  k.  A  simple  analysis  shows  that  Eq.  9 
is  form-invariant  under  the  Galilean  transformation  above.  From  this  one 
infers  that  u>m  =  w  —  kv,  which  relates  the  frequencies  in  the  fixed  and  the 
moving  frames. 

The  practical  effect  of  this  Doppler  shift  is  that,  if  the  cutoff  frequency 
ujc  is  tuned  to  filter  a  particular  region  of  the  flow,  that  frequency  may  be 
ineffective  at  filtering  other  regions,  an  interpretation  seemingly  consistent 
with  the  experimental  findings  of  Murray  et  al.  (1996).  This  suggests  that 
Eulerian  time-domain  filtering  is  most  appropriate  for  flows  whose  large  co¬ 
herent  structures  move  approximately  at  a  common  characteristic  velocity 
no;  for  example,  in  free-shear  flows  such  as  mixing  layers,  jets,  and  wakes. 


5.  Test  Case 

We  investigate  a  free-shear  flow  of  relevance  to  the  field  of  aeroacoustics, 
namely  that  of  an  axisymmetric  jet.  The  problem  is  motivated  by  the  po¬ 
tential  of  LES  as  a  computational  tool  for  the  investigation  of  jet  noise  and 
its  suppression.  Specifically,  we  consider  the  evolution  of  a  heated  subsonic 
(Mj  =  0.8)  jet  that  exhausts  into  an  atmosphere  co-flowing  at  ten  per¬ 
cent  of  the  jet  velocity.  The  specific  parameters  of  the  flow  are  as  follows: 


Eulerian  Time-Domain  Filtering  For  Spatial  LES 


7 


jet  temperature  TJ  =  600F  (on  which  Mach  number  is  based),  ambient 
temperature  T*  =  70F,  nominal  jet  radius  R*  =  0.5  in.,  ambient  pressure 
p*a  =  216  psf.,  and  Re  =  10153  (based  on  the  jet  conditions  and  the  jet  ra¬ 
dius).  The  jet  is  assumed  to  be  axisymmetric  and  fully  expanded,  in  which 
case,  in  the  absence  of  disturbances,  the  pressure  is  constant  both  radially 
and  axially. 

In  the  Results  section  to  follow,  lengths  have  been  normalized  by  Rj, 
and  the  velocities,  temperature,  and  density,  have  been  normalized  by  Uj, 
TJ,  and  p*,  respectively. 


6.  Numerical  Methodology 

We  view  spatial  DNS  and  LES  as  three-step  processes.  First,  an  unper¬ 
turbed  time-independent  base  state  is  obtained  by  boundary-layer  tech¬ 
niques  (Pruett,  1996).  Second,  the  base  state  is  subjected  to  temporally 
periodic  perturbations;  here,  these  are  imposed  through  the  streamwise  ve¬ 
locity  at  the  computational  inflow  boundary,  as  per  Mankbadi  et  al.,  (1994). 
Numerical  experimentation  reveals  most  rapid  development  of  the  jet  for  a 
Strouhal  number  (St  =  ffRj/ U* )  of  0.5,  where  fj  is  the  fundamental  forc¬ 
ing  frequency.  An  out-of-phase  subharmonic  is  also  included  to  enhance  the 
pairing  of  adjacent  vortices.  The  forcing  amplitude  is  small-half  a  percent 
of  U*  for  the  fundamental-and  the  forcing  is  is  ramped  up  slowly  to  min¬ 
imize  temporal  transients.  Third,  the  spatial  evolution  of  the  propagating 
disturbances  is  computed  by  numerical  solution  of  the  unfiltered  (DNS)  or 
filtered  (LES)  CNSE,  as  discussed  below. 

For  both  DNS  and  LES,  we  adapt  the  high-order  numerical  scheme  of 
Pruett  et  al.  (1995),  to  which  the  reader  is  referred  for  details.  Briefly,  this 
algorithm  exploits  fully  explicit  time  advancement,  high-order  compact- 
difference  methods  (Lele,  1992)  for  aperiodic  spatial  dimensions,  and  spec¬ 
tral  collocation  methods  for  periodic  spatial  dimensions.  Specifically,  for 
the  present  axisymmetric-jet  application,  we  use  fourth-  and  sixth-order 
compact-difference  schemes  in  the  axial  and  radial  dimensions,  respectively. 
(The  azimuthal  dimension  does  not  come  into  play  because  of  the  axisym- 
metry  assumption.)  The  original  method  of  Pruett  et  al.  (1995)  used  a 
variable  step  for  time  advancement  in  the  context  of  a  third-order  Runge- 
Kutta  (RK3)  scheme.  However,  the  present  LES  application,  which  involves 
temporal  filtering,  requires  a  constant  time  step.  Consequently,  the  original 
RK  temporal  integration  has  been  replaced  by  a  fixed-length,  third-order 
Adams-Bashforth  (AB3)  technique. 

Regarding  boundary  conditions,  for  both  DNS  and  LES,  symmetry  con¬ 
ditions  are  imposed  along  the  jet  axis  (z  =  0).  At  the  inflow  boundary,  we 
specify  v,  w,  T,  and  the  incoming  Riemann  invariants.  At  the  far-field 
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boundary  ( z  =  zmax)>  we  adapt  the  non-reflecting  boundary  conditions 
of  Thompson  (1987)  as  modified  by  Pruett  et  al.  (1995).  At  the  outflow 
boundary,  we  exploit  a  buffer  domain  (Streett  and  Macaraeg,  1989/1990). 

7.  Results 

For  the  DNS  and  LES  results  presented  below,  the  computational  domain 
is  0  <  x  <  20  and  0  <  z  <  5.  The  length  of  the  domain  was  sufficient  to 
allow  one  pairing  of  adjacent  vortices.  The  final  16  percent  of  the  domain 
comprises  the  buffer  domain;  results  within  the  buffer  region  should  be 
disregarded  as  unphysical.  For  later  convenience,  we  define  tp  to  be  the 
time  in  periods  of  oscillation  at  the  fundamental  disturbance  frequency. 

7.1.  DNS 

As  a  reference  for  the  LES  results  to  follow,  well-resolved  DNS  results  were 
obtained  at  a  spatial  resolution  of  1280  x  512  and  a  temporal  resolution  of 
4096  steps  per  fundamental  disturbance  period.  The  DNS  required  approx¬ 
imately  40  CPU  hours  on  a  Cray  C90.  Given  the  computational  resources 
available,  fully  3D  jet  flow  or  calculations  at  a  higher  Reynolds  number 
were  deemed  impractical. 

Figure  3,  which  presents  instantaneous  contours  of  constant  density  at 
tp  =  18  of  the  DNS,  clearly  shows  the  roll-up  of  the  shear  layer  into  a 
vortex  street  and  the  subsequent  pairing  of  adjacent  vortices,  phenomena 
common  to  unbounded  shear  flows.  It  is  interesting  to  note  the  fine  detail 
of  the  density  contours  (hence  the  need  for  high  resolution)  and  the  sim¬ 
ilarity  between  the  density  and  the  vorticity  contours  (not  shown  due  to 
space  limitations).  A  similar  comparison  of  vorticity  and  pressure  contours 
(also  not  shown)  is  further  revealing.  Not  unexpectedly,  the  centers  of  low 
pressure  correspond  with  the  centers  of  large  vortices. 

DNS  data  are  further  useful  for  a  priori  analysis  of  candidate  SGS  mod¬ 
els.  In  a  priori  analysis  of  data  obtained  by  particle  velocimetry  in  the  far 
field  of  a  turbulent  jet,  Liu  et  al.  (1994)  observe  high  correlations  between 
the  residual-stress  tensor  and  the  resolved-turbulent-stress  tensor 
which  is  computed^ by  test  filtering  the  resolved  velocity  fields.  Specifically, 
Cij  =  p(uiUj  —  UiUj)  where  conventional  and  Favre  test-filtered  quantities 
are  denoted  by  checks  and  hats,  respectively.  In  general,  the  test  and  grid 
filters  have  widths  A  and  A,  respectively,  whose  ratio  we  denote  as  r.  On 
the  basis  of  their  observations,  Liu  et  al.  (1994)  propose  the  stress-similarity 
model  Tij  =  CLCij,  where  ci  is  simply  a  constant.  Does  a  similar  result  hold 
for  time-domain  filters? 

Figure  4  presents  instantaneous  distributions  of  components  of  rn  and 
C\\,  respectively,  at  tp  =  18.  Here,  we  have  used  values  of  Rc  =  0.03125  and 
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Rc  =  0.015625  as  cutoffs  for  the  grid  and  test  filters,  respectively;  hence, 
r  =  2.  (The  grid-filter  cutoff  value  is  consistent  with  Rc  =  0.125  for  the 
LES  calculation  below,  of  coarser  time  resolution.)  When  adjusted  for  the 
phase  lag  of  the  test  filter,  correlations  of  0.90  are  obtained. 

Following  Liu  et  al.  (1994),  we  also  present  results  for  r  —  1.  Whereas 
r  =  1  is  disallowed  by  conventional  dynamic  SGS  models,  Taylor-series 
analysis  (Pruett,  1997)  suggests  that  r  =  1  is  optimal  for  second-order  filters 
in  that  the  leading-order  error  term  vanishes  in  the  approximation  of  rtJ  by 
Cij.  In  this  case,  the  correlation  coefficients  exceed  0.998  when  corrected 
for  the  phase  lag  of  the  test  filter.  Moreover,  coefficients  on  the  order  of  0.7 
are  obtained  when  the  resolved  and  residual  stresses  are  correlated  at  the' 
same  instant  in  time,  without  correction. 

Present  a  priori  tests  suggests  that  strong  correlations  exist  between 
the  Tij  and  as  observed  also  for  spatial  filters.  We  note  that  for  r  =  1, 
the  stress-similarity  model  of  Liu  et  al.  (1994)  is  equivalent  to  the  SEZHu 
model  of  Section  3  with  its  dissipative  term  turned  off.  It  is  well  known, 
however,  the  similarity  models  alone  are  insufficiently  dissipative  for  prac¬ 
tical  applications  to  LES.  Hence,  we  consider  an  a  posteriori  test  of  the  full 
SEZHu  model. 

7.2.  LES 

The  SEZHu  SGS  model  was  implemented  with  no  changes  other  than  the 
incorporation  of  time-domain  filtering  in  lieu  of  spatial  filtering  for  the 
similarity  term,  which  we  evaluate  in  real  time.  Some  numerical  experi¬ 
mentation  was  necessary  to  find  an  appropriate  level  of  dissipation.  If  the 
SGS  model  is  insufficiently  dissipative,  the  computation  blows  up.  On  the 
other  hand,  if  the  model  is  excessively  dissipative,  the  instabilities  that  re¬ 
sult  in  vortex  shedding  and  pairing  are  suppressed.  Because  most  model 
parameters  were  set  for  consistency  with  Erlebacher  et  al.  (1992),  dissi¬ 
pation  was  controlled  by  experimenting  with  grid  resolution  and  with  the 
test-filter  cutoff  Rc.  Figure  5  presents  instantaneous  contours  of  constant 
density  at  tp  =  18  obtained  from  an  LES  computation  of  432  x  192  spatial 
resolution,  Rc  =  0.125,  and  r  =  2.  Because  fully  explicit  numerical  schemes 
are  typically  over-resolved  in  time,  it  is  natural  that  A  »  At  ( Rc  «  1). 
Whereas  the  DNS  calculation  required  40  CPU  horns,  the  coarser  LES  cal¬ 
culation  required  but  two  horns.  Relative  to  the  DNS  results  of  Fig.  3,  the 
shear-layer  roll-up  and  pairing  events  of  the  LES  computation  are  retarded 
but  not  prevented.  Consequently,  we  believe  that  moderately  resolved  LES 
could  serve  as  a  computational  platform  for  investigations  of  jet  noise,  and 
that  a  SGS  model  built  on  Eulerian  time-domain  filtering  is  well-suited  for 
this  task.  To  this  end,  we  extract  the  compressible  dilatation  from  the  LES 
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computation,  shown  at  tp  =  18  in  Fig.  6.  Each  large  vortex  appears  to 
be  an  acoustic  quadrupole.  These  results  suggest  that  significant  acoustic 
radiation  originates  from  the  coherent  structures. 


8.  Conclusions 

An  Eulerian  time-filtered  approach  for  LES  has  been  developed,  and  the 
concept  has  been  tested  in  a  priori  and  a  posteriori  analyses  of  axisymmet- 
ric  jet  flow,  from  which  we  observe  the  following: 


—  Eulerian  time-domain  filtering  is  most  applicable  to  flows  whose  large 
coherent  structures  convect  at  a  common  characteristic  velocity,  such 
as  jets,  wakes,  and  mixing  layers. 

—  Time-domain  filters  have  desirable  properties  in  terms  of  operator  com- 
mutivity. 

—  For  LES  with  fully  explicit  time  advancement,  there  is  a  naturally  wide 
separation  between  the  temporal  discretization  error  and  the  dissipa¬ 
tion  of  a  time-domain  filter. 

—  Butterworth  filters,  which  axe  fully  explicit  in  time  and  readily  tunable, 
are  well-suited  to  LES. 

—  Causal  filters  necessitate  the  storage  of  past  information  and  unavoid¬ 
ably  introduce  phase  errors;  however,  neither  disadvantage  is  a  “show 
stopper”  for  LES. 

—  Temporal  filters,  which  are  one-dimensional,  require  less  computational 
effort  than  spatial  filters,  which  are  typically  three-dimensional. 

—  In  a  priori  analyses  with  time-domain  filtering,  we  observe  high  cor¬ 
relations  between  corresponding  components  of  the  residual-  and  the 
resolved-turbulent-stress  tensors,  as  observed  by  Liu  et  al.  (1994)  for 
spatial  filters. 
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Figure  1.  Transfer  functions  of  2nd-order 
digital  Butterworth  filters. 


Figure  2.  Time  traces  of  unfiltered  and 
causally  filtered  signals. 


Figure  4 -  Comparison  of  residual  and  re¬ 
solved  stresses  at  tp  =  18. 


Figure  5.  Contours  of  constant  density 
from  LES  at  tp  =  18. 


Figure  3.  Contours  of  constant  density 
from  DNS  at  tp  =  18. 


Figure  6.  Isolevels  of  dilatation  from  LES 
at  tp  =  18.  Buffer  domain  not  shown. 
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Abstract. 

Direct  numerical  simulation  of  a  turbulent  boundary  layer  under  a 
strong  pressure  gradient  has  been  performed.  The  flow  considered  is  of 
equilibrium  type  which  makes  the  analysis  of  the  boundary  layer  equations 
simpler.  Results  from  the  analysis  and  the  simulations  jure  compared  and 
the  effects  of  the  pressure  gradient  is  discussed.  The  analysis  can  also  be 
extended  to  the  separated  case,  and  evaluation  of  data  from  a  simulation 
of  a  separated  boundary  layer  of  Na  and  Moin  [8]  is  presented. 


1.  Introduction 

In  recent  years  direct  numerical  simulation  (DNS)  of  turbulent  boundary 
layers  has  become  an  important  complement  to  experiments  for  obtaining 
turbulence  data.  The  first  DNS  of  turbulent  boundary  layers  in  an  ad¬ 
verse  pressure  gradient  (APG)  were  the  temporal  simulations  performed 
by  Spalart  &  Leonard  [12]  where  they  used  a  similarity  coordinate  system. 
Spalart  &  Watmuff  [13]  compared  experiments  and  DNS  of  an  APG  tur¬ 
bulent  boundary  layer  in  a  varying  pressure  gradient  and  they  found  good 
agreement.  Skote  et  al.  [10]  performed  simulations  of  turbulent  boundary 
layers  with  moderately  strong  APG  and  compared  with  turbulence  model 
predictions.  Recent  simulations  have  also  been  made  past  the  point  of  sepa¬ 
ration.  Spalart  &  Coleman  [11]  performed  DNS  of  a  separation  bubble  with 
heat  transfer.  Na  &  Moin  [8]  have  performed  DNS  of  a  separation  bubble 
from  which  data  have  been  used  in  the  present  work. 

The  conditions  needed  for  self-similarity  as  well  as  for  the  onset  of  sepa¬ 
ration  have  been  the  subject  of  several  investigations.  Clauser  [2]  performed 
experiments  where  he  adjusted  the  pressure  gradient  such  that  a  self-similar 
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turbulent  boundary  layer  was  obtained.  A  constant  non-dimensional  pres¬ 
sure  gradient 

P  =  ~T' 

T w  d'E 

was  shown  to  be  a  condition  for  self-similarity.  Here  5*  is  the  displacement 
thickness,  rw  is  the  wall  shear  stress  and  ^  is  the  pressure  gradient.  Mellor 
&  Gibbson  [7]  showed  that  self-similarity  is  obtained  if  the  free  stream 
velocity  varies  as  U 

In  the  present  work,  direct  numerical  simulations  (DNS)  of  the  Navier- 
Stokes  equations  have  been  carried  out  with  the  objective  of  studying  tur¬ 
bulent  boundary  layer  flows  in  a  strong  adverse  pressure  gradient.  First  the 
numerical  method  will  be  described  briefly  and  the  implementation  on  dif¬ 
ferent  types  of  computers  discussed.  Then  some  results  from  the  simulations 
will  be  discussed  together  with  some  basic  theoretical  considerations,  and 
compared  with  a  zero  pressure  gradient  (ZPG)  case.  Also  some  data  from 
the  DNS  performed  by  Na  and  Moin  [8]  will  be  presented  and  discussed  in 
connection  with  separation. 

2.  Numerics  and  computers 

The  simulation  is  spatial  and  the  inflow  condition  is  a  laminar  profile  cal¬ 
culated  from  the  Falkner-Skan  equation.  The  laminar  boundary  layer  is 
then  disturbed  in  the  beginning  of  the  computational  box  by  a  random 
volume  force  near  the  wall.  The  pressure  gradient  is  applied  through  the 
variation  of  the  free  stream  velocity,  U,  which  is  described  by  a  power  law, 
U  ~  xm.  The  code  used  for  the  DNS  is  developed  at  KTH  and  FFA  [4], 
[5].  The  program  uses  spectral  methods  with  Fourier  discretization  in  the 
horizontal  directions  and  Chebyshev  discretization  in  the  normal  direction. 
Since  the  boundary  layer  is  developing  in  the  downstream  direction,  it  is 
necessary  to  use  non-periodic  boundary  conditions  in  the  streamwise  direc¬ 
tion.  This  is  possible  while  retaining  the  Fourier  discretization  if  a  fringe 
region  is  added  downstream  of  the  physical  domain.  In  the  fringe  region 
the  flow  is  forced  from  the  outflow  of  the  physical  domain  to  the  inflow  In 
this  way  the  physical  domain  and  the  fringe  region  together  satisfy  periodic 
boundary  conditions.  The  fringe  region  is  implemented  by  the  addition  of 
a  volume  force  which  form  is  designed  to  minimize  the  upstream  influence. 
Time  integration  is  performed  using  a  third  order  Runge-Kutta  method  for 
the  advective  and  forcing  terms  and  Crank-Nicholson  for  the  viscous  terms. 

All  quantities  are  non-dimensionalized  by  the  free  stream  velocity  ( U ) 
and  the  displacement  thickness  (<5* )  at  the  starting  position  of  the  simula¬ 
tion  (x  =  0)  where  the  flow  is  laminar.  At  that  position  Rg-  =  US*  /u  =  400. 
The  length  (including  the  fringe),  height  and  width  of  the  computation  box 
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were  700  x  60  x  48  in  these  units.  The  number  of  modes  was  512  x  193  x 
192.  In  the  useful  region  of  the  computational  box  Rs-  varies  between  1000 
and  3000. 

Earlier  the  code  could  run  on  parallel  computers  with  shared  memory, 
e.g.  the  Cray  C90.  The  code  was  changed  to  also  parallelize  on  distributed 
memory  machines  using  MPI.  At  each  iteration,  parallel  FFT’s  are  per¬ 
formed  in  the  spatial  directions.  The  data  needed  for  each  FFT  is  kept 
locally  at  the  processor  performing  the  FFT.  This  requires  that  large  data 
sets  are  moved  between  the  different  processors  when  the  direction  of  the 
FFT’s  axe  changed. 

The  FFT  package  used  on  the  super-scalar  processors  is  different  from 
the  vector  counterpart.  For  vector  machines  (e.g.  C90)  it  is  important  that 
a  lot  of  data  is  processed  at  the  same  time  in  the  vector  registers.  The  mem¬ 
ory  is  fast,  and  the  crucial  point  is  to  avoid  memory  bank  conflicts.  For  the 
scalar  processors  it  is  necessary  to  use  the  cache,  thus  smaller  pieces  of  data 
should  be  processed.  The  communication  with  the  memory  is  slower,  so  the 
most  important  point  is  to  finish  processing  the  data  in  the  cache  before 
fetching  new  data  from  memory.  The  performance  of  the  code  is  compared 
for  two  different  problem  sizes  and  different  number  of  processors.  Two 
super-scalar  computers  are  compared,  a  CRAY  T3E  at  NSC  in  Linkoping 
and  an  IBM  SP2  at  PDC,  KTH  in  Stockholm.  In  figures  1  and  2  the  perfor¬ 
mance  of  the  code  is  shown  as  Mflop/s  together  with  the  optimal  speed  up, 
calculated  from  the  performance  on  the  lowest  number  of  processors  and 
considering  that  not  the  whole  code  can  be  parallelized.  The  speed  up  is 
better  for  case  two  than  case  one  on  both  machines.  The  scaling  is  better  on 
the  T3E  for  both  cases.  We  actually  obtain  an  optimal  performance  for  the 
larger  case  on  the  T3E.  However,  the  overall  performance  is  better  on  the 
SP2,  which  is  approximately  twice  as  fast  as  the  T3E.  Hence,  for  both  the 
large  and  small  cases,  the  scaling  is  better  for  the  T3E  associated  with  the 
higher  performance  of  the  message  passing,  and  the  overall  performance  is 
better  for  the  SP2,  mainly  due  to  the  higher  performance  of  the  FFT. 

For  the  vector  machines  it  is  important  that  the  vector  registers  are  used 
efficiently.  The  vectorization  is  dependent  on  the  size  of  the  problem,  a  large 
problem  will  in  a  natural  way  contain  long  vectors.  For  small  problems  the 
size  of  the  vectors  can  be  increased  by  arranging  the  arrays  in  the  code 
in  a  proper  way.  It  thus  possible  to  optimize  the  code  in  this  aspect.  For 
case  one,  the  performance  on  various  CRAY  vector  based  machines  (J90 
at  PDC,  C90  at  NSC  and  T90  at  SDSC,  San  Diego)  has  been  checked  for 
one  processor  computation  with  and  without  vector  length  optimization, 
see  table  1. 
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Figure  1.  Mflop/s  rates  for  different  number  of  processors.  —  T3E  •  ■  •  SP2.  Case  one: 
128  x  97  x  128  =  1.6  •  106  points. 


Figure  2.  Mflop/s  rates  for  different  number  of  processors.  —  T3E  •  •  *  SP2.  Case  two: 
512  x  193  x  256  =  25.3  •  106  points. 


2.1.  SIMULATION  OF  THE  SEPARATED  BOUNDARY  LAYER 

The  simulation  evaluated  here  was  performed  by  Na  and  Moin  [8],  using  a 
second-order  finite  difference  method.  The  computational  box  was  350x64x 
50  based  on  the  at  the  turbulent  inflow.  The  number  of  modes  was  513  x 
193  x  129.  The  inflow  condition  was  taken  from  Spalart’s  ZPG  simulation.  It 
consists  of  a  mean  turbulent  velocity  profile  with  superimposed  turbulence 
with  randomized  amplitude  factors  while  the  phase  was  unchanged. 

3.  Results 

In  this  chapter  both  theory  and  data  from  DNS  will  be  presented  in  four 
different  sections.  First  the  mean  flow  parameters  and  their  relations  will 
be  discussed.  The  outer  and  inner  part  of  the  boundary  layer  are  discussed 
next,  followed  by  a  presentation  of  some  data  from  the  separated  case  to¬ 
gether  with  a  discussion  of  some  recent  theories. 
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J90 

C90 

T90 

peak  processor 
performance 

220 

952 

1700 

performance 
of  the  code 

93 

361 

501 

with  optimized 
vector  length 

100 

522 

710 

TABLE  1.  The  speed  on  different  vec¬ 
tor  machines  for  one  processor  for  case 
one:  128  x  97  x  128  =  1.6  •  106  points. 


3.1.  MEAN  FLOW  PARAMETERS 

The  relation  between  the  pressure  gradient  parameter  /?  and  the  exponent 
for  the  free  stream  velocity  variation  m  obtained  from  the  equations  of  mo¬ 
tions  under  the  assumption  of  a  constant  ratio  between  the  friction  velocity 
and  free  stream  velocity  is 

m .  £  m 

H(  1  +  0)  +  2/3  W 

where  H  is  the  shape  factor.  For  details  see  [10]  available  as  a  free  sample 
on  http :  //www .  kap .  nl/ j rnllist .  htm/ JRNLHOME.  That  the  assumption  of 
a  constant  uT/U  can  be  considered  as  a  well  motivated  approximation  can 
be  seen  from  Figure  3,  where  Cy  for  the  APG  and  ZPG  cases  is  plotted 
together  with  the  free  stream  variation. 


Figure  3.  The  free  stream  velocity  and  friction  coefficient  for  —  ZPG;  -  -  APG 
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3.2.  THE  OUTER  PART 

If  the  viscous  term  is  neglected  in  the  equations  describing  the  mean  flow  of 
a  two-dimensional,  incompressible,  turbulent  boundary  layer,  the  equation 
governing  the  outer  part  of  the  layer  is  obtained.  The  equation  can  be 
formulated  in  the  velocity  defect  F  and  an  outer  variable  77, 

dF 

-20F-  (1  +  20)ti— 

-W  {-^ + £***1+1*%  -  <> + M  =  f  P) 

where 

(«  -  U)/uT  =  F{rj),  —(u'v')/uT2  =  R(r}) 

V  =  y/A(x),  A  =  UP/ur  (3) 

If  either  the  infinite  Reynolds  number  limit,  or  the  approximation  of  a 
constant  uT/U  is  considered,  it  follows  from  equation  (2)  that  a  condition 
for  self-similarity  is  that  f)  is  constant.  In  the  present  APG  simulation  the 
Reynolds  stress  profiles  at  different  positions  are  not  self-similar,  due  to 
the  small  variation  in  uT/U.  For  large  Reynolds  numbers,  the  profiles  tend 
to  a  self-similar  state.  This  can  be  seen  from  experiments,  e.g.  in  Skare 
and  Krogstad’s  [9]  experiments  with  a  strong  pressure  gradient,  or  from 
calculations  with  turbulence  models,  [3]. 

In  the  simulation  presented  here,  the  value  of  the  exponent  m  is  —0.23 
and  the  pressure  gradient  parameter  (3  becomes  4.5.  The  shape  factor  is 
1.9  and  approximately  constant.  With  these  values  on  (3  and  H  obtained 
from  the  simulation,  the  relation  (1)  gives  a  value  of  m  =  —0.23,  i.e.  the 
same  value  given  in  the  simulation  to  define  the  pressure  gradient.  From 
the  boundary  layer  equation  (2)  it  follows,  see  [10],  that  if  m  and  /?  are 
constants,  then 


U  =  Uo(  1  -  -)m,  A  =  (1  -  -)A0  (4) 

XQ  Xo 

Note  that  both  the  virtual  origin  xo  and  the  exponent  m  are  parameters 
in  the  free  stream  velocity  distribution.  Thus,  there  is  an  ambiguity  in  the 
choice  of  m  and  xo .  To  obtain  the  true  value  of  m,  xo  is  first  found  by 
fitting  the  DNS  data  to  equation  4b.  Subsequently  equation  4a  is  used  to 
obtain  m.  The  value  of  m  became  —0.23  at  the  downstream  position  where 
/ 3  was  observed  to  be  constant. 
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Figure  4 ■  uTms  —  ZPG;  -  -  APG 


In  the  outer  part  the  behavior  of  turbulent  statistics  is  different  from 
the  ZPG  case.  As  an  example,  in  the  APG  case  a  second  peak  develops  in 
the  uTms  profile  as  seen  in  Figure  4. 


3.3.  THE  INNER  PART 

When  neglecting  the  non-linear,  advective  terms  in  the  equations  describing 
the  mean  flow,  the  equation  governing  the  inner  part  of  the  boundary  layer 
is  obtained.  This  equation  can,  when  using  the  inner  length  and  velocity 
scales  vlur  and  uT  be  written, 


d2u+ 


d 

dy+ 


{u'v')+ 


(5) 


where  Re,  =  and  (u'v1)  is  the  Reynolds  shear  stress.  If  the  ratio 
is  smaller  than  the  other  terms,  the  equation  reduces  to  the  equation 
governing  the  inner  part  of  a  ZPG  boundary  layer.  However,  for  the  APG 
case  considered  here  this  term  can  not  be  neglected.  Equation  (5)  can  be 
integrated  to  give  an  expression  for  the  total  shear  stress, 


-  <1 u'v')+ 


(6) 


The  total  shear  stress,  r+,  from  the  DNS  and  the  curve  t+(j/+)  represented 
by  equation  (6)  are  shown  in  Figure  5.  For  the  ZPG  case,  equation  (6) 
predicts  a  constant  shear  stress  of  unity.  The  term 

0  _  v_ldP 

-Re,  ix|  p  fa 


w 
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is  evidently  important  for  the  shear  stress  distribution  in  the  inner  part  of 
the  boundary  layer.  The  velocity  scale 


i^y/3 


Up  —  ^ 


p  dx  ) 


(8) 


has  to  be  used  if  the  term  (7)  becomes  very  large  which  happens  if  uT  <§C  up) 
i.e.  the  boundary  layer  is  close  to  separation. 


1.5 

1.4 

1.3 

1.2 

1.1 


W‘lV  10"’  10°  io’ 

Figure  5 .  —  ZPG;  -  -  APG;  •  *  *  shear  stress  evaluated  from  equation  (6). 


When  multiplying  equation  (6)  by  we  get  the  mean  energy  budget. 

du+\2  ,  ,.  +  du+  du+  (3  +du+ 

~(uv)  ~  +  d^- 

The  same  equation  is  obtained  if  equation  (5)  is  multiplied  by  u+ .  The 
terms  are  noted  from  left  to  right:  direct  dissipation,  production,  transport 
and  pressure  gradient  term.  The  mean  budget  for  the  APG  case  in  the 
inner  region  is  shown  in  Figure  6.  The  largest  contribution  in  the  near  wall 
region  comes  from  the  direct  dissipation  which  is  balanced  by  the  transport 
term.  At  y+  =  7  the  pressure  gradient  term  has  reached  its  maximum  and 
then  decays  to  a  constant  value.  The  production  of  turbulent  energy  has  its 
maximum  at  y+  =  8,  close  to  where  the  production  and  direct  dissipation 
are  equal  in  magnitude.  All  the  terms  balance  each  other,  though  the  total 
sum  deviates  from  zero  at  large  values  of  y+.  If  the  advective  terms  also 
are  included  in  the  total  budget,  the  sum  becomes  zero  but  these  terms  are 
small  compared  to  the  others. 

The  mean  budget  for  the  ZPG  case  is  shown  in  Figure  7.  The  dissipation 
and  transport  do  not  show  the  peaks  close  to  the  wall  that  are  observed  in 
the  APG  case.  Also,  the  maximum  in  the  production  occurs  at  y+  =  11, 
exactly  where  the  production  and  direct  dissipation  are  equal  in  magnitude. 
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Figure  6.  Energy  budget  for  APG:  -  -  Dissipation;  •  •  •  Production;  —  Transport;  -  • 
Pressure  gradient  term. 


Figure  7.  Energy  budget  for  ZPG:  -  -  Dissipation;  ■  •  •  Production;  —  Transport; 
Pressure  gradient  term. 


3.4.  THE  SEPARATED  CASE 

The  equations  (5)  and  (2)  constitute  a  problem  with  inner  and  outer  solu¬ 
tions.  This  problem  has  been  treated  with  the  method  of  matched  asymp¬ 
totic  expansions  by,  among  others,  Mellor  [6]  and  Afzal  [1].  The  aim  is  to 
obtain  higher  order  terms  in  the  matching  of  the  inner  and  outer  solutions. 
The  small  parameter  that  is  used  in  the  expansions  is  uT/U ,  which  is  related 
to  the  Reynolds  number  through  the  logarithmic  friction  law. 

The  presentation  here  will  be  very  brief  and  only  the  inner  part  is  dis¬ 
cussed.  Equation  (6)  can  be  formulated  as 


where  it,  is  a  velocity  scale  that  depends  on  y  and  can  be  expressed  in 
either  -I-  or  p  units, 


u 


2  =  «?  +  %+  =  *4 +«y, 

U'f 


(11) 
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where  up  is  defined  from  (8)  and  yv  —  yup/u. 

If  ix*  is  used  as  the  velocity  scale,  the  velocity  derivative  can  be  formu¬ 
lated  as, 


dul_  _  /du\* 
V dyul  \dy ) 


(12) 


The  matching  between  the  inner  and  outer  equations  as  described  by 
Afzal  [1]  results  in 


,fdu\*  1 

y  UJ =  «• 


(13) 


If  the  equation  above  is  integrated  the  following  expression  in  +  units 
is  obtained, 


u+  =  ~  (^lny+  -  2 In  ^  +  ^+y+  +  1  +  2(^1  +  if+y+  -  1  )\  +  B  (14) 


with 


K+  = 


P 

jj-Res- 


(15) 


Equation  (14)  is  the  same  expression  as  Afzal  [1]  arrived  at.  The  velocity 
profiles  from  the  DNS  of  Na  and  Moin  close  to  the  point  of  separation  are 
shown  together  with  the  standard  log  law  and  the  extended  log  law  (14) 
in  figure  8.  The  separation  occurs  at  x  =  158  and  the  four  velocity  profiles 
are  shown  at  x  =  150, 155, 157, 158. 


When  Up  -*  0  equation  13  reduces  to 
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and  the  usual  log  law  is  recovered.  If  uT  ->  0  equation  13  reduces  to, 


dup  _  1 
dyp  k ’ 

and  the  half  power  law  is  obtained, 


(17) 


up  =  -  =  -2^p  +  C  (18) 

Up  K  V  ’ 

The  same  velocity  profiles  as  in  figure  8  are  plotted  together  with  the 
half  power  law  (18)  in  figure  9. 


Figure  9.  —  DNS;  -  -  (18)  with  k  =  0.41  and  C  =  —  7 

An  interesting  observation  is  that  equation  (18)  leads  to  a  shape  factor  of 
two  with  a  small  correction  due  to  the  constant  C.  The  correction  vanishes 
for  large  Reynolds  numbers  when  up/U  ->  0.  In  both  DNS  at  low  Reynolds 
numbers  (Spalart  [12])  and  experiments  at  large  Reynolds  numbers  (Skare 
and  Krogstad  [9])  of  flows  near  separation  a  shape  factor  close  to  two  was 
observed. 

4.  Conclusions 

The  parallelization  of  the  code  on  distributed  memory  machines  is  an  im¬ 
portant  step  towards  larger  simulations.  Even  though  the  code  performs 
well  on  shared  memory  systems,  the  limited  memory  on  these  kind  of  ma¬ 
chines  is  an  obstacle  when  performing  larger  simulations. 

The  simulation  presented  here  is  done  with  a  considerable  stronger  ad¬ 
verse  pressure  gradient  than  earlier  work  by  the  authors  [10].  The  results 
were  compared  with  a  zero  pressure  gradient  simulation  and  some  effects 
of  the  pressure  gradient  could  be  explained  by  an  analysis  of  the  boundary 
layer  equations.  Also,  with  data  from  these  simulations  with  a  well  de¬ 
fined  pressure  gradient  and  a  constant  pressure  gradient  parameter  /?,  it  is 
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possible  to  compare  and  validate  some  recent  theoretical  work  considering 
relations  between  mean  flow  parameters  such  as  those  presented  in  [10]. 
The  data  from  a  separated  flow  from  the  simulation  of  Na  and  Moin  [8] 
was  compared  with  some  recent  theoretical  work  considering  higher  order 
terms  in  the  logarithmic  region  in  APG  flows,  such  as  those  presented  in 
[1] 
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1.  Introduction 

The  present  paper  describes  a  newly  developed  Navier-Stokes  solver  of 
fourth-order  global  spatial  accuracy  and  second-order  accuracy  in  time.  The 
algorithm  uses  an  explicit  discretisation  for  the  convection  terms  and  an 
implicit  formulation  for  the  viscous  terms.  Compact-differences  are  used  in 
the  spatial  discretisation.  They  offer  a  combination  of  flexibility  of  bound¬ 
ary  conditions  and  spectral-like  resolution  (Lele(1992)). 

A  domain  decomposition  technique  is  used  to  enable  efficient  parallelisation 
with  the  Message  Passing  Interface  (MPI).  The  current  method  is  devel¬ 
oped  for  Direct  Numerical  Simulation  of  three-dimensional  vortical  flows, 
for  example  those  in  aircraft  wake  vortex  research,  and  may  be  the  basis  of 
an  extension  to  a  Large  Eddy  Simulation  method  in  future  work.  A  high- 
order  accurate  low-pass  filter  is  used  to  stabilise  the  solution  procedure. 
This  filter  is  likely  extendible  to  be  used  in  an  LES  method. 

The  present  paper  describes  details  of  spatial  discretisation,  parallelisation 
and  presents  some  results  of  unsteady  incompressible  vortical  flow  simula¬ 
tions. 

2.  Numerical  method 

2.1.  GOVERNING  EQUATIONS 

The  fractional  time-step  method  due  to  Kim  and  Moin(1986)  is  used.  This 
method  consists  of  two  stages.  The  first  stage  consists  of  computing  an 
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intermediate  velocity  field  with  components  V{,  using  the  second  order  (in 
time)  Adams-Bashfort  method  for  the  nonlinear  convection  terms  (Hi)  and 
the  Crank-Nicholson  scheme  for  the  viscous  terms.  Thus: 


Vi  -  u,"  =  —At  (^Hin  -  \Hin~')  +  ^  (V2v,  +  V2Uin) 


(1) 


Where  Re  is  the  Reynolds  number  based  on  characteristic  length  scale 
and  velocity  and  n  denotes  the  time  level.  In  three-dimensional  simulations 
i  =  i, ...,3.  The  nonlinear  convection  terms  Hi  are  used  in  skew-symmetric 
form 


Hi  = 


1 

2 


duiUj  du{ 

~al~  +  u^ 


(2) 


since  it  is  shown  in  Kravchenko  and  Moin(1997)  that  this  results  in  minimal 
aliasing  errors. 

Equation  (1)  can  be  rewritten  as  a  Helmholtz  equation  for  vf. 


(■  -  ilv’)  *>  =  -A'  (I®-*  -  i*’") -  (' +  slv!)  - 


(3) 


A  modified  pressure  $  can  now  be  introduced,  related  to  the  actual  pressure 
by  p  =  <t>-(At/2Re)v2<t>,  which  can  be  shown  to  obey  the  relation: 


At  dx{ 


Finally  the  velocity  at  time  level  n  +  1  is  computed  from: 

i it71*1  =  Vi  -  A t^- 

This  time-advancement  scheme  is  second-order  accurate  in  time. 


(4) 


(5) 


2.2.  SPATIAL  DISCRETISATION 

The  computational  domain  is  divided  in  a  number  of  sub-domains  to  enable 
parallelisation.  In  each  sub-domain  a  uniform  mesh  spacing  h  is  used  in 
all  directions.  On  this  mesh,  first  derivatives  in  equations  (3), (4)  and  (5) 
are  computed  using  compact  finite  differences  of  sixth-order  accuracy.  The 
global  conservation  expressions  derived  in  Lele(1992)  are  used  in  this  work 
since  the  discretised  equations  are  conservation  equations. 

The  Helmholtz  equations  for  the  intermediate  velocity  field  Vj  (3)and  the 
Poisson  equation  (4)  for  the  modified  pressure  <j>  can  be  written  in  general 
form  as 

Af-\f  =  r  (6) 

with  f  =  Vi,  X  =  Igf-  and  r  =  2 Re^H?  -  5#jn_1)  -  +  V2)uj 

for  the  momentum  equations.  For  the  pressure  equation  f  =  <j>,  A  =  0 
and  r  =  These  equations  are  solved  using  a  fourth-order  compact 

difference  iterative  Helmholtz  solver. 
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In  two  dimensions  the  method  is  based  on  a  similar  direct  method  described 
in  Sun  and  Zhuang(1997),  that  is  based  on: 

i  -1  -T  \ 

j  5+^tI2A/l2  _i  j/(t,j)  =  -|r(i,j)-^(Ar  +  Ar)|J  +  0(/l4)  (7) 

4  _1  ~4  / 

For  the  three-dimensional  simulations,  an  equivalent  expression  is  derived 
in  Appendix  A: 

h~2[{Ci  + jr- — )f(i,j,k)  +  C2{p(i±l,j,k)  +  p(i,j±  1  ,k)+p(i,j,k±  1)} 

+C3{p(i  ±l,j±l,k)  +  p(i±  1  ,j,  k  ±  1)  +  p(i,j  ±  1,  k  ±  1)}  +  C4p(i  ±  1,  j  ±  1,  k  ±  1)]  = 
-2r (i,j,k)  -  y  (A2/  +  Ar  +  Ar)  .  .  +  0(h4)  (8) 

with  C1.C2.C3  and  c4  given  in  Appendix  A.  Points  near  boundaries  need 
a  special  treatment,  expressions  are  given  for  (8)  in  Appendix  B  for  both 
Dirichlet  and  Neumann  boundary  conditions. 

2.3.  SOLUTION  PROCEDURE 

The  conjugate  gradient  method  is  used  to  solve  the  sparse-matrix  systems 
that  result  from  the  discretisation  of  both  Helmholtz  equations  for  inter¬ 
mediate  velocity  and  Poisson  equation  for  the  pressure.  The  regularity  of 
the  discretisation  matrices  is  used  to  compute  the  required  matrix-vector 
multiplications  with  minimum  memory  usage  and  maximum  computational 
efficiency.  In  case  Neumann  boundary  conditions  are  prescribed  for  either 
the  Helmholtz  equations  or  the  Poisson  equation  a  non-symmetric  matrix 
results.  Then,  for  this  equation  the  bi-conjugate  gradient  method  is  used 
that  involves  two  matrix-vector  multiplications  per  iteration. 

3.  Filter  operations 

3.1.  PRINCIPLES  AND  1-DIMENSIONAL  RELATIONS 

Consider  a  uniform  mesh  of  spacing  h.  A  quantity  /  on  this  mesh  can  be 
filtered  using  an  expression  of  the  form  (Lele(1992)): 

N 

afi-i  +fi  +  <*fi+ 1  =  ^  a*  [A+*  ±  -ft-*]  +  0(h2N )  (9) 

fc=0 

where  /j  is  the  filtered  value  of  quantity  /  at  node  X{.  The  coefficients  a* 
are  determined  by  matching  the  Taylor  series  coefficients  of  various  orders. 
Matching  Taylor  series  coefficients  up  to  order  2 N  results  in  N  equations 
for  N  +  1  unknown  a*.  An  additional  equation  is  required  to  determine 
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TABLE  1.  Values  of  a*  for  various  orders  of  formal  accuracy. 


Order 

N 

a0 

ai 

02 

03 

04 

05 

4 

2 

5+6a 

l+2a 

—  l  +  2a 

6 

8 

10 

3 

4 

8 

1 1-fl  Oa 

16 

93+70a 

2 

15-f-34o 

32 

7-1-1 8a 

8 

—  3+6a 

16 

—  7+  14a 

1  — 2a 

32 

1  —  2a 

—  l+2a 

5 

128 

193+126a 

256 

16 

105+302a 

256 

32 

-15+30o 

64 

16 

45-90o 

512 

128 

—5+1 Oa 
256 

1  —  2a 

512 

a>k •  This  equation  can  be  obtained  by  imposing  that  the  transfer  function 
T(w),  i.e.  the  ratio  of  amplitudes  of  waves  with  wavenumber  w  before  and 
after  filtering,  of  operation  (9)  is  0  for  wavenumber  equal  to  n.  This  ensures 
that  the  odd-even  decoupling  mode  is  filtered  out  completely.  For  4th,  6th, 
8th  and  10th  order  accuracy  the  coefficients  a*  are  given  in  table  1.  The 
T(w)  is  plotted  in  figure  1  for  filters  of  equation  (9)  for  a  =  0.25,  it  can  be 
seen  that  increasing  the  order  of  accuracy  of  the  filter  makes  the  operation 
less  dissipative.  For  filters  of  equation  (9),  with  a  symmetric  stencil,  the 
transfer  function  is  real. 

Near  the  boundaries  of  the  domain  a  special  treatment  is  necessary:  one 
can  either  lower  the  order  and  thus  decrease  the  stencil  width  or  use  filters 
with  a  non-symmetric  stencil.  For  10th  order  accuracy,  the  first  and  last  5 
nodes  of  a  domain  require  a  special  form  of  the  discretisation.  The  transfer 
function  for  these  expressions  has  both  a  real  and  imaginary  part,  plotted 
in  figures  2  and  3,  respectively.  The  imaginary  part  denotes  the  dispersive 
behaviour  of  the  filter  operation,  the  real  part  the  dissipative  part. 

3.2.  EXTENSION  TO  MULTI-DIMENSIONAL  FILTERING 

In  the  two-dimensional  situation,  a  quantity  /  can  be  filtered  using  an 
expression  of  the  form: 


for  4th  order  accuracy,  where  fij  is  the  filtered  value  of  quantity  /  at  node 
( Xi,yj ),  and  the  coefficients  Oj  are  functions  of  both  a  and  /3. 

Again,  Taylor  series  development  and  matching  of  coefficients  determine  a* 
in  the  presence  of  the  additional  requirement  that  odd-even  decoupling  is 
filtered  out  in  both  directions. 

However,  a*  can  be  determined  more  easily  by  a  generalised  tensor  product 
of  1-dimensional  relations. 
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Fourier  transfer  function:  alph*=0.25 


Figure  1 .  Transfer  function  for  symmetric 
filters. 


Transfer  function  for  10th  order  filter 


Figure  3.  Imaginary  paxt  of  transfer  func¬ 
tion  for  non-symmetric  filters. 


Transfer  function  for  10th  oirierfilter 
aiph*=0.10 


Figure  2.  Real  part  of  transfer  function 
for  non-symmetric  filters. 

Gauss  filter  with  filter  width  4h 


Figure  4 ■  Approximation  of  Gauss  filter. 


4.  Extension  to  LES  formalism 
In  LES  a  filter  operation 

/OO 

G(x  -  x')/(x')dx'  (11) 

•oo 

is  applied  to  the  Navier-Stokes  equations,  where  G  denotes  the  filter  kernel, 
which  for  a  Gauss  filter  with  filter  width  4 h  is  given  by 

G(x  -  x')  =  exp-2^-1')2/*2  (12) 

In  discrete  space,  filter  operation  (11)  is  obtained  by  application  of  filter 
operation  (9).  For  second  order  accuracy  of  (9),  the  Gauss  filter  (12)  is  well 
approximated  for  a  =  —0.2  in  both  real  space,  see  figure  4,  and  Fourier 
space  (Adams  and  Leonard  (1999)).  The  filter  operation  implemented  in 
the  present  work  can  therefore  be  used  in  a  future  extension  to  LES. 
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a  — *"k 

J  block  0  block  1  block  2  block  3 


block  0  block  1  block  2  block  3 


Figure  5.  Example  topology:  4  grid  blocks  on  4  and  2  processors. 


5.  Parallel  procedure 

The  present  multi-block  Navier-Stokes  solver  is  parallelised  using  the  Mes¬ 
sage  Passing  Interface  (MPI).  The  so-called  SPMD  (Single  Program  Mul¬ 
tiple  Data)  paradigm  is  used,  i.e.  a  number  of  processors  run  the  same 
program.  However,  the  effect  of  different  programs  on  different  processors 
is  obtained  by  taking  branches  within  this  single  program  on  the  basis  of 
process  rank.  Figure  5  schematically  shows  the  situation  when  4  grid  blocks 
are  connected  in  k  direction.  Periodic  boundary  conditions  are  assumed  so 
that  the  left  boundary  of  block  0  matches  the  right  boundary  of  block  3. 
Initial  solution,  mesh  and  boundary  conditions  for  each  grid  block  are  stored 
in  separate  files.  Upon  initialising,  the  program  on  each  processor  reads 
these  files  for  the  grid  blocks  that  are  assigned  to  that  node. 

The  first  processor  (node  0)  then  determines  the  topology  of  the  com¬ 
plete  mesh  and  checks  whether  the  coordinates  of  mesh  points  that  overlap 
match.  Node  0  broadcasts  the  topological  information  to  all  other  nodes. 
Now,  each  node  starts  the  computational  procedure  on  the  assigned  grid 
blocks.  At  the  end  of  each  intermediate  stage  and  end  of  a  time  step  the  in- 
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formation  in  the  overlap  regions  is  exchanged  with  the  adjacent  grid  blocks. 
Since  the  number  of  grid  blocks  can  be  greater  than  the  number  of  proces¬ 
sors,  this  does  not  necessarily  involve  MPI  Send/Receive  operations.  This 
is  shown  in  figure  5,  where  4  grid  blocks  are  distributed  over  4  processors 
and  2  processors,  respectively.  Single  arrows  denote  MPI  Send/Receive  op¬ 
erations,  triple  arrows  data  exchange  within  a  node.  In  both  types  of  data 
communication  the  overlap  data  is  stored  in  dynamically  allocated  tempo¬ 
rary  arrays.  Apart  from  the  routines  in  which  these  arrays  are  filled,  the 
part  of  the  program  in  which  the  actual  calculations  takes  place  is  unaf¬ 
fected  by  the  parallelisation. 


6.  Results 

In  this  section  results  of  numerical  simulations  of  a  pair  of  counter-rotating 
parallel  trailing  vortices  are  shown  for  two  different  meshes  and  different 
filter  parameters,  see  table  2.  Figure  6  gives  the  initial  pressure  field.  Pe¬ 
riodic  boundary  conditions  are  prescribed  on  the  z-min  and  z-max  faces  . 
The  initial  velocity  field  of  the  vortices  is  given  by: 


u(x,y) 

v(x,y) 


(V-Vc)r  [l-«*p(-l-256r2/r*) 

2jt  71 

(x-*e)r  [l— «»p(—  l.a»6ra/r»)j 


(13) 


with  r2  =  (x—xc)2  +  (y—yc)2,  where  the  vortex  center  is  located  in  (a:c,  yc). 
rc  is  the  viscous  core  radius.  The  constant  in  the  exponent  is  chosen  to 
position  the  maximum  of  azimuthal  velocity  (ugtTnax)  at  rc.  Exact  theory 
gives:  rc{t)  ~  y/t  and  ugiTnax  ~  l/y/t.  The  exact  translational  speed  of 
the  equivalent  point-vortex  system  is  given  by  ^  with  a  the  spacing  in 
horizontal  direction.  The  Reynolds  number  £  =  ±1.3  x  105. 

In  figure  7  this  exact  result  is  compared  with  the  computational  results. 
The  exact  result  is  matched  very  well  for  both  mesh  resolutions.  The  two 
coarse-mesh  simulations  with  highest  dissipation  (a  =  0.05  and  a  =  0.10) 
depart  from  the  exact  result  in  the  final  stages  of  the  simulation. 

Figure  8  shows  the  decay  of  azimuthal  velocity  in  the  vortex  core  as  a 
function  of  time.  Figure  9  similarly  shows  the  decay  of  the  vorticity.  For 
both  figures  results  are  plotted  for  the  fine  mesh,  giving  a  resolution  of 
about  12  points  per  vortex  in  the  direction  normal  to  the  vortex  axis.  Even 
with  this  resolution  the  correct  behaviour  is  observed  for  the  viscous  decay. 

The  simulations  on  both  the  coarse  and  fine  mesh  were  performed  on 
4  SGI  250  MHz  R10000  nodes  of  a  Cray  Origin  2000.  For  the  1.7  x  107 
node  mesh  a  total  memory  of  ±600  MByte  was  used.  The  simulations  were 
performed  for  1000  time  steps  that  took  a  total  of  ±250  hours  to  complete. 
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TABLE  2.  Simulations  done  for  trailing  vortices 


Mesh/block 

Number 

of  blocks 

Number  of 
mesh  points 

Filter 

type 

Filter 

order 

a 

81  x  81  x  16 

4 

±4.2  x  10s 

non-symm. 

10 

0.05 

81  x  81  x  16 

4 

±4.2  x  105 

non-symm. 

10 

0.10 

81  x  81  x  16 

4 

±4.2  x  105 

non-symm. 

10 

0.25 

161  x  161  x  16 

4 

±1.7  x  106 

non-symm. 

10 

0.05 

161  x  161  x  16 

4 

±1.7  x  106 

non-symm. 

10 

0.25 

Figure  6.  Initial  pressure  field 

Decay  of  velocity  in  vortex  core 


(fine  mesh,  alpha-0.25) 


Figure  8.  Decay  of  azimuthal  velocity  in 
vortex  core 


Vertical  location  of  vortex  center 


Figure  7.  Vertical  displacement  of  vortex 

Decay  of  left  vortex  (fine  mesh;  alph»-0.05) 


Figure  9.  Decay  of  vorticity  in  vortex  core 


7.  Conclusions 

The  present  paper  describes  a  higher-order  accurate  Navier-Stokes  solver 
for  incompressible  flow.  A  compact-difference  Laplace  operator  was  derived 
for  the  three-dimensional  simulations  and  applied  to  the  implicit  updates 
of  the  velocity  field  and  in  the  equation  for  the  pressure.  The  computations 
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show  that  a  stable  and  accurate  solution  procedure  is  obtained  when  this 
compact-difference  formulation  is  combined  with  a  multi-dimensional  low- 
pass  filter  that  is  introduced  in  the  present  work.  Furthermore,  it  was  shown 
how  the  method  was  efficiently  parallelised  using  a  domain  decomposition 
technique  in  combination  with  message  passing. 
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A.  Three-dimensional  compact-difference  Laplace  operator 

Consider  the  27-point  stencil  around  the  mesh  point  (i,j,k).  On  this  stencil 
a  discrete  three  dimensional  Laplacian  operator  can  be  obtained: 

-[A/(i,j,*)  +  oi{Af(i  ±  1  ,j,k)  +  Af(i,j  ±  l,k)  +  Af(i,j,k  ±  1)}]  = 

*  2[Clf(i,j,k)  +  C2{/(i  ±  1  ,j,k)  +  }(i,j  ±  1,  A :)  +  f(i,j,k  ±  1)} 

+<?3 {/(*  ±  1  ,j  ±  1  ,k)  +  }{i  ±  1  ,j,k±  1)  -f  f(i,j  ±  l,fc  ±  1)} 

+C4/(i±l,j±l,fc±l)]  +0(h4)  (14) 

The  coefficients  a,  Cj,  C2,  C3,  C4  remain  to  be  determined  by  matching 
Taylor  coefficients.  The  left-hand  side  of  equation  (14)  can  be  written  as: 


Using  Taylor  expansions  it  can  be  shown  that 


(15) 


/(*±  bj.fc)  +P(*,J  ±  l.fc)  +f(i,j,k±  1)  =  6f(i,j,k)  +  h‘2A(i,j,k) 

+  w  [f^  +  +  f^]  +  m  [0  +  0  +  f^]  +  °(h*) 


(16) 


Similarly, 


f(i  ±l,j±l,k)  +  f(i±  1  ,j,k±  1)  +  f(i,j  ±  l,k  ±  1)  =  12f(i,j,k)  +  4h2A(i,j,k)+ 


and 

f(i±i,j±l,k±i)  = 


(18) 

Substitution  of  relations  (15),  (16),  (17)  and  (18)  in  equation  (14)  gives 
for  4th-order  accuracy  with  c4  as  parameter: 


C\  +6C2  +I2O3  +8C4  =  0  /  fl  =  | 

C2  +  4 C3  +4C4  =  — (1  +  6a)  =>  I  Ci  =  8  -  8C4 

C2  +  4C3  +4C4  =  -12a  1  C2  =  -(§-4C4) 

C3  +2 C4  =  -2a  C3  =  —  ( |  +  2C4 ) 


(19) 
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To  check  whether  result  (19)  is  correct,  equation  (14)  can  be  written  for 
/  independent  of  fc  as: 

-  [(l  +  2a)  A f(i,j,k)  +  a{  A/(i  ±  1  ,j,k)  +  A f(i,j  ±  1,*)}]  = 

A-2  [(Ci  +2C2)f(i,j,k)  +  (C2  +  2 C3){/(i  ±  1  ,j,k)  +  f(i,j  ±  l,fc)} 

+  (C3  +  2C4)  {f(i  ±l,j  ±  1  ,k)  +  f(i  ±  1  ,j,k±  1))  (20) 

+2C4f(i±l,j±l,k)]+0(h4) 


With  (19)  this  can  be  written  as  the  two-dimensional  expression  from  Sun 
and  Zhuang(1997): 

-  [A  k)  +  I  {  A/(t  ±l,j,k)  +  A  f(i,j  ±  1,  *)}]  = 

-  {/(<  ±  1  ,j,k)  +  f(i,j  ±  1,*)}  -  \f{i±  l,j  ±  l,fc)]  +  0{h*)  (21) 


B.  Boundary  conditions  for  compact-difference  Laplace  operator 

This  section  presents  the  boundary  contributions  —2hU  in  the  right-hand 
side  of  discretised  Helmholtz  or  Poisson  equation  for  a  face,  an  edge  and  a 
vertex  of  the  cubic  computational  domain.  The  treatment  for  other  faces, 
edges  and  vertices  is  equivalent.  For  Neumann  boundary  conditions  only 
the  expression  for  a  face  is  shown  for  brevity. 

B.l.  BOUNDARY  TREATMENT  OF  POINTS  ON  FACES  OF  DOMAIN 

For  Dirichlet  boundary  conditions,  the  contribution  to  U  for  the  t  =  1  face 
is  given  by 

U(0,j,k)  =  -i-  [c2f(0,j,k)  +  C3{/(0,  j  ±  l.fc)  +  f(0,j,k±  1)}  +  C4f(0,j  ±  1  ,k±  1)]  (22) 
and  similarly  for  the  other  faces  of  the  domain. 


B.2.  BOUNDARY  TREATMENT  OF  POINTS  ON  EDGES  OF  DOMAIN 

For  Dirichlet  boundary  conditions,  the  contribution  to  U  for  the  for  the 
j  =  i,k  =  i  edge  can  easily  seen  to  be  given  by 


C2{/(»,0,l)  +  /(i,l,0)}  + 

C3  {/(*, 0, 0)  +  /(i,  0, 2)  +  /(i,  2,0)  +  /(t  ±  1, 0, 1)  +  /(»  ±  1, 1,0)}  + 
C4{f(i±  1, 0, 0)  +  f(i  ±  1, 0, 2)  +  /(»  ±  1, 2, 0)}  j 


(23) 
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B.3.  BOUNDARY  TREATMENT  OF  POINTS  ON  VERTICES  OF  DOMAIN 
For  the  vertex  (x,i,i)  similarly  follows 


y(1’1’1)  =  “5a 


C2{/(1,1,0)  +  /(1,0,1)  +  /(0,1,1)}  + 

C3{/(1  ±  1, 1  ±  1,0)  +  /(I  ±  1,0, 1)  +  /(0, 2, 1)  +p(l,0,2)  +  /(0, 1,2)}  + 

C4 {/(l  ±  1, 0, 1  ±  1)  +  /( 0, 2, 1  ±  1)  +  /( 2, 2,0)}]  (24) 


B.4.  NEUMANN  BOUNDARY  ON  FACE  OF  DOMAIN 

For  Neumann  boundary  conditions  on  a  face,  the  contribution  to  U  for  the 
i  =  o  is  given  by 


U(0,j,k)  =  -2/*(0  J,fc)  + 

A h?_ 

6 

h?_ 

6 


(25) 


C2fx(0,j,k)  +  C3{/x(0,  j,k  ±  1)  +  fx(0,j  ±  1,*)}  +  C4/x(0,  j  ±  l,*r  ±  1) 
C2rx(0,j,k)  +  C3{rx(0,  j',fc  ±  1)  +  rx(0,j  ±  I,*)}  +  C4r*(0,  j  ±  l,k±  1) 


+  0(/i4 


Large  Eddy  Simulation  of  the  Turbulent  Flow  around  a  Circular 
Cylinder  with  Non-eddy  Viscosity  SGS  model 


Mingde  Su  ,  .Qinjun  Kang 
Department  of  Engineering  Mechanics 
Tsinghua  University 


1.  Introduction 

The  rapid  development  of  the  modern  computer  in  speed  and  memory  provides  a  powerful  tool 
to  investigate  the  turbulence.  Recent  direct  numerical  simulation  (DNS)  of  the  Navier-Stokes 
equation  has  demonstrated  its  capability  to  describe  the  details  of  the  turbulent  flow.  However,  the 
ratio  of  the  largest  scale  to  the  smallest  scale  of  vortexes  in  turbulent  flow  increases  with  the 
Reynolds  number  of  the  flow  rapidly,  hence  the  scale  of  the  computational  domain  must  be  largo* 
than  the  largest  scale  and  the  mesh  scale  should  be  less  than  or  at  least  equal  to  the  scale  of  the 
smallest  vortex,.  Then  the  mesh  number  is  very  large  and  the  required  memory  of  compute  will  be 
so  enormous  to  exceed  the  limit  of  the  recent  supercomputer  even  if  the  Reynolds  number  is 
moderate.  As  a  compromise  method,  the  large  eddy  simulation(LES)  emerges  as  the  times,  in 
which  the  vortexes  with  mesh-like  scale  can  be  described  and  the  influence  of  the  movement  with 
the  smaller  scale  to  the  simulated  movement  with  large  scale  is  achieved  through  the  subgrid  scale 
modeling.  When  the  mesh  scale  is  small  sufficiently,  the  major  performance  and  details  of  the 
turbulence  can  be  displayed. 

In  the  present  paper,  the  LES  tool  is  used  in  the  numerical  simulation  of  the  turbulent  flow 
around  a  circular  cylinder  with  the  subcritical  Reynolds  number  of  3900.  As  we  know,  at  Reynolds 
numbers  between  300  and  2xl05,  i.e.  sub-critical  range,  the  flow  is  especially  a  challenging 
problem  in  computational  fluid  dynamics,  for  it  is  accompanied  by  a  laminar  boundary  layer 
including  unsteady  separations  and  reattachments,  flow  reversals  at  the  cylinder  surface  and  in  the 
near  wake,  adverse  pressure  gradients,  transition  of  free  shear  layers  and  a  turbulent  wake  with 
random  and  periodic  Reynolds  stress  of  comparable  magnitudes.  Therefore  to  simulate  this  turbulent 
flow  is  the  most  suitable  object  of  LES.. 

In  early  stage,  many  2D  numerical  simulations  of  the  turbulent  flow  past  a  circle  were  made. 
However,  Mittal,  Balachandar  and  our  results  show  that  the  3D  effect  in  the  numerical  simulation  of 
the  turbulent  flow  around  a  circle  with  Reynolds  number  of  the  moderate  Reynolds  number  is 
specially  evident.  (Beaudan  &  Moin;  Jordan  &  Ragab;  ,Lu,  Dalton  &  Zhang;  Sun  &  Dalton).  In 
the  present  paper,  the  turbulent  flow  around  a  circle  with  Reynolds  number  of  3900  is  simulated  by 
2D  and  3D  LES  and  their  results  are  compared  each  other.  The  comparison  discovers  the  three 
dimensional  effect  of  the  turbulence.  The  details  of  the  turbulent  flow  are  described  through  the  LES 
of  the  3D  flow.  The  present  paper  consists  of  the  following  four  parts;  the  non-eddy  viscosity 
stimulate  small  scale  SGS  modeling  is  introduced  in  the  2.  Section  After  the  belief  introduction  of 
the  numerical  method  and  boundary  conditions,  the  results  of  2D  LES  of  the  turbulent  flow  is 
presented  and  compared  with  the  experimental  data  in  3.  Sectioa  The  4.  Section  presents  the  results 
of  3D  LES  of  the  turbulent  flow  in  details.  Not  only  the  statistical  average  values  such  as  drag 
coefficient,  Strouhal  number  etc.  are  compared  with  experimental  data  and  other  numerical  results, 
but  also  the  3D  structures  of  the  near  wake  of  the  flow  around  circle  cylinder  are  displayed.  The 
present  results  discover  the  region  of  backscatt  in  the  near  wake.  The  reason  to  cause  3D  effect  is 


explained  with  the  results  of  3D  LES.  In  the  5.  section,  some  useful  conclusions  is  obtained. 

2.  Non-eddy  viscosity  SGS  model  and  numerical  method 

In  the  large  eddy  simulation,  to  consider  the  influence  of  the  small  scale  movement  to  the  large 
scale  movement.  Subgrid  Scale  (SGS)  model  must  be  used.  When  the  SGS  quasi-Reynolds  stresses 
occupy  the  small  parts  of  the  turbulence  stresses,  the  results  of  LES  is  not  so  sensitizing  to  the  SGS 
modeling.  It  is  an  important  performance  of  LES.  When  the  mesh  scale  is  sufficiently  small,  the 
effect  of  the  SGS  modeling  to  the  results  of  LES  is  no  essential.  However,  in  the  LES  of  the 
complex  turbulent  flow,  the  SGS  model  has  large  effect  to  the  results  of  LES.  Recently,  the 
developirent  and  design  of  new  SGS  model  become  a  focus  of  the  investigation  of  many  theoretical 
scientists.  In  the  present  paper,  the  non-eddy  viscosity  stimulated  small  scale  SGS  model  is  selected 
to  use,  which  is  developed  by  Shah  &  Ferziger  in  1997.  The  basic  idea  of  the  scale  similarity  of 
Bardina  provides  a  goal  representation  of  the  instantaneous  energy  transfer  between  the  large  and 
small  scale  movements.  But  Bardina’s  model  gives  smaller  mean  dissipation  because  forward  and 
backward  energy  transfer  are  nearly  balanced.  Shah  &  Ferziger  find  it  is  plausible  that  if  higher 
order  trams  are  included  in  the  Bardina’s  approximation  for  u*  (instead  filtered  velocity  £/,. ), 
Bardina’s  model  can  provide  sufficient  xrcan  dissipation,  yet  retain  other  favorable  characteristics 
of  this  model.  Thus  Shah’s  model  is  proposed  in  the  following  form  for  the  SGS  stress: 


*  «  *  * 

T~  =  U  U  •  —  U-  U  : 

i  J  t  J 

(1) 

where  u*  is  declined  as  the  solution  of  a  partial  differential  operator  using  the  filtered  velocity 

Ui  as  a  source  term 

L(u;)  =  Ui  L=  LxLyLz 

(2) 

where  Lx  is  a  differential  operator: 

f  d  d2) 

L*-[1  +  Cldx  +  C2dx2} 

(3) 

Ly ,  Lz  have  similar  form.  The  filter  operation  is  defined  in  a  similar  manner: 

7  =  3(U;)  3  =  3,3,3, 

(4) 

where 

(  s  a1) 

*’-[1+D'dx  +  D2dx2] 

(5) 

The  operators  were  chosen  to  have  factored  form  rather  than  a  simple  three  dimensional  form  for 
computational  convenience.  Substituting  u]  and  u]  into  (1)  gives  the  modeled  SGS  stress.  Both 
L,3  are  smoothing  operator  (for  C2,D2  >  0 )  The  coefficients  CpC2,D,,D2are  the 
parameters  in  the  present  model  and  determine  the  extent  to  which  the  small  scales  of  the  resolved 
field  are  used  in  the  SGS  model,  u*  is  obtained  by  sequential  inversion  of  Lx,Ly,  Lz  in  (3).  The 

filtering  operation  in  (4)  requires  an  explicit  application  of  Zx,3y,3z  to  u] .  When  the 
coefficients  in  L,  3  are  identical  then  3 L"1  =  I  and  u*  =  U,  ■  The  essence  of  the  model  is  the 

stimulation  of  small  scales  of  filtered  field  to  create  the  SGS  stresses. 

To  determine  the  coefficients  in  the  filtering  operation,  consider  the  following  expression  for 
U*  in  one  dimension: 


(6) 


,  du  ^  d2u 

U=u  +C'lb+Cl  dx1  (  > 

It  is  a  local  Taylor  series  approximation  for  the  filtered  quantity  in  term  of  the  unfiltered  quantity. 
For  the  non-symmetric  box  filter  shown  in  Fig.  1.,  where  j  refers  to  computational  nodal: 


G(x-Xj)  =  \ 


1/A  for  —  <\x- Xj\ 

0  /or|x-x;.|>-j(7) 


j-l/2 


j  }+lf2 
Fig.l 


A  =  (Aj+A>1)/2 
Fig.  1  shows  a  nonsymmetric  box  filter.  Filtering  u  by  using  this  box  filter  gives 


f  A ;  A./- i  du 

U U)  =  J  G(x  -  Xj  )u(x)dx  =  u(Xj )  + - - - 


dx 


Ay'  “  AjAj-l  +  A j- 1  d2U 


24 


tlx2 


+  0(A3) 


(8) 


where  the  Taylor  series  expansion  of  u(x)  around  Xj  is  used.  The  superscript  denote  that  U  is 

filtered  values  in  space  {xj  -  A  /2,Xj  +  Aj  /  2)  .  Thus,  u  will  be  a  second-order 

approximation  to  u  if  the  coefficients  in  (6)  and  (8)  are  matched.  A  finite  difference  approximation 
to  the  operator  Lx  of  (2.6)  can  be  written  as 

Uj  =  au *_!  +  bu*  +  cu)+1  (9) 

Substituting  the  Taylor  series  expansion  for  Uj_ j ,  u J+1  about  j-th  nodal  into  (9),  we  obtain 

( 


du 


Uj  =(a  +  b  +  c)u*  +  ( chj  -  ahj_ r)— 


ti 


,  »u 

ct  ~r 


2  ^  j2  .• 


d2u 


dx2 


+  0(ch2  -  ah2_f) 


(10) 


where  hj  =  Xj+1  -  Xj .  Matching  the  coefficients  in  (8)  and  (10)  gives  values  of  a,b,c  as  below: 
h2  ( m 2  -  3m)  +  hjh ^ (3m  -  m2 )  +  h^m2 

\2hj_fhj  +hh j) 


a  = 


b-\-a-c 

h)m2  +  h j hj_!  (3m  -  m2 )  +  h2_2  (m2  -  3m) 


m  = 


aj+am 

hj  +  hj_x 


(ID 


c  = 


\2hj_fhj  +  /tM) 

Here  u  is  replaced  by  U  in  (8)  and  the  third  order  small  error  is  ignored  and 

h)  h)_x 

Q  =  chj  -  ahj _!  C2=c—  +  a — 

which  are  coefficients  in  (6).  To  determine  u]  by  using  (9),  boundary  condition  for  u  is  required, 
which  can  be  chosen  to  be  same  as  those  for  U  on  the  boundary.  Extending  (9)  into  all  direction,  the 


operators  Lx,Ly,  Lz  are  determined.  The  operators  are  determined  too  under  different 

spatial  filtering  size.  It  is  necessary  to  note  that  u  will  no  longer  be  a  second  order  approximation 
of  u  when  the  operation  Lx  in  x-direction  is  extent  to  three  dimensions  by  its  sequential  application. 

In  the  numerical  simulation  of  the  complex  flow,  the  nonorthogonal  coordinate  system  is  used. 
In  this  case,  the  coordinate  transfermation  from  (x,y>z)  to  (£  ,77  yg  ) ,  the  later  is  an  arbitrary 

curviline  coordinate  system,  in  which  the  grids  have  uniform  scale.  Then  the  filter  is  completed  in 
the  coordinate  system  (£  ,7]  >g  )  and  the  quasi-Reynolds  stresses  are  calculated  as  below: 

*ij  =  P  rP  l(«X  ~  “r  «.’)  (12) 

where  ;  /3  l}  co  -  factor  of  d  x}  Id  £  in  J 

where  x{  are  the  coordinates  of  a  Cartesian  coordinate  system;  £  are  the  coordinates  of  the  general 

curvilinear  system,  J  is  the  Jacobian  determinant  of  the  translation  between  the  two  coordinate 
systems.  vi  are  the  resolved  velocity  components  which  are  along  the  x{  direction  of  the  Cartesian 

coordinate  system  in  stead  of  along  the  coordinate  line. 

In  the  present  paper,  the  second-order  QUICK  difference  scheme  in  space  is  used.  This  scheme 
has  conservation  and  is  an  upwind  scheme.  The  discretization  of  the  governing  equations  is 
completed  with  finite  volume  method.  In  the  incompressible  flows,  the  momentum  equations  link  the 
velocities  to  the  respective  pressure  gradients  whereas  the  continuity  equation  does  not  link  the 
pressure  gradients  explicitly.  In  the  present  work,  the  nonstaggered  grid  system  is  accepted.  Storing 
the  variables  at  the  geometric  center  of  the  control  volume  coupled  with  the  use  of  the  linear 
interpolation  for  the  intemodal  variation  usually  leads  to  nonphysical  oscillation  or  the  so-called 
red-black  checkerboard  splitting  of  the  pressure  field  and  the  associated  difficulties  in  obtaining  a 
converged  solution  A  solution  to  overcome  this  difficulty  is  to  use  the  momentum  interpolation 
technique  to  evaluate  cell  face  variables  from  the  cell  centered  quantities.  The  conception  of 
momentum  interpolation  was  proposed  first  by  Rhie  &  Chow  .  This  technique  together  with  the 
SIMPLEC  algorithm  are  implemented  in  the  present  numerical  simulation 
3.  Numerical  results  and  discussion 

While  the  final  object  of  our  series  work  is  to  simulate  the  flow  with  complex  geometry,  so 
that,  the  arbitrary  nonorthogonal  curvilinear  coordinate  system  is  used.  In  the  present  paper,  the 
scales  of  computational  domain  in  three  directions  for  different  cases  are  listed  in  Table  1 .  Here  x  is 
the  direction  main  flow,  y  is  normal  direction  to  the  ax  of  the  cylinder  and  x-direction  z  is  spanwise 
direction,  i.e.  the  axial  direction  of  the  cylinder.  The  forward  edge  of  the  computational  domain,  i.e. 
the  upstream  boundary  of  the  computational  domain  is  Lj  far  from  the  circle,  the  top  and  bottom 

boundaries  are  t  far  from  the  cylinder.  The  downstream  locates  Ld  far  from  it.  D  is  diameter  of 


the  cylinder,  the  computational  domain  and  partial  grid  system  near  circular  cylinder  is  displayed  in 
Fig.2.  The  grid  number  can  be  found  in  Table  1.  The  finest  grid  is  on  the  surface  of  cylinder,  its 
scale  in  radial  direction  is  0.0 15R.  .  So  the  logarithmic  law  on  wall  and  no-slip  boundary  condition 


are  automatically  selected  according  to  the  value  of  y+ 


u  y 

-1—  >5  Or  <  5 ,  where  y  is  normal 
V 


distance  of  grid  center  point  from  the  circular  cylinder  surface  and  ur  is  viscous  shear  velocity. 
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Fig.  2.  Geometry  of  computational  domain  and  grids  near  cylinder 
From  Table  2.  It  can  be  found  that  the  difference  between  experimental  data  and  the  numerical 
result  of  statistical  average  values  of  2D  LES  in  this  case  is  evident(See  Table  2).  The  experimental 
and  other  numerical  simulation  show  such  fact:  in  the  flow  with  sub-critical  Reynolds  number  of 
some  thousands  the  3D  effect  is  the  most  evident.  The  present  LES  confirms  this  fact  again.  In 
Table  2.,  the  statistical  average  values  of  different  cases  are  listed  and  compared.  In  Fig.3,  the 
averaged  streamlines  for  2D  and  3D  are  compared  and  the  3D  effect  is  displayed  clearly. 

In  Figs.4  -  7,  some  results  of  the  present  simulation  are  compared  with  other  numerical  results, 
the  comparison  shows  the  present  results  of  3D  LES  are  near  experimental  and  DNS  results.  Fig.8 
and  9  display  the  spanswise  variations  of  the  pressure  and  vorticity.  In  addition,  in  the  present 
computation,  the  backscatt  in  wake  is  discover.  As  we  know,  normally,  the  kinematical  energy  of 
turbulence  is  transferred  from  large  vortex  to  small  vortex,  it  is  called  as  cascade  phenomena.  In 
fact,  in  some  location  and  time,  there  is  also  an  inverse  progress,  i.e.  transpiration  of  the  kinematical 
energy  of  turbulence  from  small  vortex  to  large  vortex,  i.e.  backscatt.  In  those  case,  the  dissipation 
of  the  kinematical  energy  of  turbulence  should  be  negative.  In  the  LES  with  eddy  viscosity 
coefficient,  e.g.  Smagorinsky  SGS  Modeling,  the  negative  dissipation  cannot  appear,  because  the 
eddy  viscosity  coefficient  is  always  positive.  In  the  LES  with  dynamic  SGS  model,  the  negative 
eddy  viscosity  coefficient  can  appear,  however  it  will  remain  a  long  time  to  cause  the  divergence  of 
the  computation.  Hence,  in  the  calculation,  some  forced  limiter  must  be  used  and  the  obtained 
backscatt  is  no  real.  In  the  present  computation,  the  non-eddy  viscosity  stimulate  SGS  modeling  is 
adopted  and  the  computation  of  the  eddy  viscosity  coefficient  of  turbulence  is  not  necessary, 
therefore  the  backscatt  will  not  induce  the  divergence  of  computation.  That  means  that  in  the  region 
of  near  wake  the  probability  of  eventuating  the  negative  dissipation  of  the  kinematical  energy  of 
turbulence  is  larger  than  far  wake.  It  is  clear  that  the  kinematical  energy  of  turbulence  is  dissipated 


U  Kj 


and  the  rolling  of  the  small  vortex  is  nominal. 


Fig.  3.  Time  average  streamline 


Fig.4  Coefficient  Fig.5.  Distribution  of  average  velocity  in  x-direction 
of  pressure  on  surface  (over  time  and  spanwise  direction) 
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Table  2. 


RE 


100 


20000 


3900 


Present 


Braza. 

[4] 


IPresent 


exp. 


Sun  et.al. 
(2D)[21] 


Lu  et.al. 
[12] 


Present 


(2D) 


(3D) 


exp. 


Beaudan 


(2D) 


(3D) 


D_ 

f 


1.38 


1.37 


1.25 


1.20 


1.30 


1.15 


1.54 


0.96 


0.98 


1.74 


1.00 


±0.4 


±0.4 


(±0.8 

(rmsO.57) 


±0.8 


±0.6 


±1.5 


±2.15 


).203  1 


0.172 


0.170 


0.233 


0.21 


0.286 


0.205 


0.301 


0.223 


0.215 


0.263 


Fig.  10  Contours  of  COz  =  0.2 


Fig.  1 1 .  Distribution  of  dissipation  of  turbulence  energy  at  a  moment 
4.  Conclusions 

The  main  conclusions  can  be  summaried  as  below: 

a)  In  the  present  work,  the  numerical  method,  boundary  condition  are 
available  for  the  LES.  This  conclusion  is  proved  by  the  detail  comparison 
of  the  present  results  with  the  results  of  Baudan  et.al.  work  and 
experimental  data. 

b)  Noneddy  viscosity  stimulate  SGS  model  is  accepted  to  avoid  the  given 
single  parameter  in  Smagorinsky.  Computation  shows  that  the  SSS 
modeling  of  LES  is  better  than  the  Smagorinsky  modeling  for  both  2D  and 
3D  simulation.  SSS  model  has  been  extent  into  the  LES  of  the  complex 
turbulent  flow.  It  is  necessary  specially  for:solving  the  industrial 
problems. 

c)  The  3D  effect  is  specially  evident  for  the  case  with  the  moderate  sub- 
critical  Reynolds  number  of  3900.  According  to  the  analysis  of  the  flow 
structure,  specially  the  span  wise  movement  in  the  flow,  the  reason  of  the 
3D  effect  is  explained. 

d)  The  databank  established  by  LES  can  be  applied  in  the  further  analysis  of 


the  turbulent  flow,  e.g.  vortex  structure,  coherent  flow,  backscatt 
phenomena  ettc. 

Of  course.  It  is  still  necessary  to  simulate  the  turbulent  flow  with  high  sub-critical  Reynolds  number 
of  20000  by  using  3D  LES.  It  is  useful  to  understand  the  3D  effect  further. 
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1.  Introduction 

Nowadays,  acoustic  liners  are  essential  for  jet  engine  noise  suppression.  In  the  case 
of  resonant  liners,  the  openings  of  the  resonators  are  usually  very  small.  Because  of 
the  small  dimensions,  the  flow  field  around  the  mouth  of  the  resonators  has  not  been 
directly  observed  or  measured  experimentally.  This  is  so  in  spite  of  the  fact  that  most 
acoustic  energy  dissipation  takes  place  in  this  region.  Present  day  understanding  of  the 
flow  field  and  dissipation  mechanisms  of  resonant  liners  are  largely  theoretical  or  is  based 
on  experiments  using  much  larger  scale  models.  The  Reynolds  numbers  of  these  large 
models  are,  however,  not  the  same  as  those  of  the  actual  resonators  of  the  liner. 

At  the  present  time,  it  is  a  standard  practice  to  use  semi-empirical  methods  to  cal¬ 
culate  the  impedance  of  a  liner;  e.g.,  Kraft,  Yu  and  Kwan1,  Hersh  and  Walker2,  Jones3. 
The  origin  and  basic  concepts  of  most  of  these  methods  can  be  traced  back  to  the  work  of 
Melling4.  Melling  recognized  that,  depending  on  the  sound-pressure-level  (SPL),  a  liner 
can  behave  linearly  or  nonlinearly.  In  the  linear  regime,  the  flow  at  the  opening  of  a  res¬ 
onator  is  assumed  to  be  laminar  and  parallel.  These  assumptions  are  true  for  flows  in  long 
tubes  at  low  Reynolds  number.  On  starting  from  these  assumptions,  Melling  presented 
analysis  to  show  that  the  dissipative  or  resistive  losses  may  be  of  the  Poiseuille  type  or 
the  Helmholtz  type  (the  latter  being  frequency  dependent).  Essentially,  the  losses  come 
about  because  of  viscous  dissipation  in  the  shear  layer  as  shown  in  Figure  la.  Since  the 
flow  passage  in  the  opening  of  the  resonator  has  a  finite  length,  an  end-correction5,6  was 
added  to  account  for  the  extra  losses.  In  the  nonlinear  regime,  it  is  generally  assumed  that 
a  turbulent  jet  forms  at  the  mouth  of  the  resonator  as  illustrated  in  Figure  lb.  Early  ex¬ 
perimental  observations  by  Ingard  &  Labate7  and  Ingard  &  Ising8  on  flow  from  relatively 
large  orifices  appeared  to  provide  the  basis  for  the  turbulent  jet  model.  The  turbulent  jet 
model  was  adopted  in  the  theoretical  work  of  Sirignano9  and  Zinn10 .  Recently,  the  obser¬ 
vation  of  jetting  was  reported  by  Hersh  and  Walker2  (but  we  are  unable  to  find  the  size  of 
the  orifice  in  their  experiment).  When  a  turbulent  jet  is  formed,  the  primary  mechanism 
of  dissipation  is  turbulence.  In  the  semi-empirical  approach,  most  investigators  employed 
a  discharge  coefficient  to  lump  all  the  turbulence  dissipation  into  a  single  unknown.  There 


is,  however,  no  generally  accepted  method  to  find  the  value  of  the  discharge  coefficient. 

The  primary  objective  of  this  investigation  is  to  obtain  a  better  understanding  of  the 
flow  field  and  physics  around  the  opening  of  a  liner  resonator  when  excited  by  incident 
acoustic  waves.  Specifically,  we  are  interested  in  the  mechanisms  by  which  the  acoustic 
energy  is  dissipated.  We  will  investigate  both  the  linear  as  well  as  the  nonlinear  regime. 
It  is  also  our  plan  to  perform  a  parametric  study  of  the  effects  of  frequency,  intensity  and 
angle  of  incidence  of  the  incident  sound  waves  on  the  flow  field. 

To  accomplish  our  objectives,  we  will  perform  direct  numerical  simulation  of  the  flow 
field  around  and  inside  a  liner  resonator  under  the  excitation  of  plane  acoustic  waves. 
Unlike  physical  experiments,  the  smallness  of  the  opening  of  the  resonator  is  not  a  hin¬ 
drance  to  our  numerical  simulation.  There  are  two  distinct  advantages  in  using  direct 
numerical  simulation.  The  first  advantage  is  that  by  using  a  well-designed  computation 
mesh,  it  is  possible  to  resolve  and  observe  even  very  small-scale  features  of  the  flow.  This 
will  allow  us  to  make  a  precise  estimate  of  the  viscous  dissipation  rate.  Secondly,  we  can 
impose  the  correct  Reynolds  number  in  the  numerical  experiments.  This  avoids  the  basic 
mismatch  of  Reynolds  number  problem  when  using  a  much  larger  model  in  a  physical 
experiment.  To  ensure  that  the  numerical  simulation  is  of  high  quality,  the  7-point  stencil 
Dispersion-Relation-Preserving  (DRP)  scheme11  is  used.  The  DRP  scheme  is  a  computa¬ 
tional  aeroacoustics  method  designed  to  minimize  numerical  dispersion  and  dissipation12 . 
The  scheme  has  been  applied  successfully  even  to  the  screech  tone  problem13  in  which 
very  small  amplitude  sound  waves  were  captured  in  the  presence  of  supersonic  flows  and 
shockwaves.  Good  agreements  were  found  between  the  computed  screech  tone  frequencies 
and  intensities  with  experimental  measurements. 

At  low  incident  acoustic  intensity,  our  numerical  simulations  indicate  that  the  flow 
in  the  channel  of  the  resonator  opening  is  not  in  the  form  of  a  slug  flow  as  suggested 
by  Melling4  and  others.  The  unsteady  boundary  layer  flow  has  jet-like  velocity  profiles 
which  are  responsible  for  most  of  the  viscous  dissipation.  At  high  acoustic  intensity, 
a  new  dissipation  mechanism  due  to  the  shedding  of  micro-vortices  is  observed.  The 
mechanism  is  extremely  efficient.  In  all  our  simulations,  even  at  sound  level  as  high  as 
160  dB,  a  turbulent  jet  flow  at  the  mouth  of  the  resonator  has  never  been  observed.  This 
differs  from  the  experimental  observations  of  Ingard  and  coworkers7’8.  We  believe  that 
the  difference  is  a  matter  of  Reynolds  number. 


2.  Mathematical  Model,  Grid  Design  and  Computational  Algorithm 
2.1.  MATHEMATICAL  MODEL 


We  will  consider  the  case  of  a  single  resonator  in  a  static  environment.  Essentially, 
we  are  interested  to  find  the  micro-fluid  flow  field  of  a  two-dimensional  resonator  induced 
by  incident  plane  acoustic  waves  as  shown  in  Figure  2. 

Typical  dimension  of  the  resonator  opening,  D,  is  quite  small.  For  this  reason,  the 
viscous  effect  is  anticipated  to  be  important  near  the  mouth  of  the  resonator.  The  govern¬ 
ing  equations  are  the  compressible  Navier-Stokes  and  energy  equations.  In  dimensionless 
form  with  length  scale  =  D  (the  width  of  the  resonator  opening),  velocity  scale  =  Oqo  (the 
sound  speed),  time  scale  =  density  scale  =  p ^  (ambient  gas  density)  and  pressure 
and  stress  scale  =  p^a^,  these  equations  may  be  written  as, 

dp  duj  dp 

m+pd^  +  UiaTi=0 


(i) 


(2) 


dui  dui  _  1  dp  1  drij 

dt  1  dxj  p  dx{  p  dxj 


Rd  —  ^>a°°  (Reynolds  number). 


On  the  walls,  the  no-slip  boundary  conditions  are  to  be  enforced. 

2.2.  GRID  DESIGN 

The  present  problem  is  one  with  large  disparate  length  scales.  Away  from  the  opening 
of  the  resonator,  viscosity  is  unimportant.  In  these  inviscid  regions,  both  outside  and 
inside  the  resonator,  the  length  scale  is  the  acoustic  wavelength  A.  Adjacent  to  the  walls 
at  the  opening  of  the  resonator,  thin  unsteady  viscous  wall  layers  would  develop.  The 
thickness  of  these  layers,  8,  is  much  smaller  than  the  width  of  the  opening;  i.e.,  D  »  8. 
For  jet  engine  liners,  the  acoustic  wave  length  A  is  much  larger  than  D.  Thus  there  is  a 
length  scale  difference  of  an  order  of  magnitude  or  more  given  by 

A  »  D  »  8.  (5) 

To  provide  adequate  local  spatial  resolution  needed  in  different  regions  of  the  physical 
domain,  a  special  grid  design  becomes  necessary. 

Figure  3  shows  the  computation  domain  used  in  the  simulations.  Figure  4  gives  the 
mesh  size  distribution  inside  and  at  the  opening  of  the  resonator.  A  square  mesh  is  used 
everywhere.  There  are  six  blocks  shown  in  this  figure.  The  block  located  right  at  the 
opening  of  the  resonator  has  the  finest  mesh  with  size  A*  =  0.0125D.  The  mesh  size 
of  each  adjacent  block  increases  by  a  factor  of  2  in  the  direction  going  away  from  the 
opening.  Thus  the  block  with  mesh  size  An  has  an  actual  size  equal  to  2n-1Ai.  We  will 
use  the  7-point  DRP  scheme  in  the  computation.  This  scheme  has  a  spatial  resolution  of 
seven  mesh  points  per  wavelength.  Therefore,  based  on  the  largest  mesh  size  used  inside 
the  resonator,  we  are  confident  that  the  mesh  design  of  Figure  4  can  adequately  resolve  up 
to  the  5th  transverse  and  the  12th  longitudinal  standing  acoustic  modes  of  the  resonator. 

Figure  5  provides  the  grid  distribution  outside  the  resonator.  There  are  8  blocks 
surrounding  the  block  with  the  finest  mesh  at  the  mouth  of  the  resonator.  Again  the 
mesh  size  of  the  adjacent  block  increases  by  a  factor  of  2  as  indicated.  The  largest  mesh 
size  is  28  =  256  times  that  of  the  smallest  mesh  or  3.2  times  the  size  of  the  resonator 
opening.  As  has  been  noted  before,  viscous  effect  is  unimportant  away  from  the  mouth 
of  the  resonator.  Accordingly,  in  our  computer  code,  the  viscous  terms  of  equations  (1) 
to  (3)  are  dropped  except  in  the  blocks  with  the  five  smallest  mesh  sizes.  In  other  words, 
the  Euler  equations  instead  of  the  Navier-Stokes  equations  are  solved  in  the  blocks  with 
coarse  meshes. 

2.3.  COMPUTATIONAL  ALGORITHM 

Equations  (1)  to  (4)  are  discretized  according  to  the  7-point  stencil  DRP  scheme11,12. 
To  eliminate  spurious  numerical  waves,  artificial  selective  damping  terms  are  added  as 


suggested  in  Ref.  [14],  [12].  For  instance,  the  ^-momentum  equation  of  (2)  after  dis¬ 
cretization  in  two  steps  has  the  form, 


j= o 


where  t ,  m  are  the  spatial  indices  in  the  x-  and  y-directions.  Superscript  n  is  the  time 
level.  i?A  =  the  artificial  mesh  Reynolds  number;  A  is  the  local  mesh  size  in 

physical  units.  The  last  term  of  (6)  is  the  artificial  selective  damping  term14,12. 

The  change  in  mesh  size  between  two  computation  blocks  requires  the  use  of  special 
stencils  for  mesh  points  in  the  buffer  region.  To  avoid  unnecessary  computation,  the  local 
time  step,  A also  changes  by  a  factor  of  2  between  adjacent  blocks  in  exactly  the  same 
way  as  the  mesh  size.  A  more  detailed  description  of  this  multi-size-mesh,  multi-time-step 
algorithm  is  provided  in  Ref.  [15]. 

On  the  wall  surfaces,  inside  and  outside  the  resonator,  the  ghost  point  method16  is 
used  to  enforce  the  wall  boundary  conditions.  We  use  the  no-slip  boundary  conditions 
along  the  walls  adjacent  to  the  computation  blocks  with  the  two  smallest  mesh.  For  the 
remaining  walls,  the  zero  normal  velocity  boundary  condition  is  enforced. 

Along  the  artificial  outside  boundaries  of  the  computation  domain  (see  Figures  3  and 
5),  a  special  set  of  boundary  conditions  is  required.  These  boundary  conditions  perform 
two  very  different  functions.  First,  it  must  generate  the  incident  and  the  reflected  waves 
(the  wave  system  above  the  flat  wall  outside  the  resonator)  as  if  the  domain  is  semi¬ 
infinite.  Second,  the  boundary  conditions  must  allow  the  acoustic  disturbances  generated 
by  the  resonator  to  leave  the  computation  domain  without  reflection.  In  this  work,  we  use 
the  split  variable  method17.  A  perfectly  matched  layer  (PML)18  is  used  at  the  outermost 
mesh  block  of  the  computation  domain. 

It  is  known  that  spurious  numerical  waves  are  usually  generated  at  the  boundaries 
of  the  computation  domain.  If  ignored,  these  waves  could  lead  to  numerical  instability. 
To  suppress  the  generation  of  these  spurious  waves,  additional  artificial  selective  damping 
terms,  beyond  that  needed  for  general  background  damping  discussed  before,  are  added 
around  the  boundaries  of  the  computation  domain  shown  in  Figure  3.  In  this  work,  we 
follow  the  scheme  used  in  Ref.  [13].  Special  treatment  of  corner  points  employed  in  Ref. 
[13]  is  also  adopted  here  for  the  four  corner  points  at  the  opening  of  the  resonator. 

3.  The  Flow  Field  Excited  by  Low  Intensity  Sound 

In  this  section,  the  results  of  our  direct  numerical  simulation  of  the  flow  and  acoustic 
fields  of  the  resonator  under  the  excitation  of  low  intensity  sound  waves  are  reported. 


Throughout  this  work,  the  dimensions  of  the  resonator  (see  Figure  2)  are  taken  to  be, 

D  =  T  =  0.8  mm,  L  =  3 6D,  W  =  14 D.  (8) 


The  temperature  is  15°  C.  The  speed  of  sound  and  the  kinematic  viscosity  of  air 
340  m/sec  and  0.145  cm2/sec,  respectively.  Based  on  the  depth  of  the  resonator, 
quarter  wave  resonance  frequency  is  approximately  3  KHz. 

In  all  the  simulations,  the  incident  and  reflected  sound  field  in  the  absence  of 
resonator  is  used  as  the  initial  condition  outside  the  resonator.  Inside  the  resonator, 
initial  condition  used  is 

1 

p  =  -,  p  —  1,  u  =  v  =  0. 
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the 

the 

the 

(9) 


The  numerical  solution  is  marched  in  time  until  the  transient  disturbances  have  left  the 
computation  domain.  All  the  observations  and  measurements  reported  here  are  made 
after  a  time  periodic  state  is  established  in  the  computation  domain. 

Figure  6a  shows  the  instantaneous  streamline  pattern  around  the  opening  of  the 
resonator  at  120  dB  incident  sound-pressure-level  and  3  KHz  frequency.  The  angle  of 
incidence  is  30°.  The  flow  is  laminar  and  unsteady.  Figure  6b  shows  the  w-velocity  profile 
at  three  levels.  The  top  figure  is  at  y  =  0.2,  which  is  slightly  above  the  opening.  The 
middle  and  bottom  figures  are  at  the  top  and  bottom  of  the  opening.  Of  interest  is  the 
jet-like  velocity  profile  adjacent  to  the  walls  of  the  opening.  This  velocity  profile  is  quite 
different  from  that  given  in  Melling4.  It  is  certainly  not  slug  flow  as  assumed  by  some 
past  investigators. 

The  purpose  of  an  acoustic  liner  is  to  dissipate  the  energy  of  the  incident  acoustic 
waves.  With  the  velocity  field  determined,  it  is  straightforward  to  calculate  the  rate  of 
energy  dissipation  due  to  viscosity.  The  time  averaged  dissipation  rate  at  (x,y),  D(x,y), 
is  given  by  (in  dimensional  units) 


,  If  dui  . 


(10) 


where  +  and  T  is  the  period  of  oscillation.  Figure  7  shows  a  contour  map 

of  D(x,  y )  in  the  region  at  the  mouth  of  the  resonator.  As  expected,  most  of  the  energy 
dissipation  takes  place  adjacent  to  the  walls  of  the  opening  of  the  resonator.  The  shear 
gradient  of  the  jet-like  boundary  layer  flows  is  responsible  for  most  of  the  dissipation.  The 
total  energy  dissipation  rate,  F'viscousi  may  be  found  by  integrating  (10)  over  the  mouth 
region  of  the  resonator 

•^viscous  =  II  D(x,y)dxdy.  (11) 

resonator 


The  energy  flux  of  the  incident  acoustic  waves  through  an  area  equal  to  the  opening  of 
the  oscillator  is  equal  to, 


-^incident  — 


p 2  D 

Poo&oo 


(12) 


where  an  overbar  indicates  the  time  average.  Measured  value  from  the  numerical  simula¬ 
tion  yield  ^Viscous /^incident  =  0.57.  In  other  words,  about  60%  of  the  acoustic  energy  flux 
is  dissipated.  This  is  a  typical  value  at  low  incident  sound  intensity.  Thus  in  the  linear 
regime,  the  dissipation  rate  is  low. 

4.  The  Flow  Field  Excited  by  High  Intensity  Sound 

It  turns  out  when  the  incident  sound-pressure-level  (SPL)  is  increased  to  150  dB,  the 
flow  around  the  opening  of  the  resonator  changes  drastically.  The  flow  pattern  is  quite 
unexpected.  The  phenomenon  is  neither  laminar  nor  turbulent.  It  is  slightly  chaotic  and 
aperiodic;  a  state  somewhere  between  laminar  and  turbulent. 

4.1.  THE  PHENOMENON  OF  VORTEX  SHEDDING 

Under  high  intensity  incident  sound  waves,  the  shedding  of  micro-vortices  occurs  at 
the  opening  of  the  resonator.  Figure  8  shows  the  instantaneous  streamline  pattern  of  the 
flow  field  at  150  dB  SPL  and  3  KHz  frequency.  The  closed  streamlines  represent  vortices. 
These  vortices  are  shedded  from  the  corners  of  the  opening. 

With  vortex  shedding  under  forcing  at  the  resonance  frequency,  the  flow  velocity  at 
the  resonator  opening  is  extremely  high.  Figure  9  shows  the  u-velocity  distribution  along 
the  centerline  of  the  opening.  In  the  presence  of  strong  vortices  the  v- velocity  component 
may  reach  an  instantaneous  value  as  high  as  0.1  to  0.2  Mach  number.  This  is  very  high 
flow  velocity. 

4.2.  SHEDDING  OF  MICRO- VORTICES  AS  A  DISSIPATION  MECHANISM 

Each  shedded  micro-vortex  carries  with  it  a  certain  amount  of  kinetic  energy.  This 
energy  comes  originally  from  the  incident  acoustic  waves.  The  kinetic  energy  associated 
with  the  rotational  motion  of  the  vortex  cannot  be  converted  back  into  acoustic  wave 
energy.  It  is  dissipated  into  heat  through  viscosity.  In  this  way,  the  shedding  of  micro¬ 
vortices  becomes  a  significant  dissipation  mechanism. 

To  determine  the  efficiency  of  this  dissipation  mechanism,  we  measured  the  rotational 
velocity,  Vg,  of  a  number  of  free  vortices  from  our  numerical  simulations.  The  averaged 
kinematic  energy  of  the  vortex  per  unit  span,  K,  is  given  by 

R 

K  =  7r  J  p(r)vg(r)r  dr  (13) 

o 

where  R  is  the  size  of  the  vortex.  By  counting  the  number  of  shedded  free  vortices  over 
a  long  period  of  time,  the  averaged  number  of  vortices  shedded  per  oscillation  period,  N , 
is  easily  determined.  The  shedding  frequency  is  equal  to  y-  where  T  is  the  period.  The 
rate  of  energy  dissipation  is  given  by 

F  _KN 
-^shedding  —  y  * 

For  the  case  of  incident  sound  at  150  dB,  3  KHz  and  0  (the  angle  of  incidence)  =  30°,  it 
is  found  that  N  =  6.4.  The  ratio  of  the  energy  dissipation  rate  by  vortex  shedding  to 
the  energy  flux  rate  of  the  incident  acoustic  wave  on  an  area  equal  to  the  opening  of  the 


resonator,  Shedding /-^incident  »  is  found  to  be  equal  to  7.5.  On  comparing  this  with  the 
dissipation  rate  due  to  viscosity,  the  vortex  shedding  mechanism  is  about  12.5  times  more 
efficient.  Thus  an  acoustic  liner  is  most  effective  when  there  is  vortex  shedding. 

4.3.  A  PARAMETRIC  STUDY  OF  THE  VORTEX  SHEDDING  PHENOMENON 

A  parametric  study  of  the  vortex  shedding  phenomenon  was  carried  out.  The  res¬ 
onator  has  dimensions  given  by  (8).  Our  first  objective  was  to  determine  the  frequency 
and  sound-pressure-level  (SPL)  at  which  vortex  shedding  would  occur  and  also  its  sensi¬ 
tivity  to  the  angle  of  incidence.  Figure  10  gives  the  boundary  between  vortex  shedding 
and  no  vortex  shedding  in  the  frequency-SPL  (in  dB)  plane.  As  can  be  seen,  vortex  shed¬ 
ding  occurs  when  the  frequency  of  the  incident  sound  waves  is  near  but  not  necessarily  at 
the  resonance  frequency.  However,  the  SPL  must  be  sufficiently  high  indicating  that  the 
phenomenon  is  highly  nonlinear. 

The  vortex  shedding  phenomenon  appear  to  be  not  sensitive  to  the  angle  of  incidence. 
This  is,  perhaps,  not  surprising.  Since  the  size  of  the  resonator  opening  is  much  smaller 
than  an  acoustic  wavelength,  the  resonator  sees  essentially  a  time  fluctuating  field  outside 
irrespective  of  its  original  direction  of  propagation.  Moreover,  the  effectiveness  of  vortex 
shedding  as  a  dissipation  mechanism  of  acoustic  energy  is  also  only  weakly  dependent 
on  the  angle  of  incidence,  Let  E  be  the  total  energy  dissipation  rate.  That  is,  it  is  the 
sum  of  the  rate  of  energy  dissipation  by  vortex  shedding  and  that  by  viscosity  around 
the  mouth  region  of  the  resonator.  Suppose  E{  is  the  energy  flux  rate  of  the  incoming 
sound  on  an  area  equal  to  that  of  the  opening  of  the  resonator.  The  ratio  ^  is  a  measure 
of  the  effectiveness  of  the  resonator  in  dissipating  acoustic  energy.  Figure  11  shows  the 
variation  of  Jr  with  the  angle  of  incidence  at  incident  sound  SPL  of  150  dB  SPL  and 
3  KHz  frequency.  There  is  only  a  small  difference  between  normal  and  grazing  incidence. 
There  is  vortex  shedding  irrespective  of  the  angle  of  incidence. 

5.  Concluding  Remarks 

The  physical  size  of  the  holes  of  a  typical  jet  engine  liner  is  so  small  that,  as  far  as  is 
known,  the  flow  field  around  them  has  never  been  observed  experimentally.  In  the  past, 
semi-empirical  models  of  the  flow  field  had  been  developed.  They  were  used  to  predict 
the  impedance  properties  of  the  liners.  These  models  were  either  formulated  theoretically 
or  based  on  experiments  in  which  much  larger  size  models  were  used.  Because  of  the  size 
difference,  the  correct  Reynolds  number  was  not  reproduced  in  these  experiments. 

In  this  work,  the  micro-fluid  dynamics  of  a  typical  liner  resonator  under  acoustic  ex¬ 
citation  is  investigated  by  direct  numerical  simulation.  It  is  to  be  emphasized  that  the 
small  physical  size  of  the  liner  holes  presents  no  hindrance  to  numerical  simulation.  The 
correct  Reynolds  number  is  imposed  in  all  the  simulations.  Results  of  the  present  simu¬ 
lations  appear  to  be  quite  different  from  what  was  conjectured  theoretically  or  observed 
experimentally  using  larger  scale  models.  At  low  sound  intensity,  we  observe  strong  os¬ 
cillatory  boundary  layer  with  jet-like  velocity  profile  around  the  resonator  opening.  Most 
of  the  dissipation  is  contributed  by  the  shear  gradients  of  the  unsteady  boundary  layer 
flows.  We  have  not  found  slug  flow  nor  Poiseuille-type  flow,  which  are  the  building  blocks 
of  many  semi-empirical  theories. 

At  high  sound  intensity,  we  observe  the  shedding  of  micro-vortices  from  the  mouth 
of  the  resonator.  These  micro-vortices  carry  with  them  a  significant  quantity  of  kinetic 


energy  which  is  eventually  dissipated  into  heat.  Our  measurements  have  shown  that  the 
shedding  of  micro-vortices  is  a  very  efficient  energy  dissipation  mechanism.  It  is  definitely 
a  desirable  feature  of  an  acoustic  liner.  We  found  that  the  angle  of  incidence  of  incoming 
sound  waves  is  not  a  sensitive  parameter  of  the  vortex  shedding  phenomenon.  On  the 
other  hand,  vortex  shedding  occurs  only  when  the  incident  sound-pressure-level  exceeds 
a  certain  critical  value  and  only  at  frequencies  close  to  the  resonance  frequency  of  the 
resonator. 
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Figure  1.  Dissipation  Mechanisms,  (a) 
Low  sound  intensity,  (b)  High  sound  inten¬ 
sity. 


Figure  2.  Mathematical  model  used  in 
numerical  simulation. 


Figure  3.  The  computational  domain. 


Figure  4.  Grid  distribution  inside  and 
at  the  mouth  of  the  resonator.  Mesh  size: 
Ai  -  0.0125D,  An  =  2n”1Ai,  n  =  2, 6. 


32( 


PML  region 


32D  A7  64D 
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Figure  5.  Grid  distribution  outside  the 
resonator.  Mesh  size:  Ai  =  0.0125Z),  An  = 
2B_1Ai>  n  =  2, 9. 


Figure  6b.  Instantaneous  velocity  distri¬ 
bution  (v-component)  near  the  mouth  of  the 
resonator,  (i)  along  y=0.2,  (ii)  along  y=0.0, 
(iii)  along  y=-1.0 


^Figure  7.  Contours  of  time- averaged  dissipation  rate. 


Figure  6a.  Instantaneous  streamline 
pattern  at  the  mouth  of  the  resonator. 
SPL  =  120 dB,  f  =  3 KHz,  6  =  30°. 
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Figure  8.  Instantaneous  streamline  pat¬ 
tern  showing  the  shedding  of  micro-vortices 
at  the  mouth  of  the  resonator.  SPL  = 
150 dtB,  frequency=  3 KHz,  6  =  30°.  Size  of 
the  opening  =  0.8  x  0.8  mm,  size  of  resonator 
=  1.12  x  2.88  cm. 
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Figure  9.  Instantaneous  velocity  distri¬ 
bution  (v-component)  along  the  centerline  of 
the  opening  of  the  resonator.  Incident  sound 
wave  SPL  =  150 dB,  f  =  3 KHz,  6  =  60°. 
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Figure  10.  The  boundary  between  vor¬ 
tex  shedding  and  no  vortex  shedding  in  the 
frequency-sound  intensity  plane.  •  vortex 
shedding,  o  no  vortex  shedding.  Resonance 
frequency  of  resonator  =  3 KHz. 
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Figure  11.  Variation  of  energy  dis¬ 
sipation  rate  with  angle  of  incidence  at 
150 dB  SPL  and  /  =  3 KHz. 
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1.  Introduction 

Gas  explosions  can  have  severe  implications,  both  in  terms  of  structural 
damages  and  loss  of  human  life.  Therefore  a  lot  of  effort  is  put  in  the 
prediction  and  computation  of  gas  explosions,  for  instance  to  be  used  in 
the  design  phase  of  industrial  plants  with  the  objective  to  decrease  the 
damages  in  case  an  explosion  occurs.  For  this  numerical  tools  need  to  be 
developed  that  can  compute  an  explosion  and  its  effects  realistically. 

The  heat  release  by  the  explosion  generates  as  a  result  of  its  expansion 
a  flow.  This  flow  is  in  general  turbulent.  The  turbulence  increases  mixing 
by  which  the  combustion  of  the  explosive  material  in  the  flame  front  is 
accelerated.  As  a  result  of  this  acceleration  the  heat  release  increases  and 
the  turbulence  increases  further.  In  other  words  there  exists  a  positive  feed¬ 
back  loop  between  turbulence  and  the  explosive  combustion  process.  The 
consequence  is  that  the  strength  of  the  explosion  is  increased  substantially 
over  the  level  when  no  effect  of  turbulence  would  be  present.  It  is  felt  that 
the  modelling  of  this  feedback  is  a  weak  point  in  the  present  models  which 
compute  explosions. 

Our  aim  is  to  gain  more  insight  into  this  problem  by  performing  a  Direct 
Numerical  Simulation  (DNS)  of  a  gas  explosion.  The  DNS  consists  of  a 
numerical  solution  of  the  compressible  Navier  Stokes  equations  in  the  zero- 
Mach  number  formulation,  combined  with  a  flame  front  propagation  model. 
In  this  formulation  we  assume  that  the  density  of  the  flow  depends  on  the 
temperature  only,  p  =  p(T).  Therefore,  all  acoustic  effects  are  eliminated 
and  the  problem  can  be  solved,  using  a  standard  pressure  correction  method 
as  applied  in  incompressible  flow  computations.  The  method  assumes  that 
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Figure  1.  Different  regimes  in  pre¬ 
mixed  turbulent  combustion.  Da  is  the 
Damkohler  number,  defined  as  the  ratio  of 
the  turbulent  time  scale  to  the  combustion 
time  scale.  Ka  is  the  Karlovitz,  the  ratio 
between  the  combustion  time  scale  and  the 
Kolmogorov  time  scale,  v  and  sl  are  the 
turbulent  and  the  flame  velocity;  lt  and  If 
the  turbulent  and  combustion  length  scale. 


Figure  2 .  Burnt  and  unburnt  gas  re¬ 
gions  separated  by  a  thin  flame  surface  at 
G(x,t)  =  Go-  (Prom  Bray  et  a/.,  1993.) 


we  have  an  open  flow  with  a  constant  pressure.  In  relation  to  a  real  explosion 
this  is  certainly  a  limitation.  Nevertheless,  it  is  still  very  useful  to  gain  more 
insight  in  the  turbulence-combustion  interaction  and  should  lead  to  a  better 
understanding  and  modelling  of  the  influence  of  turbulence  on  premixed 
turbulent  combustion.  The  flame  front  propagation  model  that  we  use  to 
model  the  combustion,  assumes  that  the  actual  combustion  takes  place  in 
a  thin  layer.  This  assumption  only  holds,  when  the  length  scales  related  to 
the  combustion  process  are  smaller  than  the  turbulent  length  scales.  This 
is  only  true  in  the  flamelet  regime. 

In  present  article,  we  present  the  first  results  of  our  DNS  for  the  simula¬ 
tion  of  an  explosion.  An  description  of  the  method  is  given  along  with  some 
results  to  test  this  model.  These  first  tests  look  promising  and  indicate  that 
it  is  very  well  possible  to  use  DNS  techniques  in  premixed  combustion. 

2.  Premixed  Combustion 

As  we  have  argued  in  the  introduction,  the  explosive  combustion  will  be 
accelerated  due  to  turbulent  mixing.  In  premixed  turbulent  combustion  we 
can  distinguish  different  regimes  as  shown  in  figure  1. 

Let  us  concentrate  on  the  flamelet  regime  where  the  chemical  length 
scales  are  smaller  than  the  turbulent  length  scales  and  which  can  be  con¬ 
sidered  as  representative  for  an  explosive  combustion  process.  In  this  case 
the  combustion  takes  place  in  a  very  thin  layer,  which  propagates  through 
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the  medium.  This  is  called  the  flame  front. 


2.1.  THE  G-EQUATION 

The  position  x  of  this  flame  front,  which  propagates  through  the  medium 
with  a  velocity  sju  normal  n  to  the  flame  front,  is  given  by: 


-=u  +  nS/,  (1) 

where  u  is  the  fluid  velocity.  Let  us  introduce  a  scalar  field  G.  We  can  write 
the  normal  on  an  isosurface  G  =  const,  by: 


n  =  — 


VG 
I  VG|' 


(2) 


We  now  assume  that  the  flame  front  is  given  by  a  particular  value  of  G(x,  t), 
say  G(x,t)  =  Go-  If  we  differentiate  this  result  with  respect  to  t,  we  get: 


dG 

dt 


+  VG 


dx 

dt 


G=G0 


=  0 


(3) 


Combining  this  equation  with  (1),  we  find 


—  +  u.VG  =  5//|VG|  (4) 

which  is  called  the  kinematic  G-equation.  It  provides  an  equation  for  a 
scalar  field  in  which  an  isosurface  Go  denotes  the  flame  front,  see  figure  2. 
The  numerical  treatment  of  this  equation  is  discussed  in  section  4. 

The  scalar  G  has  no  clear  physical  property  but  in  some  cases,  G  is  in¬ 
terpreted  as  a  distance  function.  In  that  case,  the  value  G(x)  —  Go  indicates 
the  shortest  distance  between  x  and  the  flame  front 

In  (4),  the  G-equation  is  presented  for  incompressible  flows.  Piana  et 
al.  shows  that  for  a  compressible  flow  the  laminar  flame  front  propagation 
speed  s/i  should  be  scaled  with  the  density  in  order  to  correct  for  the 
velocity  gradient  over  the  flame  front  so  use  an  effective  velocity  w: 


W  =  Sfl 


Pu 


(5) 


where  pu  is  the  density  of  the  unburnt  mixture. 

In  practice,  this  scaling  does  not  work  perfectly.  The  gradient  of  G  tends 
to  become  larger  at  the  position  of  the  level  Go-  This  increase  in  gradient 
causes  problems  when  we  want  to  relate  the  release  of  energy  to  G,  section 
3.2.  This  is  probably  due  to  the  large  velocity  gradient  over  the  flame  front. 
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The  reinitialisation  of  (?,  (see  also  section  4.5),  addresses  this  problem  and 
avoids  large  gradients  in  G.  The  reinitialisation  is  carried  out  after  each 
time  step  in  a  way  that  |VG|  is  set  equal  to  unity  over  the  whole  domain. 
(Sussman  et  a/.,  1994)  achieved  this  by  solving 

BC 

—  =  S(G°  -  Go)  (1  -  |  VG|)  (6) 

until  a  steady  state  is  reached  starting  with  the  initial  condition  G(t  = 
0)  =  G°.  £(•••)  is  the  sign  function.  Equation  (6)  has  the  property  that 
G  remains  unchanged  at  the  interface  Go-  Away  from  the  interface  G  will 
converge  to  |VG|  =  1.  In  that  case  G  can  be  interpreted  as  a  distance 
function. 

3.  Basic  Flow  equations 

To  solve  the  explosion  problem,  we  must  combine  the  flame  front  given 
by  the  G-equation  with  the  equations  that  describe  the  dynamics  of  the 
flow.  The  process  that  causes  the  flow,  is  the  expansion  due  to  the  heat 
release  of  the  explosion.  The  resulting  velocities  are  quite  modest,  i.e.  much 
smaller  than  the  speed  of  sound.  Therefore,  we  must  consider  a  expanding 
compressible  flow  in  which  the  Mach  number  remains  small.  To  eliminate 
all  acoustic  effects  from  the  problem,  we  assume  that  the  density  depends 
only  on  the  temperature.  The  equation  of  state  thus  becomes  p  =  p(T). 
This  assumption  is  only  valid  in  open  flows,  where  the  pressure  remains 
constant.  Furthermore  we  assume  the  fluid  to  be  a  calorically  perfect  gas 
and  the  pressure  p  to  remain  constant.  Therefore  the  equation  of  state 
becomes 

P(,T)  =  j;.  (7) 

3.1.  COMPRESSIBLE  FLOW  EQUATIONS 

The  equations  governing  the  flow  field  are  the  compressible  Navier  Stokes 
equations  which  in  non  dimensional  form  read: 

|  +  V-m  =  0  (8) 

^  +  V  •  (mu)  =  -Vp  +  ± V2u  (9) 

where  u  is  the  velocity  and  m  the  massflux  pu.  p  is  the  pressure  and 
Re  the  Reynolds  number.  For  a  constant  pressure  the  energy  equation  in 
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non-dimensional  form  is  given  by 


dT 

aT+“'vr  = 


1  V-(AVT)  |  q 
Re  Pr  pep  pep ' 


(10) 


where  T  is  the  temperature  and  Pr  the  Prandtl  number.  A  and  Cp  are 
respectively  the  thermal  conductivity  and  specific  heat,  both  in  non  di¬ 
mensional  form.  We  assume  the  thermal  conductivity  and  specific  heat  to 
be  constant.  The  non-dimensionalisation  of  the  equation  is  chosen  such  that 
these  values  reduce  to  unity.  The  last  term  in  the  energy  equation  denotes 
the  source  term  which  in  our  case  is  due  to  the  chemical  reaction. 

For  a  Direct  Numerical  Simulation  (DNS)  of  an  explosion  the  equations 
(8,  9  and  10)  must  be  solved  numerically  together  with  the  equation  of 
state  (7)  and  the  G-equation  (4). 


3.2.  FLOW-COMBUSTION  COUPLING 

The  flow  and  the  combustion  process  are  coupled  by  the  source  term  in  the 
energy  equation  (10).  In  the  flamelet  regime,  the  chemical  length  scales  will 
be  smaller  than  the  turbulent  scales.  This  means  that  the  numerical  grid  is 
usually  too  coarse  to  resolve  all  the  chemical  length  scales.  As  a  result,  the 
numerical  flame  thickness  will  be  larger  than  the  real  flame  thickness.  Our 
aim  is  now  to  find  a  relation  between  G  and  the  amount  of  energy  released 
q,  which  keeps  the  flame  as  thin  as  possible  and  which  is  independent  of 
the  shape  of  G  and  the  grid  spacing. 

To  derive  such  a  relation,  we  look  at  the  case  of  a  one  dimensional 
flame,  propagating  through  a  premixed  medium.  We  can  derive  a  theoretical 
solution  for  this  case  and  in  figure  3  we  illustrate  the  variation  of  various 
variables  through  this  one-dimensional  flame  front. 

The  maximum  flame  speed  is: 

Smax  =  SflGeXp  (11) 

The  maximum  speed  of  the  unburnt  fluid  which  is  pushed  forward  by  the 
flame  is: 

Umax  =  &  fliGexp  1)  (12) 

The  amount  of  energy  released  per  unit  of  time  by  such  a  flame  is 
constant  so  that 

/OO 

qdx  ~  const.  (13) 

"OO 

The  amount  of  energy  released  per  unit  length  and  time  can  now  be  written 
as 

Q  =  sfl(Cexp  (14) 
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Figure  3.  Theoretical  profiles  of  the  velocity,  the  temperature,  G  and  q  as  a  function  of 
the  position  x  in  a  one  dimensional  flame.  S/i  =  1  and  Ceip  =  2. 


where  sji  is  the  flame  speed  and  Cexp  is  the  expansion  coefficient  which 
denotes  the  expansion  of  the  medium  over  the  flame  or 

Cexp  =  (15) 

Pb 

The  f(x)  denotes  the  distribution  of  the  energy  release  around  the  level 
G(xo)  =  Go  which  should  satisfy 

/oo 

}{x)dx  =  1.  (16) 

-OO 


Let  us  chose  a  Gaussian  distribution  for  f(x)  so  that 


/(*)  = 


Sy/ir 


where  the  length  scale  6  denotes  the  thickness  of  the  flame 
When  we  linearise  G(x)  around  the  level  Go,  we  get 


G(x)*Go+^ 


{x  -  Xo) 


X— Xq 


When  we  substitute  the  linearised  expression  (18)  into  (17),  we  get 


f(G)  = 


'  G  —  Gn  V 

vgCJ 

5-v/tF 


(17) 


(18) 


(19) 
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which  still  depends  on  knowledge  about  the  position  xo.  In  section  2.1, 
we  have  described  a  method  to  reinitialise  G.  This  method  adjusts  G  in 
a  way  that  |VG|  remains  unity  and  becomes  independent  of  the  position 
x.  Therefore,  the  relation  between  the  energy  release  and  G  can  then  be 
written  as: 


Q  —  Sfi(CeXp 


(20) 


This  expresses  q  as  a  function  of  G  only.  The  thickness  of  the  flame  is  only 
determined  by  6  and  does  not  depend  on  the  shape  of  G  or  the  grid  spacing. 


4.  Numerical  Treatment 
4.1.  PREDICTOR 


To  solve  our  problem,  we  use  a  second-order  predictor-corrector  projection 
scheme  (Najm  et  al.,  1998)  on  a  staggered  grid.  In  this  scheme,  the  evolution 
of  the  velocity  and  the  energy  field  are  coupled  in  order  to  stabilise  the 
computation  which  in  our  case  concerns  flows  with  large  density  variations. 

First  we  integrate  the  G-equation  and  the  energy  equation  (10),  using 
a  second  order  Adams  Bashfort  scheme  to  get  a  prediction  of  G*  and  the 
temperature  T*. 


G*  -Gn  _  3  dG 
~  2  dt 


At 

T* _ Tn 

At 


3arr 

2  dt 


1  dG ,n_1 

2  ~dt 

i#rr_1 

2  dt 


(21) 


(22) 


where  dG/dt\n  and  dT/dt\n  are  discretised  using  a  flux-limiting  scheme 
for  the  advection  terms  and  a  central  scheme  for  the  diffusive  terms.  The 
discretisation  of  the  spatial  derivatives  is  discussed  in  more  detail  in  the 
sections  4.3  and  4.4.  The  density  p*  can  now  be  calculated  from  the  equation 
of  state  (7).  The  flow  can  be  solved  using  a  pressure  correction  method. 

Next  we  integrate  the  momentum  equations  (9),  again  with  a  second- 
order  Adams  Bashfort  scheme,  given  by 


where 


m 


nr 


At 


3  dm 
2  ~dt 


1  dm 
2~dt 


n— 1 


dm 

~df 


"  =  — V(mnttn)  +  ^V2un. 


(23) 

(24) 


m'  is  called  the  intermediate  velocity.  The  spatial  derivatives  are  discre¬ 
tised,  using  a  second-order  central  scheme. 
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Conservation  of  mass  is  enforced  by  the  pressure. 

m*~m"  +  V  •  (mnun)  =  -Vp*  +  -|-V2tzn 
At  Re 

Subtracting  both  expressions  (23)  and  (25),  gives 


(25) 


m  —  m 


At 


=  -Vp*. 


Conservation  of  mass  (8)  gives 


Vm'  _2  „  .  ^  dp 
—  =  vVA(+^ 


(26) 


(27) 


(28) 


which  has  the  form  of  a  discrete  Poisson  equation  for  the  pressure.  dp/dt\* 
cannot  be  evaluated  directly  and  is  given  by  the  following  second  order 
discretisation: 

dp 
dt 

We  solve  the  system  for  the  pressure  and  correct  the  intermediate  velocity 
by  using  (26)  which  gives  us  a  prediction  of  the  mass  flux  on  the  new  time. 
We  can  compute  the  velocity  from  the  mass  flux  and  the  density. 

This  is  the  usual  pressure  correction  method,  as  is  applied  in  the  case 
of  incompressible  flows.  This  predictor  step  is  known  to  be  stable  for  tem¬ 
perature  and  density  ratios  up  to  2.  For  higher  density  ratios,  a  corrector 
step  is  needed  to  stabilise  the  scheme. 


4.2.  CORRECTOR 

The  corrected  values  for  G  and  the  energy  are  obtained,  using  a  second- 
order  quasi  Crank-Nicolson  integration.  The  temporal  derivatives  of  G  and 
the  temperature  on  the  new  time  level  n+1  are  estimated  with  the  predicted 
values  indicated  with  *. 


’) 

] 

The  new  density  pn+1  is  found,  using  the  equation  of  state. 
The  new  intermediate  mass  flux  m"  is  given  by 


Gn+ 1  -  Gn 

-  1 

fdGn  dG 

At 

“  2  1 

\  dt  \ 

dt 

>jm+ 1  ijin 

-  1 

fdTF  8T\ 

At 

”  2  1 

\  dt  1 

dt  | 

m"  — 


mn  _  1  / dm 
At  =  2  \~df 


n  dm 

+  ~df 


) 


(29) 

(30) 


(31) 
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where  the  estimate  of  the  temporal  derivative  on  the  new  time  step  is  based 
on  the  discretisation  of  the  predicted  mass  flux  and  velocity  field  according 
to 


dm 


dt 


=  — V(m*u*)  +  ^-V2u*. 

He 


The  pressure  is  then  solved,  using  density  on  the  new  time  step, 

Vro"  2  n+lAj  dp  n+1 

—  =  W+1A  t+£ 


(32) 


(33) 


and  corrected  with 


mn+1  -  m" 


At 


=  -Vpn+1, 


where 


dp'n+i 

dt 


=  2 ^(3pn+1-4pn  +  Pn-1). 


(34) 

(35) 


4.3.  SPATIAL  DISCRETISATION  OF  THE  G-EQUATION 

The  G-equation,  equation  (4)  has  the  form  of  a  hyperbolic  differential  equa¬ 
tion  with  a  source  term  in  the  right  hand  side.  This  source  term  has  the 
form  of  an  advection  term  an  can  also  be  included  in  the  advection  term 
on  the  left  hand  side.  Since  we  use  a  finite  volume  method.  It  is  convenient 
to  write  equation  (4)  in  its  conserved  form  which  reads 

dG 

+  V  •  (u  +  nw)G  =  —(wk  +  V  •  u)G  (36) 

where  the  curvature  k  is  defined  by: 


k  =  V  •  n 


(37) 


When  we  look  for  a  numerical  solution  of  this  equation,  we  have  to  use  the 
effective  velocity  uef  j  =  u  +  nw  instead  of  u  in  our  advection  scheme. 

In  one  dimension  we  can  write  (36)  in  discretised  form  as 


dG  uef fi-\G i—±  -ueffxGi+i  (m-Ui- 1 

M= - Axi - +  G‘(~A —+t“ 


where  reads 


Ki  = 


Tlj- f  1  ^2 

A  Xi 


with 


Gi+ 1  —  Gi  17  Axhi  \2 

A xhi  VUm-Gj  “ 


(38) 


(39) 
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It  should  be  noted  that  k  is  defined  at  the  pressure  and  G  positions  while 
the  different  components  of  the  normal  n  are  defined  at  the  velocity  points. 
This  complicates  the  discretisation  of  the  |VG|  term  in  more  than  one 
dimension. 

To  discretise  the  advection  term  in  the  lhs  of  (36),  we  use  a  flux-limiting 
scheme  with  a  Van  Leer  limiter.  In  one  dimension  and  assuming  that  uef /  > 
0,  this  scheme  reads 


with  rf,  i 
li"2 


Gj+i  ~  Gj 

Gi-Gi- r 


(40) 


Gi+i  denotes  the  approximation  of  G  at  the  position  of  the  velocity  u,-. 
The  first  term  on  the  right  hand  side  of  (40)  denotes  the  upwind  term, 
which  is  known  to  be  diffusive.  The  second  term  on  the  right  hand  side, 
containing  the  flux  limiter  <f>,  is  an  anti  diffusive  term.  Prom  the  literature, 
several  expressions  of  <j)  are  known.  In  our  code  we  used  the  Van  Leer  flux 
limiter,  given  by: 

«^r)  =  (41) 

The  expressions  given  above  for  one  dimension  can  be  easily  extended  to 
more  dimensions. 


4.4.  NUMERICAL  TREATMENT  OF  THE  ENERGY  EQUATION 

The  advection  term  in  the  energy  equation  (10)  is  discretised  with  help  of  a 
second  order  flux-limiting  scheme  with  the  Van  Leer  flux  limiter,  equation 
(41).  The  diffusive  term  is  discretised,  using  a  second  order  central  scheme. 
The  computation  of  the  source  term  q  is  described  in  section  3.2. 

4.5.  NUMERICAL  TREATMENT  OF  THE  REINITIALISATION 
PROCEDURE 

The  equation  (6)  used  for  reinitialisation  can  be  rewritten  as 

dC 

—  +  v  •  VG  —  S(G°  —  Go)  (42) 

with 

r 7  ft 

v  =  S(G°  -  Go)|y^y  =  S(G°  -  Go)n  (43) 

where  v  is  a  unit  normal  vector  pointing  outwards  from  the  level  Go-  In  this 
form  the  equation  can  be  interpreted  as  a  nonlinear  hyperbolic  equation. 
G  is  updated  using 

Gn+1  =  G"  -  A tS(G°  -  Go)  (|VGn|  -  1) . 


(44) 
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Figure  4 •  Profiles  of  the  velocity,  temper¬ 
ature,  G  and  q  for  a  one  dimensional  flame 
as  a  function  of  the  position  x  at  t  =  1. 
6  =  0.04.  The  number  of  grid  points  is  100. 
Sfi  =  1  and  Cexp  =  2 


Figure  5.  Velocity  profile  for  different  val¬ 
ues  of  the  flame  thickness  at  t  =  1.  The 
number  of  grid  points  is  400.  S/i  =  1  and 
Cexp  —  2 


Note  that  the  time  step  At  in  equation  (44)  is  not  related  to  the  time 
step  used  for  stepping  through  the  G,  energy  and  momentum  equations. 
We  used  the  discretisation,  described  in  (Sussman  et  al.,  1994)  to  solve  the 
equations. 

5.  Results 

In  this  section,  we  present  some  preliminary  results  obtained  with  the 
method  described  in  this  article.  The  results  described  below  are  solutions 
of  a  one  dimensional  open  channel  for  which  we  have  discussed  the  theo¬ 
retical  solution  in  section  3.2.  The  channel  is  bounded  by  a  wall  at  x  =  0. 
At  x  =  3,  outflow  boundary  conditions  are  applied.  The  gas  is  ignited  at 
x  =  0.  Figure  4  shows  the  solution  of  this  problem  at  t  =  1. 

The  results  compare  very  well  with  the  theoretical  values  shown  in  figure 
3.  The  position  of  the  flame,  Xfi,  is  located  at  the  right  position.  The  jump 
in  the  velocity  and  temperature  are  also  as  expected.  In  figure  5,  we  can 
observed  the  influence  of  different  values  of  the  flame  thickness  5  on  the 
velocity  profile. 

When  we  decrease  the  flame  thickness,  the  results  get  less  accurate. 
One  of  the  reasons  is  that  the  continuous  distribution  of  the  heat  release, 
equation  (20),  is  represented  in  a  discrete  way.  The  smaller  this  distribution 
gets,  the  more  inaccurate  this  representation  becomes.  The  profile  of  <5  = 
0.01  shows  a  flame  velocity  which  is  about  5%  lower  than  expected.  umax  is 
about  2%  lower.  In  this  case,  when  the  numerical  flame  thickness  is  about 
4  grid  cells,  the  model  still  gives  reasonable  results. 

The  profile  of  G  in  figure  4  is  a  straight  line  with  |VG|  =  1.  This  is 
achieved  by  ten  iterations  in  the  reinitialisation  procedure.  In  figure  6,  we 
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Figure  6.  The  velocity  u  and  G  as  a  function  of  x  at  t  =  1  for  a  different  number  of 
iterations  in  the  reinitialisation  procedure.  8  =  0.04,  S/i  =  1,  Cexp  =  2,  400  grid  points. 


show  the  results  of  the  same  problem,  solved  with  a  different  number  of 
iterations  in  the  reinitialisation  procedure  which  shows  that  |V(7|  remains 
close  to  unity,  even  for  a  low  number  of  iterations.  The  solution  gets  better 
for  a  higher  number  of  iterations,  but  the  velocity  profile  is  not  very  sensitive 
to  deviations  of  the  ideal  solution. 

6.  Conclusion 

It  can  be  concluded  that  the  method  described  in  this  article  can  be  used 
in  the  simulation  of  a  premixed  combustion.  The  method  is  able  to  handle 
flow  as  a  result  of  expansion  due  to  the  release  of  heat  in  a  combustion 
process  properly. 

The  (7-equation  model  is  applicable  as  a  way  to  model  the  combustion 
process.  The  method  to  couple  the  combustion  process  and  the  flow  field  is 
able  to  represent  thin  flame  fronts  and  releases  the  right  amount  of  energy 
at  the  position  of  the  flame  front  without  knowledge  of  the  position  of  the 
flame  front. 
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ABSTRACT 

Large  eddy  simulations  of  rectangular  jets  in  crossflow  are  performed  to  study  the  effect 
of  hole  geometry  on  the  penetration  and  spread  of  the  coolant  jet.  Three  different  holes  of  aspect 
ratio  0.5,  1.0  and  2.0  are  studied.  In  the  present  study,  the  jet  to  crossflow  blowing  ratio  is  0.5  and 
the  jet  Reynolds  number  is  approximately  4,700. 

It  is  observed  that  the  dynamics  of  jets  in  crossflow  are  influenced  significantly  by  the 
hole  geometry  for  low  jet  to  mainstream  velocity  ratios  near  the  hole  exit.  The  vertical 
penetration  is  greatest  for  the  aspect  ratio  2.0  and  least  for  the  aspect  ratio  0.5.  Dynamics  of 
various  steady  as  well  as  unsteady  flow  structures  for  different  holes  is  markedly  distinct  at  this 
Reynolds  number.  The  separation  between  the  leading  and  trailing  edges  of  holes  controls  the 
evolution  of  the  counter  rotating  vortex  pair  (CVP)  near  the  jet  exit.  The  relative  strength  of 
horseshoe  vortex  as  compared  to  CVP  changes  with  the  hole  geometry. 

NOMENCLATURE 
X  Streamwise  direction 

Y  Normal  (to  wall)  direction 

Z  Spanwise  direction 

Vjet  Jet  velocity 

D  Spanwise  dimension  of  rectangular  hole 

L  Streamwise  dimension  of  rectangular  hole 

R  Blowing  ratio  of  jet  to  crossflow 

U  X-component  of  averaged  velocity 

V  Y-component  of  averaged  velocity 

W  Z-component  of  averaged  velocity 

mV,  v  ’w  u’w’  components  of  Reynolds  stress  tensor. 

INTRODUCTION 

Film  cooling  of  turbine  blades,  where  rows  of  coolant  jets  are  injected  into  the  hot 
crossflow,  is  a  commonly  used  technique  to  maintain  the  blade  temperatures  below  a  threshold 
value.  The  coolant  jets  are  deflected  and  strained  by  the  crossflow  and  provide  coverage  of  the 
blade  surface  from  the  hot  gases.  The  interaction  of  the  coolant  jets  with  the  crossflow  involves 
complex  and  unsteady  structures  like  the  horseshoe  vortex,  the  counter  rotating  vortex  pair 
(CVP)  and  wake  vortices.  These  structures  control  the  jet  penetration  and  its  spreading  rate. 

The  hole  geometry  is  an  important  parameter  that  controls  the  development  of  the  flow 
structures  and  the  penetration  and  spreading  of  the  jet  (Haven  (1996),  Haven  and  Kurosaka 
(1997)).  The  vertical  and  lateral  spreading  of  the  jet,  in  turn,  govern  the  film  cooling 
effectiveness.  This  was  studied  by  Haven  (1996)  using  PIV  technique  that  has  limited 
information  about  the  spatial  and  temporal  characteristics  of  the  flow.  The  objective  of  this  paper 


is  to  numerically  investigate  the  effect  of  hole  aspect  ratio  on  the  dispersion  of  film  cooling  jet. 
The  numerical  study  will  be  done  through  time  and  space  accurate  simulations  of  the  filtered 
Navier  Stokes  equations  (Large  Eddy  Simulations).  Although  the  focus  of  the  paper  is  on  the 
flow  field,  a  qualitative  idea  of  the  heat  transfer  can  be  obtained  by  examining  the  dispersion  of 
the  jet  in  the  crossflow  and  by  the  shear  stress  distribution  at  the  wall. 

The  majority  of  the  reported  computational  studies  on  the  jet-in-crossflow  configuration 
have  primarily  solved  the  Reynolds-Averaged-Navier-Stokes  (RANS)  equations,  and  due  to  the 
intrinsic  time-averaging  that  is  associated  with  these  equations,  the  dynamical  nature  of  the 
vortical  structures  can  not  be  predicted.  Further,  turbulence  models  have  to  be  introduced,  and 
the  accuracy  of  the  time-averaged  calculations  is  itself  compromised  by  the  validity  of  the  model. 
Examples  of  RANS  calculations  are  those  of  Patankar  et  al.,  (1977),  Sykes  et  al.  (1986),  Kim  and 
Benson  (1992),  and  Garg  and  Gaugler,  (1994,  1995).  Since  the  dynamics  of  the  large  scale 
features  are  important,  the  large  scales  have  to  be  predicted  correctly  and  the  interactions  of  small 
scales  must  be  modeled  accurately.  This  requirement  calls  for  large  eddy  simulations  (LES), 
where  all  structures  beyond  a  certain  filter  size  are  resolved,  and  the  unresolved  scales  are 
modeled.  More  recently,  Muldoon  and  Acharya  (1999)  have  presented  time-and  space-accurate 
Direct  Numerical  Simulations  (DNS)  for  a  normally  injected  jet.  Jones  and  Wille  (1996)  and 
Yuan  and  Street  (1996)  have  presented  Large  Eddy  Simulations  (LES)  that  resolve  the  dynamics 
of  the  large  scales  and  model  the  small  scales,  for  a  normally  injected  jet,  and  observed  some  of 
the  reported  phenomena  in  the  experiments.  As  noted  earlier,  the  main  aim  of  this  paper  is  to 
perform  LES  to  understand  the  effect  of  the  hole  geometry  on  the  penetration  and  mixing  of  the 
jet  with  the  crossflow. 

COMPUTATIONAL  METHOD 

The  unsteady  three-dimensional  Navier  Stokes  equations  are  solved  using  the  projection 
method  (Chorin,  1967).  This  is  a  fractional  step  approach  in  which  an  intermediate  velocity  field 
is  calculated  by  neglecting  the  pressure  gradients,  and  the  pressure  field  is  obtained  as  a  solution 
to  a  Poisson  equation  derived  using  the  continuity  equation.  This  pressure  field  is  used  to  update 
the  velocity  in  the  projection  step.  The  temporal  discretization  is  done  using  a  second-order 
accurate  Adams-Bashforth  scheme.  The  calculation  of  the  convective  terms  is  done  by  a 
conservative  formulation.  A  third  order  accurate  upwind  biased  finite  difference  scheme  is  used 
for  these  terms.  The  viscous  dissipation  terms  are  discretized  using  a  fourth  order  accurate  central 
difference  scheme. 

In  LES,  the  governing  equations  are  obtained  by  applying  a  filtering  operation  on  the 
Navier-Stokes  equations  and  the  continuity  equation.  The  filter  function  is  represented  as  the 
convolution  operator  (Ghosal  and  Moin,  1995).  The  unfiltered  fields  give  rise  to  subgrid  scale 
stresses  that  require  modeling.  Following  the  dynamic  mixed  method  of  Zang  et  al  (1993),  these 
stresses  are  decomposed  into  a  resolved  part  and  an  unresolved  part.  The  resolved  part  is  the 
Galilean  invariant  form  of  Bardina’s  (1983)  scale  similarity  model  (Speziale,  1985).  The 
dynamic  Smagorinsky  model  is  used  for  the  unresolved  part  of  the  stress  and  the  dynamic 
coefficient  is  test  filtered  to  avoid  numerical  instabilities.  The  issue  of  filtering  is  very  important 
for  such  numerically  accurate  simulations.  On  a  non-uniform  grid  the  filtering  operator  becomes 
a  function  of  spatial  location  and  hence  gives  rise  to  commutation  error  leading  to  low  order  of 
accuracy  even  with  very  high  order  accurate  schemes  (Ghosal  and  Moin,  1995).  The  issue  of 
dependence  of  dynamic  coefficient  on  aspect  ratio  of  the  grid  cells  when  using  grid  based  filters 


needs  to  be  addressed  on  such  non-uniform  grids  (Scotti  et  al,  1997).  These  issues  are  evaded 
here  by  using  uniform  grids  with  isotropic  aspect  ratio.  In  particular,  the  flow  contains  structures 
in  almost  all  parts  of  the  computational  domain  and  hence,  all  parts  of  the  domain  need  to  be 
resolved  with  equal  importance.  The  top  hat  filter  is  used  for  following  reasons  (Zhou  et  al,  1989 
and  Ghosal,  1999).  It  is  easy  to  implement  in  a  finite  difference  code.  It  has  compact  support, 
unlike  Gaussian  or  exponential  filters  which  violate  this  requirement  for  grid-based  filtering.  It  is 
a  positive  or  realizable  filter  i.e.  if  it  filters  a  non-negative  field,  the  filtered  field  is  always  non¬ 
negative. 

PROBLEM  DESCRIPTION 

A  schematic  of  the  physical  problem  studied  is  shown  in  Figure  1.  Three  hole  aspect 
ratios  L/D  =  0.5,  1.0  and  2.0  are  investigated  and  are  designated  as  hole  A,  B  and  C  respectively. 
A  uniform  Cartesian  grid  of  122x52x32  points  is  used  for  a  domain  of  12Dx5Dx3D  (Figure  1). 
At  the  inflow,  a  fully  developed  turbulent  boundary  layer  profile  is  prescribed.  The  velocity  field 
is  specified  at  the  jet  inlet  from  the  experiments  of  Ajersch  et  al  (1995).  The  hole  B  case  is  the 
numerical  simulation  for  the  experiments  of  Ajersch  et  al  (1995).  The  Reynolds  number  based  on 
the  jet  velocity  and  the  hole  spanwise  dimension  is  4700.  A  periodic  boundary  condition  is 
applied  in  the  spanwise  direction.  The  domain  size  is  chosen  such  that  free-stream  conditions  at 
the  inlet  can  be  used  as  the  boundary  conditions  along  the  top  plane.  At  the  outflow,  a  convective 
boundary  condition  is  used  where  the  wave  speed  is  determined  from  a  flux  balance.  Inlet  planes 
are  placed  at  X/D  =  -3.25  for  hole  A,  X/D  =  -3.5  for  hole  B  and  X/D  =  -3.0  for  hole  C. 
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Figure  1:  Schematic  of  the  computational  domain. 


RESULTS 

Results  are  presented  for  three  hole  aspect  ratio  cases  at  various  planes  of  the 
computational  domain.  The  X-component  of  the  mean  velocity  field  and  the  root  mean  square 
fluctuations  are  presented  in  figure  2.  The  velocity  profiles  show  a  double  peaked  profile  for  all 
the  holes;  however,  the  location  and  magnitude  of  the  peaks  are  different  indicating  that  size  and 
strength  of  flow  structures  obtained  for  three  cases  are  different.  For  holes  B  and  C,  negative 
values  of  the  meanflow  profile  at  downstream  locations  represent  large  recirculation  regions.  The 
Urms  profile  at  X/D  =  1.0  shows  that  hole  A  has  a  maximum  close  to  the  wall  which  clearly 
indicates  that  for  this  case  the  vertical  jet  penetration  is  the  smallest,  and  that  the  jet  trajectory  is 
closest  to  the  wall.  At  downstream  planes,  the  location  of  Ums  maximum  shifts  towards  the 
leeward  edge  of  the  bent  jet.  For  the  case  of  hole  B  and  C,  there  is  a  local  maximum  in  iw 
profile  at  downstream  planes  between  the  wall  and  the  leeward  edge  of  the  jet  indicating 
enhanced  mixing. 


Figure  2:  Mean  X  component  and  Umu  profiles  at  X/D  =  1.0, 3.0  and  5.0  and  Z/D  =  0.0. 


Figure  3  Instantaneous  velocity  vectors  and  contours  of  tox  at  X/D  =  1.0,  Profiles  of  X- 
component  of  velocity  at  various  Z-planes  across  the  holes  at  Y/D  =  0.4  to  show  the 
warping  of  mainflow. 


The  presence  of  local  maxima  or  minima  in  the  spanwise  direction  for  the  streamwise 
component  of  velocity  would  tilt  the  coz  into  cox.  The  local  maximum  in  spanwise  direction  for  the 
u-velocity  component  is  designated  as  ‘concave  warping’  and  the  local  minimum  is  designated  as 
‘convex  warping’  by  Haven  and  Kurosaka  (1997).  In  the  instantaneous  contours  of  tox  at  X/D  = 
1 .0  (Figure  3),  we  observe  anti-kidney  vorticity  over  the  CVP  for  hole  A.  It  is  also  noted  that  the 
u-profiles  at  the  leading  and  trailing  edges  of  the  holes  warp  in  similar  fashion  as  observed  by 
Haven  (1996).  The  local  maximum  around  jet  center  plane  in  main  flow  profile  along  the 
spanwise  direction  will  tilt  the  leading  edge  spanwise  vorticity  into  anti-kidney  pair.  However, 
the  warping  of  profile  for  hole  A  is  not  to  the  extent  as  observed  by  Haven  (1996).  This  might  be 
due  to  prescription  of  time  averaged  jet  exit  profile  and  higher  jet  Reynolds  number  as  compared 
to  Haven  (1996).  The  local  minimum  around  the  jet  center  plane  would  yield  a  kidney  pair  above 
the  CVP  that  is  formed  by  sidewall  vorticity  of  holes. 

One  interesting  observation  is  made  about  the  relative  strengths  of  horseshoe  vortex  and 
CVP  for  various  cases.  For  hole  A,  the  horseshoe  vortex  has  higher  levels  of  tox  as  compared  to 
CVP.  The  velocity  field  induced  by  these  vortices  at  the  location  over  the  CVP  may  result  in  the 
vorticity  in  the  opposite  sense  of  CVP.  For  hole  C,  the  CVP  is  stronger  than  horseshoe  vortex. 
The  resultant  induced  velocity  field  would  still  have  the  same  sense  of  vorticity  as  CVP  except  it 
peels  off  at  a  location  somewhere  above  the  CVP  due  to  opposing  nature  of  horseshoe  vortex.  At 
the  trailing  edge  of  hole  the  warping  of  reverse  mainflow  in  the  wake  region  gives  rise  to  anti¬ 
kidney  vorticity  between  the  CVP  (figure  11). 


Figure  4  Time  averaged  velocity  vectors  and  contours  of  oix  at  planes  X/D  =  1.0,  3.0,  5.0  and 
7.0. 


The  contours  of  time  averaged  velocity  vectors  and  u)x  for  various  cases  are  shown  at  X/D 
=  1.0,  3.0,  5.0  and  7.0  in  figure  4.  The  asymmetry  in  the  time-averaged  results  is  attributed  to  the 
asymmetric  boundary  condition  at  the  jet  exit  prescribed  from  the  experimental  data  of  Ajersch  et 
al  (1995).  The  jet  penetration  is  least  for  hole  A.  The  CVP  weakens  for  this  case  more  rapidly  as 
compared  to  other  cases.  The  time-averaged  contours  show  the  breakup  of  CVP  into  multi¬ 
decked  CVP  at  down  stream  planes  for  hole  B.  The  jet  penetration  is  highest  for  hole  C  at  all 
planes  and  the  CVP  degenerates  into  smaller  structures  with  same  sense  of  vorticity.  These 
smaller  structures  interact  amongst  themselves  in  a  highly  unsteady  manner  at  further 
downstream  planes.  As  noted  earlier,  the  unsteady  anti-kidney  vortex  pair  over  the  CVP  (hole  A) 
will  inhibit  the  jet  lift  off  near  the  hole  region  while  the  kidney  vortex  pair  over  the  CVP  (hole  C) 
will  assist  the  jet  lift  off.  The  lateral  spread  of  the  CVP  also  increases  with  the  hole  aspect  ratio. 
The  contours  of  Reynolds  stress  v’w’  at  various  X-planes  are  presented  in  figure  5.  The  values  of 
Reynolds  stress  v’w’  are  high  near  the  edges  of  CVP  at  X/D  =  1.0  and  3.0.  The  nature  of  this 
stress  component  is  to  damp  these  vortical  structures.  The  distribution  of  this  stress  component 
becomes  patchy  at  the  locations  where  the  CVP  degenerates  into  smaller  vortices.  The  large 
values  of  v’w’  in  the  mainstream  over  the  CVP  at  X/D  =1.0  for  hole  C  corresponds  to  the 
stresses  acting  on  the  leeward  edge  of  the  jet 


Figure  5  Contours  of  Reynolds  stress  v’w’  at  planes  X/D  =  1.0,  3.0,  5.0  and  7.0. 


Instantaneous  velocity  vectors  and  contours  of  wy  are  presented  at  Y/D  =  0.1  in  figure  6. 
Reynolds  stress  u’w’  is  presented  for  various  cases  at  the  same  plane  in  figure  7.  The  reverse 
flow  in  the  wake  region  of  the  holes  is  has  the  maximum  around  jet  center  plane.  This  leads  to 
the  formation  of  anti-kidney  vortices  at  the  trailing  edges  of  the  holes  (figure  11).  The  footprints 
of  wake  vortices  are  confined  below  the  CVP  for  hole  A.  There  is  evidence  of  reorientation  of 
horseshoe  vortex  close  to  jet  comer  around  the  trailing  edge  of  hole  B.  For  hole  C,  around  X/D  = 
3.0,  we  observe  strong  signatures  of  ojy  near  the  periodic  boundaries.  Since,  vorticity  can  not  be 
generated  within  the  flow  or  at  the  wall  in  the  normal  direction,  one  can  deduce  that  these  upright 
vortices  are  generated  as  a  result  of  reorientation  of  horseshoe  vortices  (Kelso  et  al  (1994),  Fric 
and  Roshko  (1990)).  The  magnitude  of  u’w’  is  largest  for  hole  C  as  compared  to  other  cases.  This 
is  because  of  enhanced  crossflow  entrainment  into  the  wake  of  large  aspect  ratio  hole.  Large 
values  of  u’w’  in  bigger  spanwise  extent  for  hole  C  also  indicate  the  larger  lateral  spreading  of 
the  jet. 


Figure  6  Contours  of  o)y  and  instantaneous  Figure  7  Contours  of  Reynolds  stress  u’w’  at 
velocity  vectors  at  Y/D  =  0.1  Y/D  =  0.1 


The  Z-component  of  vorticity  as  well  as  instantaneous  velocity  field  is  presented  at  Z/D  = 
0.0  in  figure  8.  The  Reynolds  stress  u’v’  for  the  various  cases  is  presented  on  the  same  plane  in 
figure  9.  We  observe  a  strong  horseshoe  vortex  system  in  front  of  the  jet  for  holes  B  and  C  and 
spanwise  rollups  of  vortices  at  the  leeward  edge  of  the  jet.  The  vertical  penetration  of  the  jet 
increases  with  the  aspect  ratio  of  the  hole.  There  are  events  of  reattachment  and  ejection  along 
the  wall  below  the  roller  vortices.  Clearly,  the  coverage  of  the  wall  by  jet  changes  dynamically 
and  thereby  changes  the  film  cooling  effectiveness.  Reynolds  stress  u’v’  corresponding  to  the 
horseshoe  vortex  is  largest  for  hole  C  while  the  patches  of  u’v’  at  the  leeward  edge  of  the  jet 
corresponding  to  rollup  vortices  are  largest  for  hole  A  and  tendency  of  this  stress  is  to  damp  these 
vortices.  The  positive  values  of  mV  near  the  wall  are  observed  at  further  downstream  locations 
from  jet  center  for  hole  A  as  compared  to  hole  C.  The  negative  values  of  u’v’  at  the  windward 
edge  of  the  jet  represents  the  mixing  at  the  jet-crossflow  interface. 


Figure  8  Contours  of  o)z.  and  instantaneous  Figure  9  Contours  of  Reynolds  stress  u’v’  at 
velocity  vectors  at  Z/D  =  0.0.  Z/D  =  0.0 


In  Figure  10,  we  present  the  rms  values  of  u,  v  and  w  fluctuation  field.  The  contours  of 
Urms  and  Vrms  show  local  large  values  in  front  of  the  jet  corresponding  to  the  location  of  horseshoe 
vortex  in  the  cases  of  hole  B  and  C.  The  values  are  largest  at  the  leeward  edge  of  the  jet  in  the 
wake  region  for  hole  A  and  least  for  hole  C.  The  values  of  v™  in  the  wake  region  along  the 
leeward  edge  of  the  jet  indicate  that  normal  stresses  result  in  enhanced  mixing  of  coolant  jet  with 
the  entrained  wake.  These  normal  stresses  are  largest  for  hole  A  and  lowest  for  hole  C  in  the  near 
jet  field.  However,  on  further  downstream  planes  the  trend  is  reversed.  The  value  of  ww  is  highest 
for  hole  C  and  lowest  for  hole  A  in  the  wake  region.  The  value  of  ww  on  the  windward  edge  of 
the  jet  for  hole  C  is  negligible  as  compared  to  other  cases.  The  leeward  edge  of  the  jet  is  much 
farther  into  the  mainflow  for  hole  C  as  compared  to  the  other  cases  where  it  is  closer  to  the  wall 
and  entrained  crossflow  Clearly,  greater  mixing  is  achieved  for  hole  A  and  B  as  compared  to  hole 
C  in  the  wake  region  of  jet. 

Contours  of  a>x,  wz  and  wall  shear  stress  is  presented  in  figure  11.  The  values  of  shear 
stress  correlates  with  toz  in  front  of  the  jet  and  with  cox  in  the  wake  region.  There  is  clear  indication 
of  the  presence  of  <ox  at  the  trailing  edge  of  the  hole  A  and  B  in  the  opposite  sense  of  CVP. 
Moreover,  most  of  the  vorticity  in  CVP  comes  from  the  sidewalls  of  the  holes  and  warped 
mainflow  (reverse  flow)  at  the  trailing  edge  will  distort  and  reorient  the  trailing  edge  o>z  into  X- 
direction.  The  contours  of  o>z  in  front  of  the  jet  for  holes  B  and  C  indicate  the  presence  of 
horseshoe  vortex.  Signature  of  horseshoe  vortex  for  hole  A  is  seen  after  it  bends  around  the  jet  in 
the  contours  of  &)x.  The  value  of  shear  stress  increases  locally  in  front  of  the  jet  due  to  horseshoe 
vortex.  Using  Reynolds  analogy  of  heat  transfer  and  skin  friction  coefficient,  one  may  expect  a 


higher  heat  transfer  at  this  location.  Large  values  are  obtained  along  the  sidewalls  of  holes.  The 
low  values  indicate  the  separation  events  in  the  flow  field. 


Figure  1 1  Contours  of  cox,«z  and  wall  shear  stress  at  Y/D  =  0. 1 


CONCLUSION 

Large  eddy  simulations  of  the  jet-in-crossflow  for  three  rectangular  holes  were  performed.  The 
results  obtained  are  consistent  with  the  experimental  observations  of  various  researchers  (Haven, 
1996,  Andreopolous  and  Rodi,  1984,  Fric  and  Roshko,  1994,  Ajersch  et  al,  1995,  Kelso  et  al, 
1996).  The  following  represent  some  of  the  major  observations  made  in  this  study. 

The  dispersion  of  jet  in  the  mainstream  is  distinctly  different  for  the  three  different  hole 
geometries  (Haven  (1996)  and  Haven  and  Kurosaka  (1997)).  Dynamics  and  evolution  of  various 
flow  structures  is  influenced  by  the  hole  geometry  in  the  near  jet  region  for  the  three  hole  aspect 
ratios  investigated  in  this  paper  at  this  Reynolds  number. 

For  hole  A,  the  streamwise  velocity  profile  warps  in  same  sense  as  observed  by  Haven  (1996) 
(though  not  to  the  same  extent).  This  leads  to  the  evolution  of  leading  edge  as  well  as  trailing  edge 
vorticity  that  has  the  opposite  sense  between  the  CVR  The  jet  penetration  is  also  smaller  due  to 
the  counteracting  induced  velocity  of  this  pair  on  the  CVR 

For  hole  B,  the  mixing  in  the  wake  region  is  enhanced  and  the  jet  penetrates  farther  into  the 
mainflow  as  compared  to  hole  A.  The  reverse  flow  in  the  wake  region  warps  the  crossflow 
profiles  such  that  it  leads  to  the  evolution  of  trailing  edge  vorticity  into  anti-CVP  vorticity.  CVP 
breaks  up  into  a  multiple  decked  structure  at  downstream  locations 

For  hole  C,  the  horseshoe  structure  is  dominant  in  front  of  the  jet.  The  jet  penetration  is 
highest  in  this  case.  The  CVP  breaks  down  into  multiple  decked  structure  and  these  smaller 


vortices  interact  dynamically  at  further  downstream  locations.  Large  entrainment  of  the  crossflow 
fluid  is  observed  in  the  wake  region  for  this  case. 

The  wake  vortices  are  observed  in  all  cases.  However,  the  lateral  migration  of  these  vortices 
is  largest  for  hole  C  and  smallest  for  hole  A. 

From  the  instantaneous  snapshot  at  X/D  =1.0,  it  is  clear  that  the  horseshoe  is  relatively 
stronger  than  the  CVP  for  hole  A  while  the  CVP  is  stronger  than  the  horseshoe  for  hole  C.  It  may 
be  conjectured  that  the  induced  motion  over  the  CVP  itself  leads  to  the  formation  of  anti-kidney 
pair  above  the  CVP  for  hole  A.  Similar  arguments  can  explain  the  kidney  pair  above  the  CVP  for 
hole  C. 

The  shear  stress  u’w’  magnitude  correlates  well  with  the  lateral  spreading  of  the  jet.  The 
shear  stress  v’w’  acts  to  damp  the  secondary  vortex  motions  while  mV  controls  the  jet  penetration 
and  the  mixing  at  the  jet-mainstream  interface.  Distinct  distributions  for  various  cases  indicate 
differences  in  the  dynamics  and  evolution  of  flow  structures  in  corresponding  cases. 

Contours  of  vorticity  on  a  plane  parallel  to  wall  correlates  well  with  the  wall  shear  stress.  The 
o)x  correlates  in  the  wake  region  with  shear  stress,  while  coz  correlates  in  front  of  the  jet. 
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Abstract.  A  Mach  3  adiabatic  turbulent  boundary  layer  is  studied  us¬ 
ing  Large  Eddy  Simulation  (LES).  The  filtered  compressible  Navier-Stokes 
equations  are  solved  on  a  three-dimensional  unstructured  grid  of  tetrahe¬ 
dral  cells.  A  compressible  extension  of  the  method  of  Lund  is  developed  to 
generate  the  inflow  conditions.  Different  tests  on  subgrid  scale  model  and 
grid  refinements  are  studied.  The  friction  velocity  predicted  is  accurate 
within  a  few  percent;  profiles  of  Reynolds  shear  and  normal  stresses  are  in 
good  agreement  with  experimental  data  as  well.  The  objective  of  this  pre¬ 
liminary  study  is  to  assess  the  capability  of  the  unstructured  compressible 
LES  method. 


1.  Introduction 

Most  of  the  Large  Eddy  Simulation  (LES)  subgrid  scale  models  developed  to 
date  have  been  applied  to  incompressible  or  subsonic  flows.  Also,  most  LES 
research  has  employed  structured  meshes  in  the  context  of  finite-difference 
or  spectral  methods.  A  more  thorough  development  of  LES  methods,  in 
the  context  of  compressible  flow  and  unstructured  grids  (which  can  more 
readily  handle  complex  geometries)  is  presented  in  this  paper. 

A  three-dimensioned  LES  algorithm  for  unstructured  meshes  has  been 
developed  in  our  laboratory.  The  algorithm  is  second-  or  third-order  accu¬ 
rate  in  space  and  second-  or  fourth-order  in  time.  It  has  previously  been 
validated  in  the  case  of  the  decay  of  isotropic  turbulence  (Knight  et  al ., 
1998)  and  low  Mach  number  channel  flow  (Okongo  et  al.,  1998). 

Preliminary  results  on  a  Mach  3  adiabatic  turbulent  boundary  layer 
developing  on  a  flat  plate  were  presented  at  the  37th  AIAA  Aerospace 
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Sciences  Meeting  and  Exhibit  (Urbin  et  al.,  1999).  The  aim  of  this  paper 
is  to  complete  and  to  improve  this  study.  In  the  first  part,  our  rescaling- 
reintroducing  process  is  detailed  and  discussed.  Secondly,  the  influence  of 
the  subgrid-scale  model  and  the  convergence  of  the  predictions  with  grid 
refinements  are  evaluated. 

2.  LES  Methodology 

In  this  section  we  summarize  the  LES  methodology,  including  the  govern¬ 
ing  equations,  SGS  model,  numerical  implementation  and  parallelization. 
Details  are  presented  in  (Knight  et  al.,  1998)  and  (Okongo  et  al.,  1998). 

2.1.  GOVERNING  EQUATIONS 

The  governing  equations  are  the  three-dimensional  filtered  Navier-Stokes 
equations.  For  a  function  /,  its  filtered  form  /  and  its  Favre-averaged  form 
/  are 

fs^tGfiV  j=pl 

V  Jv  p 

where  G  is  the  filtering  function  and  p  is  the  density.  From  the  Navier- 
Stokes  equations  for  the  instantaneous  flow  variables  density  (p),  velocity  in 
the  ith  coordinate  direction  (u,),  pressure  (p)  and  temperature  (T),  Favre- 
averaging  and  spatial  filtering  yield  the  filtered  Navier-Stokes  equations 
(here  written  using  the  Einstein  summation  notation  where  repeated  indices 
denote  summation) 
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It  is  to  be  noticed  that  the  specific  form  of  the  energy  equation  was  found 
(Martin  et  al ,  1999)  to  provide  an  accurate  model  of  the  SGS  turbulent 
diffusion  in  decaying  compressible  isotropic  turbulence.  Two  different  SGS 
models  are  implemented  in  the  LES  code.  The  first  is  the  classical  constant- 
coefficient  Smagorinsky  model 


T{j  —  2C7r/>A  \J SmnSmn  (^Sij  ^Skk^i 


Qi  =  pcM  A2v/smnsmn|^ 

rr  t  OXj 

where  Cr  =  0.00423  is  the  model  coefficient,  and  A  is  the  length  scale  which 
is  related  to  the  local  grid  size  (Knight  et  a/.,  1998).  For  boundary  layer 
flows,  A  is  modified  by  the  Van  Driest  damping  factor  D  —  l—e~~n+/A  where 
A  =  26,  n+  =  nuT / vw  is  the  normal  distance  to  the  (nearest)  solid  boundary 
normalized  by  the  viscous  length  scale  vwIUr  where  vw  is  the  kinematic 
viscosity  evaluated  at  the  wall  and  UT  is  the  local  friction  velocity.  The 
second  model  is  MILES  (Boris  et  a/.,  1992)  wherein  the  inherent  dissipation 
in  the  numerical  algorithm  is  taken  as  the  SGS  model  (i.e.,  Cr  =  0). 


2.2.  NUMERICAL  METHOD 


We  simplify  the  notation  by  hereafter  dropping  the  tilde 'and  overbar" 
Furthermore,  the  flow  variables  are  nondimensionalized  using  the  reference 
density  p «>,  velocity  static  temperature  T and  length  scale  L,  with 
Mach  number  =  Uoo/y/^RT^.  The  governing  equations  may  be  writ¬ 
ten  in  finite  volume  form  for  a  control  volume  V  with  surface  d V : 


where 
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fix  —  '^xx'U'  “l”  '^xy'V  +  ^xz^V 
fly  —  %cyu  +  /Tyyv  “I"  TyzW 
flz  =  %zU  +  TyZ  V  +  TZZW 

An  unstructured  grid  of  tetrahedra  is  employed,  with  a  cell-centered  stor¬ 
age  architecture.  The  cell-averaged  values,  stored  at  the  centroid  of  each 
tetrahedron  of  volume  Vi  are  Q{  =  ~  Jv_  QdV.  The  inviscid  fluxes  are  com¬ 
puted  using  an  exact  one-dimensional  Riemann  solver  (Godunov’s  method 
(Gottlieb  et  al,  1988))  applied  normal  to  each  face.  The  inviscid  flux  com¬ 
putations  require  the  values  of  each  variable  on  either  side  of  the  cell  faces. 
These  values  are  obtained  from  the  cell-averaged  values  by  second-order 
or  third-order  function  reconstruction  using  the  Least  Squares  method  of 
(Ollivier  et  al ,  1997).  More  details  on  the  reconstruction  schemes  are  given 
in  (Okongo  et  al,  1998). 

The  viscous  fluxes  and  heat  transfer  are  computed  by  application  of 
Gauss’  theorem  to  the  control  volume  whose  vertices  are  the  centroids  of 
the  cells  which  share  each  node.  The  second-order  accurate  scheme  (in  2-D) 
is  given  by  (Knight  et  al ,  1994). 

3*  Rescaling-reintroducing  Method 

3.1.  STATE  OF  ART 

There  have  been  only  a  few  DNS  studies  of  compressible  turbulent  bound¬ 
ary  layers.  DNS  of  a  spatially  developing  boundary  layer  (i.e,  the  “natural” 
configuration)  requires  such  high  resolution  that  one  usually  chooses  to  sim¬ 
ulate  just  the  earliest  stage  of  transition  to  turbulence  (Fasel  et  a/.,  1990; 
Joslin  et  aZ.,  1993;  Kleiser  et  aZ.,  1991).  An  exception  is  (Rai  et  al,  1993) 
who  performed  a  DNS  of  complete  spatial  transition;  however,  the  cost  was 
high  (i.e,,  800  hours  on  a  CRAY  YMP).  Although  DNS  proves  to  be  a 
very  efficient  tool  in  temporal  boundary  layers  (streamwise-periodic  cases, 
which  allow  reduction  in  the  physical  domain  and  computational  effort 
(Guo  et  aZ.,  1995;  Le  et  aZ.,  1997;  Lund  et  al ,  1998;  Spalart  et  al ,  1987; 
Spalart  et  al ,  1988)),  it  is  nonetheless  limited  to  low  Reynolds  numbers. 

LES  computations  enable  to  consider  higher  Reynolds  number  flows 
(Ducros  et  al,  1996;  Elhadyet  al,  1994).  Nevertheless  simulating  a  spatially- 
developing  turbulent  boundary  layer  from  the  transition  process  to  a  fully 
developed  turbulent  state  needs  a  lengthy  development  domain.  It  is  still 
prohibitively  expensive. 

Different  methods  enable  to  consider  a  smaller  domain  (which  is  desir¬ 
able  in  order  to  reduce  the  cost  associated  with  such  a  simulation).  One 
approach  consist  in  using  quasi-periodic  boundary  conditions  in  the  stream- 
wise  direction.  Accounting  for  the  spatial  growth  in  the  inflow  conditions 
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can  be  done  by  adding  source  terms  to  the  Navier-Stokes  equations  (Spalart 
et  al.,  1988).  Notice  that  the  resulting  transformed  equations  require  a 
special-purpose  flow  solver  and  need  to  introduce  a  coordinate  transforma¬ 
tion  that  can  not  well  be  extended  to  a  compressible  unstructured  grid  code. 
(Lund  et  al.,  1998)  propose  an  alternative  method  that  is  more  promising 

3.2.  RESCALING-REINTRODUCING  METHOD 

A  compressible  extension  of  the  method  of  (Lund  et  al.,  1998)  is  next  de¬ 
veloped.  The  simulation  generates  its  own  inflow  conditions  through  a  se¬ 
quence  of  operations  where  the  flowfield  at  a  downstream  station  is  rescaled 
and  reintroduced  at  the  inflow  boundary  (Fig.  1).  The  idea  is  to  decompose 
each  flowfield  components  into  a  mean  and  fluctuating  part,  and  then  to 
apply  the  appropriate  scaling  law  to  each  one  separately.  It  is  to  be  noticed 
that  such  a  method  can  be  used  to  generate  the  inflow  database  for  a  second 
computation,  like  a  compression  comer  flow  (Urbin  et  al.,  1999). 

14.8  8 


Figure  1.  Computational  domain:  Flow  at  the  downstream  station  is  rescaled  and 
reintroduced. 


Decompose  each  of  the  quantities  u  in  a  mean  part  U  and  an  instanta¬ 
neous  time  fluctuating  part  u" 

U  s  - - -  /  udt  u"  =  u-U 

tf  “  H  Jti 

As  a  compressible  flow  is  considered,  we  note  the  Van  Driest  -  Femholz  & 
Finley  transformation  of  a  quantity  U  as  Uvd .  In  case  of  an  adiabatic  plate 
flow,  it  writes: 


Uvd  =  -  sin  1(bU) 


with 


1  +  P, 
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where  Pr  =  0.89  is  the  mean  turbulent  Prandtl  number. 

The  multi-layer  scaling  holds  in  compressible  turbulent  boundary  layers 
as  in  incompressible  one  (Femholz  et  ai,  1980).  Let  us  consider  the  inner 
region  and  the  outer  region  of  the  boundary  layer  separately.  On  the  inner 
side,  a  straightforward  extension  of  the  classical  Law  of  the  Wall  reads  in 
Van  Driest  coordinates: 

UIT  =  Ut{x)  x  fi{y+)  with  fi(y+)  =  -ln(y+)  +  C 

/c 

where  =  ( Ur/v )  x  y  is  the  wall  coordinate,  UT  is  the  mean  friction 
velocity,  k  is  Von  Karman’s  constant,  and  C  is  a  constant. 

On  the  outer  side,  the  defect  law  reads,  also  in  Van  Driest  coordinates: 

03  -  03*  =  UT(x)  x  fa(rj) 

where  rf  =  y/6  is  the  outer  coordinate,  8  is  the  boundary  layer  thickness, 
U°°  is  the  free-stream  velocity  and  fa  is  a  second  universal  function  (at  this 
stage,  there  is  no  need  to  define  it  more  precisely). 

As  fa  and  fa  are  supposed  to  be  independent  of  the  streamwise  position 
x  considered,  the  velocity  Urec  at  the  downstream  station  to  be  recycled 
and  the  velocity  Uini  at  the  inlet  can  be  linked  as: 

K7}nl  =  fi  X  EWec(2&) 


and  in  the  outer  region: 

u$inl  =  0  X  Uvd<rec(rjiTa)  +  (1  -  P)  x  U°° 

where  /3  =  UTtini/UTi rec  is  the  ratio  of  friction  velocity  between  the  inlet 
station  and  the  recycled  station.  It  is  to  be  noticed  that  and  rjini  are 
the  inner  and  outer  coordinates  at  the  inlet  station,  but  UvdtTec  is  evaluated 
at  the  recycle  station. 

The  fluctuating  part  of  the  velocity  is  decomposed  in  a  similar  way.  The 
velocity  fluctuation  reads  in  the  inner  domain  and  in  the  outer  domain: 

«'tr  =  /3x  *,  t)  u"°%  =  /3x  u"ec(r)ini,  z,  t) 

The  scaling  for  the  wall-normal  velocity  compound,  between  the  recycle 
and  the  inlet  stations  is  assumed  as: 

V2T  =  Vreciv+a)  VZ?  =  Vrec(Vinl) 

It  is  to  be  noticed  that  such  a  simple  scaling  is  used  as  a  convenient  approx¬ 
imation  that  avoid  to  compute  the  derivatives  dUT/dx  and  dSjdx  needed 
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to  be  consistent  with  the  streamwise  velocity  scaling.  Such  approximation 
appears  to  be  sufficient  for  a  zero  pressure  gradient  boundary  layer  (Arad 
et  al. ,  1999). 

For  the  spanwise  velocity  compound  no  scaling  is  needed  as  the  mean 
should  stay  zero.  The  v"  and  w"  velocity  fluctuations  scaling  are  the  same 
as  for  u". 

The  temperature  is  scaled  to  take  into  account  the  compressibility  ef¬ 
fects  as  well.  As  the  streamwise  pressure  gradient  is  negligible  compared  to 
the  wall  normal  temperature  gradient,  the  next  scaling  is  used: 

T°$  =  TTec(Vinl) 

In  a  supersonic  boundary  layer  the  pressure  fluctuations  are  negligible  com¬ 
pared  to  the  temperature  fluctuations  as  well,  let  us  write: 

T"m  =  nUvtnl,  2,  t)  ns*  =  TreclVinl,  Z,  t) 

At  this  stage,  the  entire  profiles,  valid  over  the  entire  layer,  are  obtained 
by  forming  a  weighted  average  of  the  inner  and  outer  profile,  as  proposed 
by  (Lund  et  al.,  1998): 

I  =  (UM  +  )  X  (1  -  W(vm))  +  (U°$  +  u'm)  X  Wtoha) 

The  weighting  function  W  is  defined  as: 


l  (  tanh 

\Mv-B)  1 

\ 

L(l— 2B)xtj+Bj 

2l1  + 

tanh(4)  J 

using  B  =  0.2  to  provide  a  smooth  transition  at  y/6  =  0.2  (Lund  et  al., 
1998). 

The  last  stage  of  the  rescaling  process  consists  in  determining  UT  and 
6  at  the  inlet.  Best  results  have  been  obtained  by  imposing  the  ratio 
UT.ini  /  UT  TCC  and  Sini/Srec  according  to  the  combined  Law  of  the  Wall  and 
Wake  (Smits  et  al.,  1996)  and  the  next  classical  empirical  correlation: 


4* 


^rec 

tiinl 


x  O.S?1^  x  Re 


l 

Sin,  ) 


1-1/5 


where  Resinl  is  the  Reynolds  number  based  on  the  incoming  boundary  layer 
thickness.  Here  Reginl  =  2x  104,  U r,tni / UTjTec  =  1.030  and  6inl/6rec  =  0.787. 


4*  Configuration 

A  Mach  3  adiabatic  flat  plate  turbulent  boundary  layer  at  Reynolds  num¬ 
ber  Res  =  2x  104  is  simulated  (to  simplify  the  notation,  we  use  6  ~  Sm)- 
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Allowing  z,y  and  z  to  denote  the  streamwise,  transverse  and  spanwise  di¬ 
rections,  respectively,  the  computational  domain  is  Lx  =  14.8 <5,  Ly  =  3.4(5 
and  Lz  =  4  AS.  The  spanwise  width  Lz  is  approximately  six  times  the  ex¬ 
perimental  spanwise  streak  spacing  (assuming  the  compressible  turbulent 
boundary  layer  streaks  scale  in  accordance  with  incompressible  experimen¬ 
tal  results).  The  streamwise  length  Lx  is  approximately  three  times  the 
mean  experimental  streamwise  streak  size.  The  height  Ly  is  based  on  the 
requirement  that  acoustic  disturbances  originating  at  the  upper  boundary 
do  not  interact  with  the  boundary  layer  on  the  lower  wall.  The  baseline  grid 
resolution  is  1,600,000  tetrahedral  cells.  The  grid  at  the  wall  uses  101  x  65 
nodes.  The  nodal  grid  is  stretched  uniformly  in  the  y  using  a  geometric 
factor  of  1.088.  The  height  An  of  the  first  cell  adjacent  to  the  boundary  is 
less  than  one  wall  unit  (A nUT/vw  <  1  where  vw  is  the  kinematic  viscosity 
at  the  wall,  Ur  =  \/rw/pw  is  the  friction  velocity,  rw  is  the  wall  shear  stress 
and  pw  is  the  density  at  the  wall). 

In  order  to  provide  converged  data,  the  primitive  variables  are  averaged 
in  spanwise  direction  and  the  statistical  evaluations  are  performed  on  a  pe¬ 
riod  longer  than  tf  —  U  =  40(5 /Uoo-  The  notation  for  the  combined  temporal 
and  spanwise  average  is 

1  1  tLt  Uf 

<f>"TzTT^TiL  l  fdtdz 


5.  Baseline  Smagorinsky 

The  preliminary  computation  uses  the  Smagorinsky  subgrid-scale  model. 
Such  a  LES  has  run  for  135  inertial  time-scales  6 /Uoo  (Fig-  2).  The  dif¬ 
ferent  results  have  been  presented  in  the  paper  (Urbin  et  ai,  1999).  Good 
predictions  of  the  adiabatic  wall  temperature,  temperature-velocity  rela¬ 
tionship  (Walz  et  al.,  1969)  (Fig.  3),  mean  streamwise  velocity  profile  (Fig. 
4),  Reynolds  normal  stress  (Fig.  9)  and  Reynolds  shear  stress  profiles  (Fig. 
10)  have  been  achieved. 

The  present  aim  is  to  evaluate  the  influence  of  the  subgrid-scale  model 
and  the  convergence  of  the  predictions  with  grid  refinements. 

6.  Influence  of  SGS  Model:  Baseline  MILES 

With  the  objective  of  examining  the  influence  of  the  Subgrid  Scale  Model 
on  the  flow  prediction,  we  perform  a  simulation  using  no  explicit  turbu¬ 
lence  model  at  all.  The  energy  dissipation  is  then  only  due  to  fluid  viscosity 
and  numerical  dissipation.  In  this  sense,  we  perform  a  Monotone  Integrated 
Large  Eddy  Simulation  (MILES).  In  practice,  the  previous  simulation  was 
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Figure  2.  Instantaneous  contour  plot  of  temperature.  Streaks  shown  with  an  high 
temperature  isosurface 


U/Uoo  / 


Figure  3.  Temperature  velocity  relation-  Figure  4.  Mean  streamwise  velocity  pro- 
ship:  comparison  with  the  quadratic  profile,  file  (Preliminary  result). 


stopped  at  the  time  t  =  135£/E/oo.  Now  we  run  it  again  from  this  time,  with¬ 
out  the  SGS.  Such  a  technique  assures  that  the  configuration  is  unmodified, 
and  it  provides  an  excellent  flow  initiation  that  minimize  transient  period. 

For  a  total  elapsed  time  of  t  =  2306/{7oo,  the  streamwise  mean  profile 
(Fig.  5)  is  virtually  identical  to  the  previous  LES  result.  The  same  trend 
is  observed  by  comparing  the  streamwise  and  wall-normal  velocity  fluctua¬ 
tions  (Fig.  6  and  7).  The  beneficial  effect  of  the  Smagorinsky  model  appears 


10 


GERALD  URBIN  AND  DOYLE  KNIGHT 


TABLE  1.  Simulation  Parameter  and  Grid  Size  at  the  Wall  and  at  the  Bound¬ 
ary  Layer  Edge  (Respectively  in  Wall  Unit  and  6  Unit) 


SGS  AX+  .AY+all.AZ+  AX(.AYf=(.AZ( 


Baseline  Smagorinsky 

yes 

28 

X 

0.9 

X 

13 

0.15 

X 

0.086 

X 

0.069 

Baseline  MILES 

no 

28 

X 

0.9 

X 

13 

0.15 

X 

0.086 

X 

0.069 

DX2  MILES  Coarse 

no 

56 

X 

0.9 

X 

13 

0.30 

X 

0.086 

X 

0.069 

DY2  MILES  Coarse 

no 

28 

X 

1.7 

X 

13 

0.15 

X 

0.165 

X 

0.069 

DZ2  MILES  Coarse 

no 

28 

X 

0.9 

X 

26 

0.15 

X 

0.086 

X 

0.137 

Refined  MILES 

no 

18 

X 

1.5 

X 

6.5 

0.10 

X 

0.140 

X 

0.034 

to  be  very  limited.  In  fact  the  lo¬ 
cal  turbulent  viscosity  predicted 
by  the  model  never  exceeds  27% 
of  the  molecular  viscosity.  It  is 
not  our  aim  here  to  discuss  the 
reason  for  such  a  behavior,  that 
is  surely  specific  to  the  use  of  the 
Godunov  scheme  with  the  2nd  or¬ 
der  LS  reconstruction.  The  prac¬ 
tical  conclusion  is  that  there  is 
no  more  need  for  the  Smagorin- 
sky  model,  so  all  of  the  remain¬ 
ing  computations  are  performed 
without  the  SGS  model. 


y’ 


Figure  5.  Mean  streamwise  velocity  profile. 


7.  Grid  coarsening:  DX2,  DY2,  DZ2 

The  LES  and  MILES  grid  size  follows  the  classical  recommendations  for 
turbulent  subsonic  boundary  layer,  but  it  has  never  been  proven  that  they 
apply  for  supersonic  boundary  layer  as  well.  Different  grids  refinements  tests 
are  needed.  We  separately  consider  streamwise,  wall-normal  and  spanwise 
directions  (respectively  x,y  and  z).  The  previous  LES  needed  3500  CPU 
hours  on  SGI-R10000  for  a  total  elapsed  time  of  UbS/Uoc.  Computing  mul¬ 
tiple  finer  grids  simulations  would  require  substantially  more  computer  re¬ 
sources.  An  alternative  approach  is  to  perform  the  multiple  tests  on  coarser 
grids.  The  question  is  to  know  which  direction  is  the  more  sensitive  with 
mesh  coarsening  (a  fortiori  mesh  refinement).  The  answer  will  enable  the 
design  of  a  better  grid. 

Three  tests  are  performed  (DX2,  DY2  and  DZ2)  using  respectively  grids 
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y/5  y/5 

Figure  6 .  Longitudinal  Reynolds  stress.  Figure  7.  Wall-normal  Reynolds  stress. 

enlarged  by  a  factor  2  in  z,t/  and  z  directions  (Table  1).  Everything  else 
stays  the  same.  No  SGS  model  is  employed  and  thus  cases  DX2,DY2  and 
DZ2  are  MILES.  The  initial  flow  field  characteristics  are  interpolated  from 
the  LES  computation  at  its  final  time  t  =  135$/ Uoo.  An  additional  elapsed 
time  of  86$/Z7oo  is  employed  for  each  case  to  enable  transient  period  to 
disappear  and  to  obtain  suitable  statistical  average. 


TABLE  2.  Friction  velocity 


Name 

Ur/Uoo 

Baseline  Smagorinsky 

0.0532 

Baseline  MILES 

0.0528 

DX2  MILES  Coarse 

0.0490 

DY2  MILES  Coarse 

0.0513 

DZ2  MILES  Coarse 

0.0482 

Refined  MILES 

0.0563 

Empirical  Friction  Law 

0.0544-0.0598 

The  streamwise  mean  profile  is  drastically  overestimated  for  DX2  and 
DZ2  in  the  logarithmic  region  as  observed  in  Fig.  5.  The  deviation  from 
the  empirical  and  classical  approximation  Uvd/Ur  =  2.5  log(y+)  +  5.1  is 
greater.  Such  a  behavior  is  mainly  due  to  the  friction  velocity  underpredic¬ 
tion  (Table  2).  DX2  and  DZ2  respectively  predict  a  friction  velocity  7.7% 
and  9.5%  smaller  than  the  MILES  prediction  (initial  grid).  On  the  contrary, 
DY2  underestimates  it  by  less  than  3%.  Furthermore,  the  maYimum  stream- 
wise  Reynolds  stresses  is  a  little  bit  increased  (Fig.  6)  and  the  maximum 
wall-normal  Reynolds  stresses  is  decreased  (Fig.  7).  These  observations  are 
effectively  typical  of  an  under-resolved  LES. 
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Based  on  the  observations  that  the  baseline  simulation  appears  to  be 
very  sensitive  to  the  resolution  in  x  and  z  direction,  and  nearly  insensi¬ 
tive  with  the  resolution  in  y  direction,  a  refined  grid  has  been  designed 
(Table  1:  Refined  MILES).  As  expected,  the  friction  velocity  increases  : 
Ut/Uoo  —  0.0563  (Table  2).  The  deviation  from  the  empirical  and  classical 
approximation  Uvd/UT  =  2.5  log (y+)  +  5.1  is  now  reduced  (Fig.  5). 

Further  improvement  can  reasonably  be  achieved  but  at  this  stage  the 
MILES  prediction  accuracy  is  comparable  to  the  reference  DNS  (Lund  et 
ai,  1998). 


Figure  8.  Streaks  shown  with  contour  plot  of  high  vortidty  modulus.  Cut  =  25. 

The  refined  MILES  does  not  use  a  grid  as  fine  as  required  by  DNS. 
In  classical  LES  the  grid  at  the  wall  has  to  be  fine  enough  to  resolve  the 
first  hairpin-vortices  (Fig.  8)  whose  size  is  roughly  one  hundred  wall  units 
The  phenomena  is  so  complex  that  it  can  not  be  modeled  by  classical 
SGS.  At  the  wall,  the  refined  MILES  grid  is  only  50%  coarser  in  wall- 
normal  Y  direction  than  the  DNS  one  from  (Adams  et  aiy  1997),  for  a 
same  Mach  number  and  comparable  Reynolds  number.  In  the  other  di- 
rections:  AX+1LES  >  300%  AX+NS  and  A Z+JLES  >  300%  A Z+NS. 
At  the  edge  of  the  boundary  layer,  the  mesh  size  ratio  is  now  larger: 
AT miles  =  700%  A Yens.  The  unstructured  grid  method  should  be  able 
to  increase  A Xj^IEES  and  A  ZsMIIjES  in  order  to  reduce  required  computer 
resources  but  the  present  MILES  computation  does  not  use  this  advantage. 

8.  Validation  Against  Experimental  Data 

No  friction  velocity  Ur  experimental  data  is  available  at  Reynolds  number 
R&S  =  2  x  104  and  Mach  number  M  —  3.  The  theoretical  value  based  on 
the  friction  law  obtained  from  the  combined  Law  of  the  Wall  and  Wake 
(using  the  classical  coefficients  k  =  0.41;  C  =  5.0;  II  =  0.55)  is  0.0544. 
Nevertheless  at  such  low  Reynolds  number  the  validity  of  this  value  for  II 
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is  doubtful  (Femholz  et  al.,  1980).  A  large  discrepancy  appears  between 
the  experimental  data.  II  —  0.12  seems  to  be  a  reasonable  average  value, 
which  give  UT/Uoo  =  0.0598.  The  refined  MILES  prediction  is  so  less  than 
6%  accurate. 


Figure  9.  Streamwise  Reynolds  stress.  Figure  10.  Reynolds  shear  stress. 


TABLE  3.  Flow  Parameters 


Name 

Mach  n° 

Re$ 

Refined  MILES  &  Baseline  Smagorinsky 

3.0 

20  x  103 

DNS  (Adams  et  al,  1997) 

3.0 

25  x  103 

Expl  (Johnson  et  al,  1975) 

2.9 

1000  x  103 

Exp2  (Konrad  et  al.,  1993) 

2.9 

1590  x  103 

Exp3  (Konrad  et  al.,  1998) 

2.87 

1900  x  103 

Exp4  (Muck  et  al,  1984) 

2.87 

1638  x  103 

Exp5  (Zheltovodov  et  al.,  1986) 

1. 7-9.4 

up  to  2000  x  103 

ALL  CASES  WITH  ADIABATIC  WALL 


For  further  validations,  the  mean  streamwise  resolved  turbulent  kine¬ 
matic  normal  stress  <;  uMun  ^>,  normalized  using  the  local  mean  den¬ 
sity  p  ;>  and  wall  shear  stress  rw,  is  shown  in  Fig.  9.  As  discussed 
in  (Zheltovodov  et  al. ,  1986;  Smits  et  a/.,  1996),  the  scaling  <  p  »< 
u"v!'  >  / tw  provides  an  approximate  self- similar  correlation  of  experimen¬ 
tal  data  for  supersonic  flat  plate  zero  pressure  gradient  adiabatic  boundary 
layers,  although  the  measurements  close  to  the  wall  are  subject  to  con¬ 
siderable  uncertainty.  Here  are  displayed  data  from  (Konrad  et  al. ,  1998; 
Johnson  et  al,  1975;  Muck  et  al.,  1984;  Konrad  et  al,  1993),  as  well  as 
upper  and  lower  bounds  of  an  extensive  set  of  experimented  data  for  the 
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Mach  number  range  M  =  1.72  -  9.4  in  accordance  with  generalizations  of 
(Zheltovodov  et  al .,  1986).  The  characteristics  of  the  different  experiments 
are  displayed  in  Table  3.  The  computed  results  show  good  agreement  with 
experiment  for  the  main  part  of  the  boundary  layer  (y/6  >  0.2),  despite  a 
significantly  higher  experimental  Reynolds  number.  The  decreasing  slope 
corresponds  precisely  to  (Johnson  et  al.,  1975)  data.  For  y/6  <  0.2  the  pres¬ 
ence  of  the  typical  high  level  peak  in  the  near  wall  region  is  supported  by 
experimental  data  of  (Konrad  et  al.,  1993)  and  the  DNS  data  from  (Adams 
et  al.,  1997),  which  is  nearly  at  the  same  Reynolds  number  as  the  LES.  But 
no  conclusion  can  be  drawn  about  the  precise  y  position  and  the  width  of 
this  peak  without  further  experimental  data  or  DNS. 

In  Fig.  10  the  Reynolds  shear  stress  distributions  are  shown  for  the  same 
experiments  and  the  DNS.  Again,  the  data  fit  well  in  the  outer  part  of  the 
boundary  layer.  The  maximum  value  and  the  decreasing  slope  are  again 
well  predicted. 

9.  Conclusion 

In  addition  to  the  preliminary  study  (Urbin  et  al.,  1999)  multiple  Large 
Eddy  Simulations  of  a  Mach  3  adiabatic  turbulent  boundary  layer  devel- 
oping  on  a  flat  plate  are  presented.  With  the  objective  of  examining  the 
influence  of  the  Subgrid  Scale  Model  on  the  flow  prediction,  we  perform  a 
simulation  using  no  explicit  turbulence  model  at  all.  In  this  sense,  we  per¬ 
form  a  Monotone  Integrated  Large  Eddy  Simulation  (MILES).  The  statisti¬ 
cal  predictions  (mean  velocity,  normal  Reynolds  stress  and  Reynolds  shear 
stress)  appear  to  be  as  accurate  as  the  LES  one.  All  things  considered,  the 
refined  MILES  predicts  a  better  friction  velocity  within  a  few  percent  error 
and  a  correct  mean  streamwise  velocity  profile.  The  adiabatic  wall  temper¬ 
ature,  temperature- velocity  relationship,  Reynolds  normal  stress,  Reynolds 
shear  stress  profiles  axe  accurately  predicted  as  well.  It  establish  more  firmly 
the  unstructured  grid  method  and  the  rescaling-reintroducing  process. 
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1.  Introduction 

The  stretched- vortex  subgrid  stress  model  for  the  large-eddy  simulation  of 
turbulent  flows  has  been  developed  to  the  stage  where  it  can  be  applied  to 
realistic  flow  at  large  Reynolds  numbers  [1]  [2],  The  basic  assumption  of  this 
model  [3]  is  that  the  subgrid  vortex  structure  consists  of  straight,  stretched 
vortices  containing  a  nearly  axisymmetric  subgrid  vorticity  field.  Vortices 
of  this  type,  such  as  the  Burgers  vortex  and  the  stretched-spiral  vortex  have 
provided  fair  quantitative  estimates  of  turbulence  fine-scale  properties  [4], 
These  structures  are  probably  an  oversimplified  model  of  fine-scale  turbu¬ 
lence,  but  may  nevertheless  contain  sufficient  of  the  vortex-stretching  and 
energy  cascade  physics  characteristic  of  the  small  scales  to  provide  a  rea¬ 
sonable  basis  for  subgrid-stress  modelling  for  LES.  The  resulting  subgrid 
stresses  are 

nj=K  (1) 

where  K  is  the  subgrid  energy  and  e?,  i  =  1,2,3  are  the  direction  cosines 
of  the  subgrid  vortex  axis.  The  local  subgrid  dissipation  esgs  is  equal  to  the 
product  of  K  with  the  component  of  S%]  aligned  with  the  vortex  axis.  A  class 
of  simple  models  is  obtained  when  it  is  assumed  that  the  subgrid  vortices  axe 
aligned  with  the  eigenvectors  of  the  rate-of-strain  tensor  Sij  [1].  Utilizing 
an  assumed  Kolmogorov  form  for  the  local  subgrid  energy  spectrum,  the 
model  estimates  the  turbulent  energy  production  at  the  resolved-scale  cutoff 
in  terms  of  the  model  parameters  e  and  the  Kolmogorov  prefactor  Kq  and 
adjusts  these  parameters  locally  so  as  to  continue  the  cascade  through  the 
cutoff  to  the  subgrid  vortex  structures  where  the  dissipation  takes  place. 

In  an  earlier  version  of  the  stretched- vortex  model  which  operates  within 
a  Fourier-Galerkin  pseudo-spectral  computation  of  the  resolved  flow,  the 
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principal  model  parameters  /Co,  e  and  K  were  estimated  by  patching  the 
calculated  resolved-scale  energy  spectrum  to  an  averaged  subgrid  spectrum 
at  the  resolved-scale  cutoff.  This  was  done  using  either  volume  averages  and 
shell-summed  3 D  spectra  (isotropic  turbulence  [1])  or  plane-averages  and 
2D  spectra  (eg  channel  flow  [2]).  No  double  filtering  is  needed  in  order  to 
estimate  model  parameters  and  direct  estimates  of  the  subgrid  contribution 
to  turbulent  transport  are  provided. 


2.  Physical-space  version  of  the  stretched-vortex  SGS  model 

This  ‘spectral  version’  of  the  stretched-vortex  model  has  the  disadvantage 
that  it  is  not  easily  applied  to  flows  with  complex  boundary  conditions,  for 
which  pure  spectral  methods  are  inappropriate.  To  remedy  this,  a  version 
of  a  stretched-vortex  SGS  model  is  proposed  and  tested,  in  which  model  pa¬ 
rameters  are  calculated  locally  using  resolved-flow  estimates  of  the  second- 
order  velocity  structure  functions  F2  =  SUi( r)  +  (r)  +  (r)  where  Ui 

is  the  resolved  field  and  6  refers  to  a  difference  operation.  This  idea  was  first 
developed  for  eddy- viscosity  SGS  modelling  by  Lesieur  and  Metais  [5]  [6]. 
We  presently  adapt  the  structure  function  approach  to  the  kinematics  of  the 
stretched-vortex  SGS  model,  resulting  in  a  model  that  operates  in  physi¬ 
cal  space,  and  that  in  principal  can  be  incorporated  into  any  numerical 
method  for  which  resolved-flow  velocity  differences  and  velocity  gradients 
are  available  at  the  cutoff  scale. 

Given  our  assumptions  concerning  the  subgrid  structure  of  the  vorticity 
field,  it  is  possible  to  derive  a  set  of  kinematic  relations  for  the  local  form  of 
the  energy  spectrum  in  terms  of  the  assumed  subgrid  anisotropy  as  repre¬ 
sented  by  the  orientation  geometry  of  the  subgrid  vortex  [3].  The  following 
equation  can  then  be  derived  for  homogeneous  anisotropic  turbulence, 


~  2  /‘27r  r°° 

F2-F2  +  -  /  /  E{k) 

7T  J (bzzzQ  J k=kc 


dk  d(f>,  (2) 


where  Jo  is  the  zeroth-order  Bessel  function,  /^(r)  is  the  full  second  order 
structure  function,  F2  is  the  contribution  from  scales  larger  than  the  grid 
cutoff  kc  =  7t/A  and  the  integral  term  is  the  contribution  from  the  sub¬ 
grid  scales.  In  (2),  a  denotes  the  angle  between  the  normal  to  the  plane 
of  a  circle  of  radius  r  =  |r|  over  which  the  average  is  taken,  and  the  sub¬ 
grid  vortex  axis.  F2  can  be  estimated  from  an  integral  similar  to  that  in 
(2),  but  with  the  lower  limit  of  the  Ar-integral  replaced  by  k  =  0.  Using 

F2  =  6Ui(t)  +  6U2  (r)  +  6U%(t)  and  a  Kolmogorov  spectrum  in  the  inte- 
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grals  leads  to  the  result 

Koe2/3  = _ ffi(r)  +  M%(r)  +  M/f(r) _ 

%  A2/3  ft=o  fu=ou~5/3  1  ~  Jo  (“i\A  ~  sin2  a  cos2  dud<p 

(3) 

All  quantities  on  the  right-hand  side  of  (3)  are  known.  The  numerator  can 
be  estimated  from  a  four-point  approximation  applied  to  local  resolved- 
field  velocity  differences  [5].  The  denominator  can  be  found  by  either  a  fast 
table  lookup  of  the  prior-evaluated  double  integral  or  from  an  asymptotic 
approximation  (or  a  combination  of  these).  Once  /Co e2/3  is  known,  the 
subgrid  energy  can  be  calculated  and  the  model  SGS  stresses  evaluated. 
The  subgrid  energy  spectrum  is  assumed  to  have  a  sharp  viscous  cutoff 
at  k  =  J/77,  7?  =  (1 /3/e)1/4,  so  that  J  remains  as  a  model  parameter.  An 
alternative  is  to  use  the  Lundgren  [7]  spectrum  for  the  stretched-spiral 
vortex  (with  the  stretching  strain  in  the  Lundgren  result  replaced  by  the 
absolute  value  of  the  component  of  the  resolved  rate-of-strain  tensor  along 
the  subgrid- vortex  axis).  This  model  would  be  free  of  parameters  but  is 
more  complicated  than  the  present  simple  cutoff  model.  A  reasonable  choice 
is  J  =  1,  based  on  cutoff  at  the  local  Kolmogorov  scale,  but  the  choice  J  =  00 
can  be  shown  to  give  a  more  efficient  model  computationally.  For  a  given 
numerical  treatment  of  the  resolved  flow,  the  overall  model  performance 
seems  to  be  insensitive  to  J  over  the  broad  range  0(1)  <  J  <  00,  for 
moderate  to  large  Reynolds  numbers. 

This  physical-space  version  of  the  model  has  been  tested  for  decaying 
isotropic  turbulence.  Three  different  numerical  methods  have  been  utilized; 
a  Fourier-Galerkin  pseudo-spectral  method,  dealiased  by  the  “3/2  rule”,  a 
code  based  on  a  fourth-order  Pade  scheme  [8]  and  the  spectral  element  code 
Prism  [9].  The  decaying  isotropic  turbulence  tests  were  set  up  to  match 
experiment  [10].  Results  for  the  decaying  turbulence  tests  for  the  three 
methods  are  shown  in  Figure  1.  All  codes  produce  reasonable  if  somewhat 
low  estimates  of  the  subgrid  energy  (Figure  2),  a  quantity  not  computed 
by  some  SGS  models  without  additional  modelling. 

3.  Subgrid  model  for  flux  of  a  passive  scalar 

We  outline  here  a  model  for  the  subgrid  flux  of  a  passive  scalar  based  on  the 
stretched- vortex  model.  It  is  assumed  that  a  passive  scalar  <p  is  convected 
and  diffused  in  a  given  turbulent  flow.  For  incompressible  constant  density 
flow,  the  appropriate  filtered  equation  for  <f>  is 

m 

dxi  dxjdxj  ’ 


(4) 
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Figure  1,  Decay  of  isotropic  turbulence,  physical-space  version  of  stretched-vortex  SGS 
model.  Several  numerical  methods.  Resolved  scale  energy.  Symbols,  [10]. 


Figure  2.  Decay  of  isotropic  turbulence,  physical-space  version  of  stretched-vortex  SGS 
model.  Suberid-scale  enererv.  Svmbols.  flOl. 
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where,  Fi  =  (pUi  —  4>Ui  is  the  flux  of  (p  produced  by  the  subgrid  velocity 
field. 

The  flux  F{  is  modelled  by  the  convection  of  (p  by  an  axisymmetric  sub¬ 
grid  vortex.  In  “subgrid  vortex”  polar  co-odinates  r,  6  the  subgrid  velocity 
field  is  assumed  to  be  ug  =  rCl(r)  where  Q(r)  =  T  R~2Cl(()  is  the  local 
angular  velocity,  £  =  r/R,  T  is  the  vortex  circulation  and  R  its  character¬ 
istic  radius.  In  vortex  co-ordinates,  the  solution  of  the  convection  ( D  =  0) 
equation  is 

OO 

<t>(r,e,t)=  £  Mr)jn(e-n{r)t\  (5) 

n=— oo 

where  the  <pn(r),  <P-n(r)  =  </>*  (r),  are  the  Fourier  coefficients  at  time  t  =  0. 
From  (5)  and  the  specified  velocity  field,  an  integral  modelling  Fl  can  be 
written,  giving  the  flux  of  <p  averaged  over  a  cylindrical  volume  of  radius 
R\  where  Ri  is  of  order  of  a  cell  dimension,  and  a  mixing  time  T.  When 
this  result  is  averaged  over  the  phase  angles  of  the  <pn  using  a  random 
phase  approximation,  and  over  the  expectation  of  T  assumed  equally  likely 
to  be  positive/negative,  it  can  be  shown  that,  provided  the  dimensionless 
parameter  TT/R 2  is  not  large,  the  integral  for  Fi  can  be  reduced  to  an 
approximate  form 

where  x[  =  r  cos  0,  x[  =  r  sin  6  and  K  is  the  subgrid  energy  contained 
in  the  volume.  The  dependence  on  the  vortex  variables  R,  T,  the  volume 
dimension  R\  and  the  vortex  velocity  r  Cl  are  now  contained  entirely  within 
K. 

In  laboratory  co-ordinates  Xi,  the  flux  expression  is 

Fi  =  -Him  ,  Him  =  \Ax  K1/2  (Pirn  ~  <  e^) ,  (7) 

Ax  is  the  local  cell  size.  Equation  (7)  takes  the  form  of  a  tensor-eddy 
diffusivity  model  of  the  subgrid  scalar  flux.  Both  the  subgrid  energy  K 
and  the  e?  are  available  from  the  subgrid  stress  model.  Hence  we  have 
a  realizable  model  which  requires  only  the  additional  calculation  of  the 
resolved  temperature  gradients. 

4.  Conclusion 

We  have  proposed  and  tested  a  physical-space  version  of  the  stretched- 
vortex  subgrid  stress  model  for  the  large-eddy  simulation  of  turbulent  flows. 
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The  basic  model  operation  is  similar  to  the  first  version  of  the  model,  but 
uses  local  second-order  structure  functions  of  the  resolved  field  to  estimate 
model  parameters.  The  circular  average  used  in  (2)  should  be  suitable  for 
the  calculation  of  wall-bounded  flows,  when  the  circle  axis  is  aligned  with 
the  local  wall  normal.  A  model  for  the  inclusion  of  the  flux  of  a  passive 
scalar  based  on  convection  of  the  scalar  by  the  assumed  velocity  field  of  the 
subgrid  vortex  structure  has  been  suggested.  Work  is  in  progress  to  apply 
these  models  to  wall  bounded  flows  and  to  the  mixing  of  a  passive  scalar 
by  a  turbulent  field. 
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ABSTRACT-  Large  eddy  simulations  of  spatially  evolved  turbulent  rounds  jets  were 
presented.  The  two  SGS  models  called  the  standard  Smagorinsky’s  eddy  viscosity  model 
and  the  non-eddy  viscosity  stimulated  small  scale(SSS)  model  developed  by  Shah  & 
Ferziger[l]  were  applied.  The  Reynolds  number  of  the  flow  was  taken  to  10000  based  on 
the  orifice  diameter  and  the  axial  velocity  in  the  orifice.  The  comparison  between  these 
two  models  showed  that  the  standard  Smagorinsky’s  viscosity  model  with  Smagorinsky’s 
constant  of  0.1  underestimated  the  turbulent  intensity,  while  the  SSS  model  showed  a 
better  agreement  with  the  experiment.  Also  the  SSS  model  was  used  to  investigate  the 
development  of  vortex.  The  convective  boundary  condition  at  the  outflow  boundary  was 
adopted  to  ensure  less  effect  of  noise  on  the  upstream. 

KEYWORDS  Stimulated  small  scale  model,  Smagorinsky’s  eddy  viscosity  model, 

Round  jet,  Large  eddy  simulation 

INTRODUCTION 

Jets  are  important  in  many  practical  applications.  Mixing,  aeroacoustics,  combustion, 
propulsion  and  flame  stability  are  intimately  related  to  the  instability  mechanisms  and  large- 
scale  structures  of  this  flow.  Jets  are  also  considered  as  one  of  the  prototypes  of  free  shear 
flows  and  the  studies  on  this  flow  geometry  help  to  the  further  understanding  of  free  shear 
flows.  For  both  theoretical  and  practical  reasons,  the  considerable  research  efforts[2-6],  in¬ 
volving  either  experiments,  theoretical  analyses  or  numerical  simulations,  are  devoted  to 
investigating  the  characteristics  of  jet  flows. 

Numerical  simulation  is  increasingly  recognized  as  an  attractive  method  to  study  tur¬ 
bulent  flows.  Compared  to  laboratory  experiments,  the  structure  of  the  instantaneous  flow 
fields  obtained  through  spatially  evolving  computer  simulations  is  free  from  experimental 
problems  such  as  the  effects  of  probe  interference.  The  numerical  computations  also  have  the 
advantage  of  being  free  from  problems  with  hot  wire  measurements  such  as  high  turbulence 
levels  and  flow  reversal  and  also  allowing  a  more  precise  control  of  the  effect  of  boundary 
conditions  on  the  flow  investigated.  On  the  other  hand,  numerical  simulations  bring  some 
problems.  First,  the  influence  of  finite  computational  domain  on  real  jet  flow  can  not  be 
neglected  and  unsuitable  outflow  boundary  conditions  will  introduce  unphysical  reflections 
to  the  upstream.  The  second  difficulty  is  the  formulation  of  the  lateral  boundaries,  which 
must  ensure  the  entrainment  of  this  flow  to  be  correctly  described. 

Among  three  kinds  of  numerical  methods  to  turbulence  simulation,  turbulence  models 
are  seldom  used  to  compute  jet  flow.  Direct  numerical  simulation(DNS)[7]  is  the  most  exact 
approach, but  it  is  also  extremely  time-consuming  and  memory-demanding.  Therefore,  large 
eddy  simulation(LES)  is  chosen  in  the  present  paper. 

Smagorinsky’s  eddy  viscosity  model  is  the  most  commonly  used  subgrid  scale  (SGS)  model 
and  has  been  applied  successfully  to  a  variety  of  turbulent  flows  since  this  model  captures 
the  dissipative  nature  of  turbulence.  However,  it  is  unable  to  account  for  reverse  transfer  of 
energy  from  subgrid  to  resolved  scales  (backscatter). 

Recently,  a  non-eddy  viscosity  subgrid  scale  model  called  stimulated  small  scale  (SSS) 
model  has  been  proposed  by  Shah  &  Ferziger.  This  procedure  does  not  require  the  assumption 
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of  homogeneity  and  permits  backscatter  of  energy  from  small  to  large  scales.  Shah  &  Ferziger 
applied  this  model  to  a  second  order  finite  volume  simulation  of  plane  channel  flow  at  high 
Reynolds  numbers.  The  results  compared  to  ones  provided  by  the  Smagorinsky  and  dynamic 
eddy-viscosity  models  and  the  spectral  LES  showed  that  this  model  not  only  captured  the 
dissipative  nature  of  turbulence  but  also  provided  more  reasonable  energy  transfer  between 
the  resolved  and  unresolved  scales.  To  my  knowledge,  few  publications  appeared  on  this 
model,  therefore  lots  of  practice  on  this  new  non-eddy  viscosity  subgrid  scale  model  will  be 
needed  to  verify  its  merits. 

In  the  view  of  the  above  discussion,  the  objective  of  this  paper  is  to  present  a  LES  of  a 
spatially  developing  turbulent  round  jet  flow.  The  effects  of  the  above  two  LES  models  on 
the  numerical  simulation  of  jet  flows  will  be  investigated  and  the  energy  dissipation  obtained 
by  the  SSS  model  will  be  shown. 

MATHEMATICAL  FORMULATION 

The  space  filtered  Naiver-Stokes  equations  for  incompressible  flows  can  be  written  in  the 
following  nondimensional  form 


dUj 

dxi 


=  0 


du{  d(uiUj)  _  dp  drij  1  d2U{ 

dt  dxj  dx{  dxj  "**  Re  dxjdxj 


(1) 

(2) 


Eqs.  (l)and  (2)  govern  the  large  scale  motion.  The  large  scales  are  influenced  by  the  small 
scales  via  the  SGS  stress. 


Tij  =  UiUj  -  UiUj  (3) 

To  close  the  system  of  equations  the  SGS  stress  should  be  modeled.  The  Smagorinsky  model 
can  be  thought  of  as  an  adaptation  of  the  Boussinesq  concept  to  the  subgrid  scale.  It  is 

Tij  -  SijTkk/3  =  -2vTSij  =  -vT{^  +  ^-)  (4) 

where  v y  is  the  eddy  viscosity  vt  —  (CsA)2|S|.  Sij  is  the  strain-rate  tensor  of  the  filtered 
velocity  field.  A  is  the  filter  width  and  Cs  is  Smagorinsky  constant,  taken  as  0.1  in  the 
present  simulation. 

The  SGS  model  of  another  type  is  the  non-eddy  viscosity  model  and  the  stimulated  small 
scale  (SSS)  model  is  of  this  case.  The  model  of  this  type  not  only  permits  backscatter  and 
gives  a  good  representation  of  instantaneous  energy  transfer  between  the  large  and  small 
scales,  but  also  provides  more  reasonable  energy  dissipation.  In  this  model,  the  SGS  stress 
can  be  written  as 


Tij  =  u\u)  -  u*u*  (5) 

where  u*  is  defined  implicitly  in  terms  of  the  filtered  velocity  Tq  by  a  differential  operator  L. 

L{u\)  =  ui  (6) 

where  L  =  LxLyLz.  Lx,Ly  and  Lz  are  of  similar  form.  The  filtering  operating  A  is  defined 
in  a  similar  manner. 
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«?  =  v«) 


(7) 


where  V  =  I414T4  is  the  explicit  operator  and  is  similar  to  the  operator  L.  The  operators 
L  and  V  are  of  second  order  operators.  So  the  SGS  stress  can  be  approximated  in  terms 
of  the  filtered  velocity  by  the  implicit  and  explicit  operators. 

To  understand  this  procedure,  consider  the  expression  u\  in  one  dimension.  Lx  and  Vx 
axe  defined  as 


r.-d+c4+ft| l)  (8) 

f-=<i+as+fl4)  <9> 


The  coefficients  in  Lx  and  Vx  operators  can  be  identical.  With  the  operator  Lx  Eq.(6)  is 
rewritten  as 


__  *  ^  du*  _  cPu*  ~  , 

u~u  +Cl~^  +  Ci~di t  =  l*(u  ) 


(10) 


This  is  a  local  Taylor  series  approximation  for  the  filtered  quantity  in  terms  of  the  unfiltered 
quantity.  The  nonsymmetric  box  filter  gives 


(  1/A  if -Aj_i/2  <  x  -  Xj  <  Aj/2 

Gj  =  G(x  -  Xj)  =  <  1/(2A)  if  x  -  Xj  =  -Aj-i/2  or  x  -  Xj  =  Aj/2 

\  0  if  x  -  Xj  <  ~-Aj-i/2  or  x  -  Xj  >  Aj/2 

where  A  is  the  filter  width,  the  filtering  operation  defined  by 


G(x  -  x^ufe^dx' 


(11) 


(12) 


gives 


u(xj )  =  — - “t -  f  uix^dx* 

3)  Aj  +  Aj-i  JXj-±2f±  K  } 

Taylor  series  expansion  of  u(:r')  around  Xj  leads  to 

+ \j  +o(a3) 


(13) 


(14) 


Thus,  u*  will  be  a  second  order  approximation  to  u  if  the  coefficients  in  Eqs.(10)  and  (14) 
are  matched.  Extension  to  three  dimensions  consists  of  sequential  application  of  L  operators 
in  each  direction.  A  finite  difference  approximation  to  the  operator  Lx  of  Eq.(10)  can  be 
written  as 


Uj  —  flUj _ y  *f  *1"  (15) 

Substituting  the  Taylor  series  expansion  for  u*j_x  and  ttj+1  about  the  node  j  into  Eq.(15) 
and  matching  the  coefficients  in  Eq.(14),  one  obtains 
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/i2(m2  -  3m)  4-  hjhj-i(3m  -  m2)  4-  /i2_:m2 

12hj~i(hj  -f-  hj- 1) 

/i2m2  -h  hjhj-i  (3m  -  m2)  4-  h2_x  (m2  -  3m) 
12/ij(/ij  4*  hj— i) 

6  =  1  —  (a  4-  c) 


(16) 


where  hj  =  Xj+i  -  Xjy  m  is  the  filter-grid  ratio  m  =  (Aj  +  Aj-i)/(/ij  4-  hj_i). 

Table  1  shows  the  coefficients  (a,  6,  c)  for  the  finite  difference  stencil  for  various  m. 

Table  1  Coefficients  (a,6,c)  corresponding  to  various  filter-grid  ratio  m 


(a,b,c) 

filter- grid  ratio  m—  >/l2(l  -  b) 

(l,22,l)/24 

i 

(l,6,l)/8 

y/3 

(l,4,l)/6 

2 

The  operator  Lx  is  solved  with  certain  combination  of  a,  fc,  c  and  the  operator  Vx  is 
identical  to  Lx.  The  procedure  for  computing  the  SGS  stress  consists  of  the  following  three 
steps: 

1.  Choose  a  filter-grid  ratio  (m)  for  each  direction.  This  determines  the  coefficients  a,fc,c. 

2.  Compute  u*  by  inverting  a  set  of  tridiagonal  systems  in  each  direction. 

3.  Substitute  u*  into  Eq.(5)  and  apply  the  filtering  operator  V  to  obtain  the  SGS  stress 


COMPUTATIONAL  METHOD 

To  be  convenient,  the  N-S  equations  are  written  as 

V  •  V  =  0  (17) 


_  =  _  V(f?)  +  V(2(H  +  vT)S)  (18) 

where  V  is  the  velocity  vector,  P  the  pressure  and  Vi  the  kinematic  viscosity  of  the  fluid. 
The  time  integration  of  Eq.  (18)  has  been  with  a  second-order  Adams-Bashforth  scheme[8]. 

V*  —  yn  q  1 

— —  =  ^(-An  -  Pn  +  Dn)  -  -  Pn~l  +  D"-1)  (19) 

in  which  A  stands  for  discrete  advection  operator,  P  for  the  discrete  pressure  operator,  D 
for  the  discrete  diffusion  operator  and  A t  for  the  time  step.  The  newly  computed  velocity 
will  not  be  divergence  free,  so  we  perform  a  pressure  correction  step. 

yn+1  -  V* 

- — - =  -VPn+l  (20) 


Taking  the  divergence  of  this  equation  and  setting  the  divergence  of  the  velocity  at  time  level 
n  +  1  equal  to  zero,  leads  to  the  following  Poisson  eqaution  for  the  pressure  correction. 


y2  pn+l  _  _Ly  .  y* 

A  t 


(21) 
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The  Poisson  equation  for  the  pressure  correction  is  solved  using  a  Gauss-  Chebyshev  trans¬ 
forms  in  the  streamwise  direction  and  then  solving  the  tridiagonal  matrixes  in  the  radial 
direction.  After  the  solution  of  the  Poisson  equation,  the  velocity  is  corrected  with  help  of 
Eq.(20). 

Third-order  and  fourth-order  compact  finite  difference  scheme  is  used  to  calculate  the 
first  and  second  derivatives  of  the  variables  in  the  convective  terms  and  the  viscous  terms 
respectively. 

A  staggered  grid  arrangement  is  adopted,  where  the  pressure  and  other  scale  variables  are 
defined  in  the  center  of  the  cell  while  velocity  components  are  defined  on  the  surfaces.  Uniform 
meshes  are  used  in  the  streamwise.  The  grid  spacing  in  the  radial  direction  is  nonuniform  with 
the  grid  points  clustered  near  the  jet  orifice.  Due  to  the  limit  of  computational  conditions, 
the  computational  domain  is  taken  equal  to  25  orifice  diameters  and  15  orifice  diameters  in 
the  streamwise  and  radial  direction  respectively.  The  grid  consists  of  514  x  150  points  in  the 
streamwise  and  radial  direction  respectively. 

BOUNDARY  CONDITIONS 

Four  types  of  boundaries  can  be  distinguished:  the  inflow,  outflow,  lateral  and  centerline 
boundary,  each  of  which  requires  a  different  boundary  condition. 

At  the  inflow  boundary  of  the  jet,  all  velocity  components  are  specified. 

«.(0,r,  t)  =  U0  =  {  l  ur(0,  r,t)=  0  (22) 

in  which  ux  and  ur  denote  the  velocity  components  in  the  streamwise  and  radial  directions. 
R  is  the  orifice  radius  and  Uo  is  the  axial  velocity  in  the  orifice. 

At  the  outflow  boundary  the  convective  boundary  condition  [9]  is  used  to  reduce  its  effect 
on  the  upstream. 


dv 

dt 


=  0 


(23) 


where  U  is  the  mean  velocity  over  the  outflow  boundary. 

The  centerline  boundary  condition  is  written  as 

|r=0=  o  ur(x,0,t)  =  0  (24) 

At  the  lateral  boundary,  all  the  first  derivative  in  the  radial  direction  is  set  to  be  zero. 

^  !»«...=  0  ^|„*....=  0  (25) 


where  Rmax  is  the  largest  radius  of  the  computational  domain. 

The  pressure  boundary  condition  is  defined  as  ||  =  0  and  ft  is  the  unit  normal  on  the 
boundary. 

The  initial  condition  for  the  computation  is  set  to 


ux(x,r,0)  =  ux(0,r,t)  ur(x,r,0)  =  ur(0,r,  t)  p  =  0  (26) 

The  numerical  method  outlined  above  is  implemented  on  PC’s  .  For  a  gridsize  of  514  x  150 
and  At  =  0.005,  the  code  takes  90  hours. 

RESULTS  AND  DISCUSSIONS 
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The  results  obtained  by  the  Smagorinsky’s  eddy  viscosity  model  and  the  stimulated  small 
scale  (SSS)  model  are  plotted  in  Fig.l  ~  Fig. 5,  in  which  all  the  variables  are  averaged  from 
t  =  200  ~  t  =  400.  Fig.l  depicts  the  mean  streamwise  velocity  at  Re  =  1  *  104.  Uc  is  the 
mean  streamwise  velocity  on  the  centerline.  The  normalized  mean  velocities  are  not  very 
consistent  with  the  experimental  results  of  Sami[10]  at  Re  =  22  •  104.  Near  the  jet  exit,  very 
strong  momentum  transfer  occurs.  The  axisymmetric  hypothesis  in  the  present  computation 
does  not  allow  the  convection  and  diffusion  of  momentum  across  the  centerline.  Furthermore, 
the  Smagorinsky  model  with  only  a  constant  does  not  represent  the  whole  jet  flow.  So  the 
Smagorinsky  model  gives  worse  mean  velocity  distribution  than  the  SSS  model  does. 


Fig.l  The  normalized  mean  streamwise  Fig. 2  The  turbulent  intensity  versus 

velocity  versus  the  radius  the  streamwise 

Fig. 2  and  Fig.3  show  the  turbulent  intensity  distribution.  In  Fig.2  the  end  of  the  po¬ 
tential  core  coincides  with  a  substantial  increase  in  the  streamwise  turbulent  intensity  along 
the  centerline.  It  can  be  seen  that  in  the  SSS  model  the  turbulent  transition  is  increasing 
from  a  very  low  level  0(0.01)  to  a  high  level  of  0(0.3)  in  a  qualitatively  correct  manner, 
while  the  Smagorinsky  model  underestimates  the  turbulent  intensity.  The  level  of  the  turbu¬ 
lent  intensity  reaches  a  maxim  value  and  decreases  to  an  asymptotic  self-similarity  behavior 
normalized  by  the  centerline  velocity.  Both  the  LES  and  Sami’s  experimental  results  show 
similar  behavior  in  the  radial  direction,  shown  in  Fig.3.  The  SSS  model  gives  a  better  agree¬ 
ment  with  experimental  results.  It  is  also  of  the  case  in  Reynolds  shear  stress  component, 
shown  in  Fig.4.  The  LES  compares  relatively  well  with  the  Sami’s  experiment  data  and 
have  the  same  qualitatively  and  asymptotic  behavior.  In  both  the  LES  and  the  experimental 
data,  Reynolds  shear  stress  component  increases  with  x  and  shows  the  same  transitional 
behavior  as  the  turbulence  intensity,  i.e.  an  initial  increase  followed  by  a  decrease  towards 
an  asymptotic  self-similarity  behavior. 

Fig.5  describes  the  variation  of  the  turbulent  kinetic  energy  versus  the  normalized  radius. 
The  turbulent  kinetic  energy  increases  to  a  maximum  at  the  edge  of  the  jet  and  decays  further 
out. 

In  the  view  of  the  above  discussion,  the  results  provided  by  the  SSS  model  show  a  better 
agreement  with  Sami’s  experimental  data  than  the  Smagorinsky  model. 

An  important  character  of  the  SSS  model  is  that  it  can  provide  reasonable  energy  transfer 
between  the  large  and  small  scales,  especially  it  can  represent  reverse  transfer  of  energy  from 
subgrid  to  resolved  scales  (backscatter). 

Fig.6  shows  the  energy  dissipation  at  t  =  400  .  Near  the  jet  exit,  intense  turbulence 
makes  the  flow  heterogeneous  and  the  backscatter  (the  energy  dissipation  is  positive)  obvi- 
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ously  exists,  while  in  the  downstream  flow  is  fully  developed  turbulent  and  the  most  energy 
is  transferred  from  large  scales  to  small  scales,  which  complies  to  the  principle  of  energy 
transfer  in  turbulent  flows. 


Fig.3  The  turbulent  intensity 
versus  the  radius 


Fig.4  The  Reynolds  shear  stress 
component  versus  the  radius 


Fig.5  The  turbulent  kinetic  energy  Fig.6  The  energy  dissipation 

CONCLUSIONS 

The  large  eddy  simulation  of  axisymmetic  round  jet  has  been  presented  with  two  SGS 
models  used  for  comparison.  A  new  non-eddy  viscosity  SGS  mode  called  the  Stimulated 
Small  Scale  (SSS)  model  proposed  by  Shah  &  Ferziger  was  applied  to  the  present  simulation. 
According  to  the  principle  of  the  SSS  model,  this  model  can  not  only  accounts  for  the  energy 
dissipation,  but  also  represents  a  good  instantaneous  energy  transfer  between  the  large  and 
small  scales. 

Mean  velocities,  turbulent  intensities,  Reynold  shear  stress  and  turbulent  kinetic  energy 
were  determined  by  the  SSS  model  and  the  Smagorinsky  eddy  viscosity  model  at  Re  =  1  •  104. 
The  LES  results  compared  with  the  experimental  data  of  Sami  et  al  at  Re  =  22  •  104  showed 
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that  the  stimulated  small  scale  (SSS)  model  provided  a  better  agreement  with  the  experiment 
data  than  the  Smagorinsky  model. 

The  SSS  model  was  utilized  to  describe  the  energy  dissipation  and  the  backscatter  in  the 
round  jet  was  captured.  The  convective  boundary  condition  at  the  outflow  boundary  ensured 
the  less  reflect  on  the  upstream. 
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1.  Introduction 

The  transition  of  hypersonic  boundary  layer  flow  is  one  of  the  fundamental 
problems  in  fluid  mechanics.  In  general,  boundary  layer  flows  become  tur¬ 
bulent  in  three  steps:  1)  receptivity,  2)  linear  growth  of  disturbance,  and 
3)  nonlinear  effects  in  which  the  flow  breaks  down  to  turbulence.  Gortler 
instability  is  one  of  many  B-L  instability  mechnisms.  Gortler  vortices  ap¬ 
pear  in  boundary  layer  flow  along  concave  surfaces  due  to  the  imbalance 
between  pressure  and  centrifugal  force.  Many  practical  engineering  designs 
involve  concave  surfaces  such  as  engine  inlet.  Therefore,  Gortler  instability 
become  an  important  subject  in  fluid  mechanics. 

For  Gortler  instability,  it  has  been  shown  that  the  region  of  linear  de¬ 
velopment  of  disturbances  are  relatively  shorter  than  nonlinear  developing 
region;  therefore,  nonlinear  effects  are  mainly  considered  in  Gortler  instabil¬ 
ity.  For  nonlinear  studies,  Direct  Numerical  Simulation  (DNS)  which  solve 
full  Navier  Stokes  equations  is  an  efficient  method. 

Previously  there  have  been  many  DNS  studies  to  solve  nonlinear  Gortler 
problems.  Hall(1988)  demonstrated  that  nonlinear  evolution  of  stream- 
wise  Gortler  vortices  produces  inflectional  profiles  which  will  presumably 
break  down.  Lee  and  Liu(1992)  and  Liu(1991)  numerically  showed  mush¬ 
room  like  vortex  due  to  nonlinear  growth  of  Gortler  vortices.  Liu  and  Do- 
maradzki(1993),  Yu  and  Liu(1994),  and  Li  and  Malik(1995)  studied  sec¬ 
ondary  instability  effects  on  Gortler  vortices.  Secondary  instability  is  pro¬ 
duced  by  interaction  between  TS  waves  and  Gortler  vortices. 

Li  and  Domaradzki(1993)  dealt  with  Gortler  problem  using  Direct  Nu¬ 
merical  Simulation  (DNS).  Initial  disturbances  were  obtained  from  Linear 
Stability  Theory  (LST)  since  initial  stage  of  growing  Gortler  vortices  is 
linear.  They  showed  that  Gortler  vortices  become  turbulent  due  to  the 
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spanwise  velocity  gradient  as  well  as  the  normal  velocity  gradient.  They 
mentioned  that  varicose  mode  of  secondary  instability  is  related  to  the  nor¬ 
mal  velocity  gradient  and  the  sinuous  mode  is  to  the  spanwise  gradient 
and  concluded  that  sinuous  mode  is  dominant.  Li  and  Malik(1995)  used 
PSE  (parabolic  stability  equation)  method,  and  studied  nonlinear  effects 
of  Grotler  vortices.  In  their  approach,  they  showed  there  are  two  kinds  of 
secondary  instability  modes;  even  and  odd.  The  even  mode  is  related  to  the 
varicos  mode,  and  the  odd  mode  is  to  the  sinous  mode. 

Most  DNS  works  have  considered  simple  geometry  without  shock  and 
flat  plate  boundary  layer  mean  flow.  In  this  project,  blunt  body  with  bow 
shock  which  contains  concave  surface  is  considered,  and  2-D  mean  flow  is 
obtained  from  solving  the  full  Navier  Stokes  equations.  Gortler  instability 
is  investigated  using  two  approaches:  LST  and  DNS.  Normal  mode  linear 
stability  analysis  is  used  for  the  initial  disturbances  for  linear  and  nonlinear 
simulation  and  to  verify  the  simulation  code.  DNS  is  used  to  simulate  lin¬ 
ear  and  nonlinear  development  of  Gortler  vortices  in  hypersonic  boundary 
layers.  Characteristics  of  nonlinear  Gortler  instability  will  be  investigated. 

2.  Linear  Stability  Analysis 

Although  region  for  linear  development  of  Gortler  mode  is  much  shorter 
than  the  nonlinear  region,  we  can  obtain  lots  of  useful  information  from 
linear  stability  analysis.  Along  the  concave  surface,  T-S  wave  (or  shear 
mode)  as  well  as  Gortler  mode  exists.  Parametric  studies  on  the  relative 
stability  of  Gortler  and  shear  mode  can  be  studied  by  LST.  Linear  stability 
analysis  also  help  us  to  verify  the  numerical  simulation  code. 

In  the  derivation  of  disturbance  equations,  we  closely  followed  Ma- 
lik’s(Malik,  1990)  formulation  for  cartesian  coordinates.  Coordinate  trans¬ 
formation  is  applied  to  transform  cartesian  coordinates  into  curve  linear 
system  in  order  to  include  curvature  effects. 

The  linear  stability  code  for  Gortler  instability  has  been  verified  by 
comparing  with  available  published  papers(Whang  et  al.,  1999).  Both  shear 
and  Gortler  modes  have  been  considered  in  the  analysis.  Unstable  shear 
mode  as  well  as  Gortler  mode  exist  along  the  concave  surface;  therefore,  it 
is  important  to  invetigate  which  mode  is  dominant.  At  hypersonic  speed 
limit,  second  shear  mode  dominates  the  first  mode;  therefore  Gortler  modes 
and  second  shear  modes  are  compared  in  the  analysis. 

Figure  1  shows  the  maximum  temporal  growth  rates  of  Gortler  and 

°  rj *  *  r* 

shear  modes  at  constant  Reynold’s  number  (Res)  which  is  K ’ —  where 

'  oo 

S*  is  boundary  layer  thinkness.  Each  lines  of  Gortler  modes  indicates  con¬ 
stant  Gortler  number  (G)  defined  as  ResyfJi-  Reynold’s  number  (Res)  is 
fixed  as  1500,  and  radius  of  curvature  changes  in  order  to  study  Gortler 
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Figure  1.  Comparison  of  the  maximum  growth  rates  of  Gortler  modes  and  second  shear 
modes  at  Res  =  1500.  There  is  a  critical  Gortler  number  over  which  Gortler  modes  are 
dominant.  Wavenumber,  /3,  decreases  as  Mach  number  increases  at  fixed  Gortler  numbe. 


number  effects.  As  Gortler  number  increases,  the  maximum  growth  rates 
increase.  Increasing  Gortler  number  at  fixed  Reynolds  number  represents 
increase  of  curvature  effects.  As  curvature  increases,  flow  become  more  un¬ 
stable  (Whang  et  a/.,  1999).  It  is  also  true  for  shear  mode,  but  it  does  not 
affect  the  stability  condition  as  much  as  for  Gortler  mode.  Therefore  in 
Fig.  1,  second  shear  mode  at  G  =  15.0  is  only  shown.  The  figure  shows 
that  there  is  a  critical  Gortler  number  over  which  Gortler  mode  dominates 
second  shear  mode  at  hypersonic  speed  limit. 

At  low  mach  number,  Gortler  modes  dominate  second  shear  mode.  How¬ 
ever,  this  is  the  region  dominated  by  first  shear  modes  which  are  not  com¬ 
puted  in  this  analysis.  According  to  Mack’s(Mack,  1984)  results  for  flat 
plate  at  i2e£=1500,  we  can  roughly  compare  growth  rates  of  Gortler  modes 
and  first  shear  modes.  If  Gortler  number  is  greater  than  15.0,  Gortler  modes 
dominate  first  shear  modes. 

Compressibility  effects  of  Gortler  modes  are  shown  in  Fig.  1.  As  Mach 
number  increases,  growth  rate  decreases.  However,  at  hypersonic  limit,  sta¬ 
bility  effects  of  compressibility  become  less  important.  When  Mach  number 
is  greater  than  5,  growth  rates  become  constant.  It  is  the  same  results  as 
Spall  and  Malik(Spall  et  a/.,  1983). 

Figure  1  also  shows  relationship  between  spanwise  wave  number,  /?, 
which  gives  the  maximum  growth  rates,  and  Mach  number,  M.  As  Mach 
number  increases,  the  wave  number  decreases.  El-Hady  et  al(El-Hady  et 
a/.,  1983)  also  mentioned  this  trend  in  their  linear  stability  analysis. 
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Figure  2.  Pressure  contours  for  the  steady  mean  flow  at  =  15,  =  101.059  K, 

Pi  -  10.3  Pa,  T*  =  1000  K,  Re*,  =  150753.17. 

3.  Gortler  Vortices  along  Blunt  Body  with  Concave  Surface 
3.1.  2-D  MEAN  FLOW 

The  steady  flow  solutions  of  the  Navier-Stokes  equations  for  the  viscous 
hypersonic  flow  over  blunt  body  is  simulated  using  a  fifth  order  explicit  up¬ 
wind  scheme  and  shock  fitting  method (Zhong,  1997).  Eight  computational 
zones  are  used  to  carry  out  the  simulation  with  a  total  of  1288  x  121  grids. 
Stretched  grids  are  used  in  streamwise  direction  as  well  as  in  wall  nor¬ 
mal  direction  in  order  to  resolve  rapid  changes  of  flow  properties  near  the 
stagnation  point  in  zone  1  and  viscous  layers.  For  other  zones,  streamwise 
stretching  is  not  necessary;  however,  it  is  used  in  current  analysis. 

First  three  zones  are  parabolic  blunt  body,  and  concave  surface  is  ex¬ 
tended  in  the  other  zones.  Using  polynomial  equations,  we  make  continuous 
and  smooth  curves.  At  transition  points  between  two  polynomial  equations, 
zeroth,  first,  and  second  order  derivatives  are  matched;  therefore,  curves  are 
continuous  till  second  order  derivatives.  More  smooth  curves  can  be  gener¬ 
ated  by  matching  the  third  order  and  more,  but  in  our  analysis,  we  matched 
till  second  order  in  order  to  get  continuous  radius  curvature  which  is  a  func¬ 
tion  of  first  and  second  order  derivatives.  For  the  concave  surface,  we  used 
large  radius  of  curvature  to  avoid  shock  formation  due  to  compressive  waves 
inside  the  computational  domains. 

Freestream  Mach  number  (Moo)  is  15.  Temperature  (T^)  and  pressure 
(P^)  in  freestream  are  101.059  K  and  10.3  Pa  respectively.  Unit  Reynolds 
number,  Reoo,  is  150753.175.  The  body  surface  is  assumed  to  be  a  non-slip 
wall  with  an  isothermal  wall  temperature  =  1000/f . 

Solutions  of  the  steady  mean  pressure  contours  are  shown  in  Fig.  2. 
Pressure  is  nondimensionalized  by  the  flow  variables  in  the  freestream  in 
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Figure  3.  Temperature  distribution  of  the  primary  Gortler  modes  along  the  streamwise 
direction  at  G  =  6.71,  M  =  7.89  ,  Re  =  4.23  x  10s,  and  /3  =  0.1. 


Figure  4-  Distributions  of  imposed  disturbances  at  1=100  of  zone  7  at  G  =  6.71, 
M  =  7.89  ,  Re  =  4.23  x  10s,  and  8  =  0.1.  Results  are  compared  with  LST  results. 


front  of  shock.  The  figure  shows  the  effect  of  concavity  on  the  pressure  field. 
Concave  wall  starts  when  x  is  approximately  0.5m,  and  flow  properties 
change  after  that  point. 

3.2.  CASE  I:  LINEAR  GROWTH  OF  GORTLER  VORTICES 

Simulation  code  can  be  verified  by  comparing  simulated  results  with  those 
obtained  from  linear  stability  analysis.  3-D  disturbed  flow  is  computed  us¬ 
ing  2-D  mean  flow.  Concave  surfaces  are  included  in  zone  4-8.  Calculated 
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Gortler  number  is  between  2.5  to  10.9,  and  Mach  number  behind  shock  is 
in  the  range  of  6  to  8.9.  Since  Gortler  number  is  relatively  low  at  such  high 
Mach  number,  zone  4  and  5  do  not  have  unstable  modes  according  to  LST 
calculation.  Gortler  mode  becomes  unstable  in  zone  6.  Disturbances  are 
imposed  in  inlet  of  zone  7.  Inlet  Gortler  number  (G)  and  Reynolds  number 
(Rex)  are  6.71  and  4.23  x  105.  Inlet  disturbances  of  the  primary  Gortler 
modes  are  obtained  from  linear  stability  analysis  using  the  simulated  mean 
flow. 

Inlet  boundary  conditions  are 

u  =  U(x,y,z)  +  eur(x,y,  z,t)cos(/3z) 
v  =  V[x,y,z)  +  €vr(x,y,z,t)cos(pz) 
w  =  W(x,y,z)  -  eu)i(x,  y,  z,t)  sin  ((3z)  (1) 

p  =  P{x,y,  z)  +  cpr{x,y,z,t)  cos  (0z) 

T  =  T(x,  y,  z)  +  efr  (x,  y,  z,  t)  cos  (fiz)  , 

where  tir,  vr,  pr,  anf  Tr  are  eigenfunctions  obtained  from  LST.  Other 
eigenfunctions  (ft,-,  {?,*,  u)r,  px,  anf  Tt)  are  zero.  Since  steady  Gortler  vor¬ 
tices  are  observed  in  experiments,  we  study  spatial  Gortler  instability.  In 
spatial  linear  stability  analysis,  u  is  zero;  therefore,  eigenfunctions  do  not 
depend  on  time,  and  initial  disturbances  at  inlet  of  zone  7  are  fixed  as  time 
changes.  Inlet  disturbances  propagates  spatially  and  converged  to  steady 
state  condition. 

We  used  four  points  in  z-direction  to  cover  one  wavelength  of  spanwise 
disturbances.  Spectral  method  is  applied  to  spanwize  direction  to  get  accu¬ 
rate  results.  Wavelength  is  calculated  from  wavenumber  /?.  In  the  current 
computation,  /?,  which  is  nondimensionalized  by  boundary  layer  thickness, 
<5,  is  0.1.  It  gives  maximum  growth  rate  of  Gorlter  mode. 

To  verify  Navier  Stokes  solver,  simulated  results  are  compared  with 
those  obtained  from  LST.  We  set  e  is  0.001  which  makes  disturbances  grow 
linearly.  Figure  3  shows  the  temperature  perturbation  contours  of  primary 
Gortler  modes  along  the  streamwise  direction.  The  perturbation  contains 
two  peaks  along  wall  normal  direction.  The  growth  of  the  Gortler  vortices 
in  the  streamwise  direction  is  shown  by  the  intensity  of  the  disturbances. 
Figure  4  show  distributions  of  simulated  disturbances  in  normal  direction 
at  later  station.  yn  indicates  the  wall  normal  distance.  LST  results  are  also 
plotted  in  the  same  figures.  The  results  show  a  good  agreement  between 
LST  and  Navier  Stokes  results. 

3.3.  CASE  II  :  NON-LINEAR  GROWTH  OF  GORTLER  VORTICES 

It  is  an  important  topic  how  Gortler  vortrices  break  down  to  turbulence. 
Experiments  showed  that  it  is  mainly  due  to  the  interaction  of  nonlinear 
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Figure  5.  Distributions  of  iso-contours  of  streamwise  mean  velocity  along  the  streamwise 
direction.  The  size  of  grids  is  321  x  121  x  16.  Mushroom  shaped  vortices  develop. 


growth  of  Gortler  vortices  and  other  forms  of  disturbances.  In  nonlinear 
growing  process,  mushroom  shaped  vortices  are  produced  since  the  counter¬ 
rotating  vortices  pump  fluid  with  a  low  streamwise  velocity  away  from  the 
wall.  There  are  two  regions  in  Gortler  vortices  which  are  peak  (low  velocity 
region)  and  valley  (high  velocity  region).  These  two  regions  produce  the 
mushroom  shaped  vortices.  Interaction  between  these  vortices  and  traveling 
wave  is  the  main  factor  of  breking  down  to  turbulencs. 

To  study  nonlinear  effects  of  Gortler  instability,  large  amplitude  dis¬ 
turbances  are  introduced  at  inlet  of  zone  7.  The  amplitude  of  the  initial 
Gortler  vortices  is  about  0.3f/oo.  Two  zones  (zone  7  and  zone  8)  are  used  in 
nonlinear  simulation.  Mach  number  behind  shock  is  between  7.89  to  8.92. 
Renold’s  number  (Rex)  is  in  the  range  of  4.23  xlO5  to  8.49  x  105.  Each  zones 
are  resolved  by  161  x  121  x  16  grids.  In  the  simulation,  parallel  computing 
is  applied  to  reduce  the  computational  time.  Six  nodes  are  applied  to  each 
zones. 

Figure  5  shows  distributions  of  streamwise  velocities  as  flow  moves 
downstream.  The  development  of  mushroom  shaped  vortices  is  well  rep¬ 
resented  in  the  figure.  Bow  shock  does  not  have  much  effects  on  flow  field. 
The  iso-contours  of  streamwise  mean  velocity  at  four  different  streamwise 
locations  are  shown  in  figure  6.  Peak  and  valley  regions  are  clearly  shown. 
While  the  middle  region  (peak)  tends  to  go  up,  others  becomes  narrower. 


8 


C.  W.  WHANG  AND  X.  ZHONG 


Figure  6.  Iso-contours  of  the  mean  streamwise  velocity  in  the  cross-stream  plane  for 
several  streamwise  locations. 


Figure  7.  Profiles  of  the  streamwise  velocity  in  the  vertical  direction  at  four  different 
streamwise  locations.  Velocity  of  the  peak  region  (K=6)  near  the  wall  increases  as  flow 
moves  downstream. 


Figure  8.  Streamwise  velocity  disturbance  contours  at  four  different  streamwise  loca¬ 
tions.  Disturbances  in  valley  region  moves  to  the  peak  region  of  Gortler  vortices. 
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Figure  9.  Iso-contours  of  normal  gradient  of  the  mean  stream  wise  velocity  in  the 
cross-stream  plane  for  severed  stream  wise  locations. 


Figure  10.  Profiles  of  normal  gradient  of  the  mean  streamwise  velocity  in  the  vertical 
direction  at  peak  region.  Inflection  points  develop  along  the  streamwise  direction. 


Profiles  of  the  streamwise  velocity  in  the  vertical  direction  at  four  differ¬ 
ent  spanwise  locations  are  shown  in  Fig.  7.  Velocity  in  peak  region  increases 
near  the  wall,  and  inflection  points  develop.  Liu  and  Domaradzki(1993) 
mentioned  that  the  Gortler  vortices  pump  vertically  the  low-speed  fluid 
away  from  the  wall  in  the  peak  region  and  push  the  high  speed  fluid  toward 
the  wall  in  the  valley  region.  However,  there  is  the  limitation  of  growing 
thinkness  of  the  peak,  and  high  speed  fluid  starts  to  tranfer  to  the  peak 
region,  and  mushroom  shaped  vortices  are  produced.  Streamwise  velocity 
perturbation  contours  shown  in  Fig.  8  represent  fluid  near  the  wall  in  peak 
region  is  transfered  to  the  valley. 

In  Gortler  instability,  inflection  points  develop  in  wall  normal  and  span- 
wise  directions,  and  inviscid  instabililty  problem  become  important.  Deriva¬ 
tives  of  the  streamwise  velocity  show  cleart  development  of  inflection  points. 
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Figure  11.  Iso-contours  of  spanwise  gradient  of  the  mean  streamwise  velocity  in  the 
cross-stream  plane  for  several  streamwise  locations 


Figure  12.  Profiles  of  spanwise  gradient  of  the  mean  streamwise  velocity  in  the  vertical 
direction  at  peak  region.  Inflection  points  develop  along  the  streamwise  direction. 


Figure  9  shows  iso-contour  of  p^  in  four  different  streamwise  locations. 
Structure  in  peak  region  (low  velocity  region)  changes  as  the  flow  moves. 
The  vertical  shear  has  its  maximum  in  the  low  velocity  region.  Distribu¬ 
tions  of  the  normal  streamwise  velocity  gradients  at  the  spanwise  location, 
in  which  the  magnitude  of  is  the  maximum,  are  shown  in  Fig.  10.  In¬ 
flection  points  develop  in  the  peak  region.  The  magnitude  increases  as  the 
flow  moves  which  means  that  effects  of  inflection  points  increase. 

Figure  11  and  12  show  profiles  of  spanwise  velocity  gradients,  at 
four  different  streamwise  locations.  Both  figures  also  represent  the  develop¬ 
ment  of  inflection  points.  Inflectional  profiles  appear  in  spanwise  direction 
as  well  as  normal  direction,  and  they  are  related  to  secondary  instabil¬ 
ity  which  is  inviscid  instability.  Using  energy  conversion  mechanism,  Yu 
et  <z/.(1994)  showed  that  sinuous  mode  of  secondary  instability  is  related 
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to  normal  velocity  gradient,  and  various  mode  is  related  to  the  spanwise 
gradient. 


4.  Summary 

In  this  paper,  linear  and  nonlinear  development  of  Gortler  vortices  were  in¬ 
vestigated.  Parametric  studies  on  relation  between  Gortler  and  shear  modes 
were  considered  by  linear  stability  analysis.  At  hypersonic  speed  limit,  the 
maximum  growth  rates  of  Gortler  and  shear  modes  were  computed.  Mach 
number  varied  1  to  8,  and  Res  is  fixed  as  1500.  There  is  a  critical  Gortler 
number  over  which  Gortler  modes  are  dominant.  Increase  of  Gortler  num¬ 
ber  indicates  increase  of  concave  surface  effects.  Concavity  destabilizes  the 
flow,  but  it  affects  more  Gortler  modes  than  shear  mode.  Changing  cur¬ 
vature  causes  dramatic  changes  in  growth  rate  of  Gortler  mode  but  little 
changes  for  the  second  shear  mode. 

Mean  flow  along  the  blunt  body  which  includes  concave  wall  was  simu¬ 
lated  by  a  fifth-order  explicit  unsteady  computer  code.  It  showed  the  effect 
of  concavity  on  the  pressure  field.  Disturbances  computed  by  the  stability 
code  were  added  in  inlet  of  zone  7.  Simulation  results  were  compared  with 
results  predicted  by  LST.  There  were  good  agreements  between  two  results. 

Finally  we  studied  nonlinear  effects  of  Gortler  vortices.  Simulation  showed 
the  development  of  high  and  low  velocity  regions  in  Gortler  vortices.  The 
transfer  of  high  speed  fluid  in  valley  region  into  the  peak  produced  mush¬ 
room  shaped  vortices.  Inflection  points  developed  in  nonlinear  growth  of 
Gortler  vortices.  The  profiles  of  normal  and  spanwise  velocity  gradient 
showed  the  inflectional  points  which  induce  the  inviscid  instability  prob¬ 
lem.  ' 

5.  Future  Works 

Work  is  in  progress  to  include  bow  shock  effects,  nose  bluntness  and  more 
detailed  studies  on  nonlinear  Gortler  instability.  To  study  bow  shock  ef¬ 
fects  on  Gortler  instability,  boundary  layer  flow  without  shock  will  be  in¬ 
vestigated.  Nonlinear  study  of  Gortler  instability  includes  interactions  with 
other  forms  of  disturbances(eg.  TS  waves,  cross  flow  effects  etc.)  and  mixing 
effects  when  fuel  injection  is  applied  in  front  of  engine  inlet. 
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STUDY  ON  TRANSPORTATION  OF  PASSIVE  SCALAR 
IN  SHEARLESS  MINCING  LAYER  BY  LARGE  EDDY  SIMULATION* 
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1.  INTRODUCTION 

The  turbulent  transportation  of  mass  and  energy  is  of  great  importance  in  engineering  and  natural 
environment.  Classic  theories  of  turbulent  transportation  of  passive  scalar  in  isotropic  turbulence  have  been 
proposed  by  Oboukhov1'1  and  Batchelor121,  etc.  However,  recent  experimental  and  numerical  studies  show 
that  intermittence  appears  in  passive  scalar  fluctuations  while  the  fluid  turbulence  is  isotropic  and  its  PDF  is 
Gaussian131,  [4].  Therefore  it  is  worth  to  have  detailed  study  of  the  transportation  of  passive  scalar  in 
turbulence  from  either  theoretical  or  practical  view.  In  this  paper  we  focus  on  the  problem  of  transportation 
of  passive  scalar  in  the  inhomogeneous  turbulence  and  take  the  homogeneous  turbulence  case  as  an  example 
for  verification.  The  shearless  mixing  layer  is  an  ideal  case  for  studying  the  turbulent  transportation  process 
without  the  influence  of  the  instability  mechanism  introduced  by  mean  shear.  Experimental  results  of 
transportation  of  passive  scalar  in  shearless  mixing  layer  have  been  provided  by  Veeravalli  and  Warhafit 
(1989)[51  and  they  are  good  resources  for  verification  of  numerical  study.  Both  direct  numerical  simulation 
(DNS)  and  large  eddy  simulation  (LES)  are  good  choices  for  better  understanding  of  the  mechanism  and 
prediction  of  quantitative  properties  in  the  turbulent  transportation.  For  instance,  the  entrainment  in  a 
decaying  shearless  mixing  layer  was  studied  by  Brigg  et  al.I6)  at  Reynolds  number  of  40  based  on  the  Taylor 
microscale  X  and  q=^/u~u~  by  use  of  DNS.  For  the  investigation  of  turbulent  transportation  of 

inhomogeneous  passive  scalar  field,  e.g.  the  concentration  and  temperature,  a  line  source  or  sheet  source  of 
passive  scalar  is  a  good  testing  case  in  both  homogeneous  and  inhomogeneous  turbulence.  Experimental 
results  for  the  turbulent  transportation  of  a  line  source  in  shearless  turbulent  mixing  layer  are  also  available 
(Veeravalli  and  Warhafit,  1990)[7].  We  applied  LES  to  the  investigation  of  the  turbulent  transportation  of 
passive  scalar  in  the  inhomogeneous  turbulence.  We  found  great  intermittence  of  velocity  fluctuation  in  the 
shearless  mixing  layer  previously1*1  and  we  will  disclose  that  much  greater  intermittence  of  passive  scalar 
fluctuations  also  occurs  in  the  shearless  mixing  layer.  The  great  intermittence  of  passive  scalar  results  in  the 
increment  of  the  mean  flux  of  passive  scalar,  which  is  important  in  prediction  of  the  heat  and  mass  transfer 
in  engineering  and  environment. 

2.  PHYSICAL  MODEL  AND  NUMERICAL  METHOD 

The  shearless  mixing  layer  is  composed  of  two  blocks  of  homogeneous  turbulence  with  different  length 
scales  and  kinetic  energy,  the  initial  velocity  fluctuations  in  the  two  blocks,  as  shown  in  Figure  1,  are 
homogeneous  and  nearly  isotropic.  The  initial  temperature  distributions  can  be  imposed  in  different  profiles, 
such  as  pure  random  with  zero  mean,  constant  gradient  with  or  without  fluctuations  and  a  plane  source 
which  is  simulated  by  a  Gaussian  function  with  small  variance.  The  mixing  process  takes  place  between  two 
blocks  of  the  shearless  mixing  layer  while  the  mixing  region  is  expanding.  In  this  paper  we  put  a  plane  sheet 
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of  temperature  between  two  homogeneous  turbulence,  it  is  a  physical  model  to  simulate  a  line  source  of 
heated  wire  in  the  shearless  mixing  layer  in  a  wind  tunnel  as  Veeravalli  and  Warhaft 17]  did  in  their 
experiment.  While  the  turbulence  is  decaying  and  temperature  fluctuations  are  developing  in  streamwise 
direction,  the  turbulence  is  decaying  and  temperature  fluctuations  are  evolving  in  time  in  the  numerical 
simulation. 


ku  /,  large  scale  turbulence 
l2  small  scale  turbulence 
if  k,=  k2,  7|=  l2:  homogeneous 
location  of  plane  source  at  x3=0 


Figure  1  Illustration  of  the  shearless  mixing  layer 


The  governing  equations  of  the  flow  field  are  the  Navier-Stokes  equation  and  energy  transport  equation, 
which  can  be  written  in  physical  space  as 
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For  the  shearless  mixing  layer  without  mean  velocity  (or  with  constant  mean  velocity)  we  can  use  the 
periodical  condition  in  all  three  direction  and  all  flow  variables  are  transformed  by  Fourier  expansion  as 
follows 

ui(x,t)  =  '£ui(k,t) exp^k  ■  *} 


6(x,t)  =  Yj6(k,t)exp^k 
k 

p(  X,t)  =  I  p(  k,  t)  exp\k  •  i} 
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Then  the  governing  equation  can  also  be  transferred  into  spectrum  space  as 
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in  which  v  and  k  are  the  molecular  viscosity  and  diffusivity  respectively  and  vx  and  x;  are  the  turbulent 
viscosity  and  diffusivity  when  the  LES  is  carried  out.  The  ratio  of  vto  x'is  known  as  Prantdl  number  and  we 
accept  a  value  of  0.7  for  air  and  consider  it  as  same  for  turbulent  transportation  process,  that  is  v,  /x;=0.7 
which  has  been  verified  by  others. (9) 

By  use  of  periodical  condition  in  the  shearless  mixing  layer  two  mixing  layers  will  develop  in  the  box,  one 
from  the  middle  and  another  from  the  box  boundary.  Two  mixing  layers  are  approaching  and  the 


computation  must  be  stopped  when  two  mixing  layers  are  nearly  merging  together.  Usually  it  takes  about  3 
turnover  time  for  two  mixing  layers  to  merge  together,  therefore  the  computing  time  is  long  enough  to  study 
the  development  of  the  transportation  of  passive  scalar. 

The  spatial  resolution  is  64  X  64  X  64  for  LES,  the  second  order  Runge-Kutta  scheme  is  used  for  the  time 
integration  and  the  time  step  is  determined  by  CFL  criterion.  When  the  Large  eddy  simulation  is  carried  out 
in  spectral  space,  the  eddy  viscosity  of  the  subgrid  stress  is  evaluated  by  the  Chollet-Lesieur  model'101  in 
spectral  space  as 

y'(k’0=c“’i^r  (8) 

with  Ccf=0.267.  This  is  a  simple  subgrid  model,  however  it  is  quite  good  for  the  shearless  mixing  layer. 
We  have  also  tested  Smagorinsky  model  and  a  spectrum  eddy  viscosity  model  with  the  variation  of  wave 
number  k  and  results  of  the  velocity  field  are  of  same  accuracy  in  comparison  with  the  experimental  data.1101 

Following  Rogalio1"1  the  generation  of  the  initial  random  velocity  field  can  be  described  briefly  as  below 

u(k,0)  =  a(k)e'I+ p(k)e'2  (9) 

in  which  e{ ,  e'2  are  unit  vectors  perpendicular  to  wave  number  k ,  thus  the  velocity  field  satisfies  the 
continuity  equation  krut=  0.  The  random  variable  a(k) ,  fi(k)  are  then  determined  by  the  energy 
constraints  §  u ■  u* dA(k)  =  E(k)  in  which  E (k)  is  the  von  Karman  spectrum: 

A(k) 


E(k)  =  E(kp)2 
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where  E(kp)  is  the  peak  of  spectrum  determined  by  the  total  energy  and  kp  the  wave  number  of  peak 


spectrum.  The  inital  temperature  fluctuations  was  generated  in  the  same  way 

*(*)=  J exP(  Una  (k))  (11) 
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in  which  oiji)  is  the  initial  spectrum  for  temperature  fluctuations  and  f0{k)  the  energy  spectrum  of  §{£), 
which  is  also  taken  as  the  von  Karman  spectrum.  a(k)  is  the  random  variable  of  white  noise. 

A  number  of  testing  cases  have  been  completed.  For  majority  of  the  testing  cases  the  initial  kinetic  energy 
and  dissipation  rates  of  the  shearless  mixing  layer  are:  k,=730cm2/s2,  e,=10957cm2/s3,  k2=230  cm2/s2, 
e2=4056cm2/s3.  The  Taylor  microscale  X  in  the  two  blocks  of  initially  homogeneous  turbulence  are 
/i,=0.33cm  and  ^=0.30cm  and  the  Reynolds  numbers  are  Re,=q,X,/v=78,  Re2=40  respectively. 


3  THE  RESULTS 

To  verify  the  code  we  check  the  turbulence  spectrum  with  the  well-known  Comte-Bellot  spectrum1'31  with 
satisfaction  and  put  the  passive  scalar  into  the  turbulence  when  the  decay  rate  of  turbulence  energy  is 
approaching  to  -1 .3 . 

3.1  Prediction  of  mean  temperature  profile  and  variance  of  temperature  fluctuations 
The  computational  results  of  this  case  have  been  compared  with  the  experimental  results  of  Veeravalli  and 
Warhaft151,  [7)  in  good  agreement.  For  the  examination  of  the  feasibility  of  the  numerical  code,  the  evolution 
of  the  half  width  of  the  mean  temperature  profile  and  the  variance  of  the  temperature  fluctuation  are 
compared  with  the  experimental  results  which  are  shown  in  Figure  2(a)  and  2(b).  At  the  early  stage  of  the 
evolution,  say  less  than  0.1  eddy  turnover  time,  the  prediction  by  the  LES  is  apparently  different  from  the 


measurements.  After  short  period,  however,  the  LES  prediction  is  in  fairly  good  agreement  with 
experimental  results. 


(»)  (b) 

Figure  2  The  evolution  of  (a)  the  half  width  of  mean  temperature  profile,  (b)  he  variance  of  the  temperature  fluctuations 
Computed  results:  solid  line — thinner  thickness  of  the  initial  line  source;  dashed  line — larger  thickness 
Experimental  results:  O  and  □ — by  Stapouhntzis  et  al  (1986)|U|,  A — by  Veeravalli  et  al.  1990'7' 

Figure  3  presents  the  profiles  of  mean  temperature  and  the  variance  of  temperature  fluctuations  in 
homogeneous  turbulence,  the  later  profile  is  characterized  by  the  double  peaks  at  earlier  development.  It  is 
in  good  agreement  with  experiments  of  Veeravalli  et  al|5].  The  appearance  of  double  peak  in  the  profiles  of 
variance  can  be  easily  interpreted  by  the  transportation  equations  of  temperature  since  there  is  high  great 
gradients  of  mean  temperature. 


(«)  (b) 

Figure  3  Profiles  of  (a)  mean  temperature  (b)  variance  of  temperature  fluctuations 
in  the  homogeneous  turbulence,  the  variance  normalized  by  the  value  at  z=0 


Figure  4  shows  the  profiles  of  mean  temperature  and  the  variance  of  temperature  fluctuations  in  the 
inhomogeneous  turbulence.  The  obvious  asymmetrical  profiles  results  from  the  inhomogeneity  of 
turbulence,  however  it  is  more  asymmetrical  in  the  varaince  profile.  Note  that  the  peaks  of  the  profiles  are 
located  in  the  region  with  larger  scale  of  turbulence. 


<»  (b) 

Figure  4  Profiles  of  (a)  mean  temperature  (b)  variance  of  temperature  fluctuations 
in  the  inhomogeneous  turbulence,  the  variance  normalized  by  the  value  at  z=0 


Figure  5  and  6  presents  the  budget  of  the  intensity  of  temperature  fluctuations  in  the  inhomogeneous 
turbulence  from  both  the  experiment171  and  our  computation,  the  labels  P,  T,  D,  A  stand  for  the  production, 
transportation,  diffusion  and  advection  of  the  intensity  of  temperature  fluctuations.  In  the  mixing  region  the 
production  term  becomes  negative,  it  is  typical  of  inhomogeneous  turbulence  and  the  computational  results 
well  simulate  the  phenomenon. 


*  2 
(a)  (b) 

Figure  6  The  budget  of  intensity  of  temperature  fluctuations  by  computation,  (a)  at  earlier  stage;  (b)  at  later  stage 


Figure  7  demonstrates  the  budget  of  turbulent  thermal  flux  <0’w  ’>,  it  also  shows  good  agreement  between 
computational  and  experimental  results 


(a)  (b) 

Figure  7  The  budget  of  thermal  flux  in  the  inhomogeneous  turbulence,  (a)  experiment'71;  (b)  computation 

All  mean  properties  of  the  temperature  field,  shown  above,  are  in  good  agreement  with  the  experimental 
results151,171  and  it  indicates  that  the  LES  with  simple  subgird  model  is  a  good  choice  for  investigation  of  the 
passive  scalar  in  the  inhomogeneous  turbulence. 


3.2  Prediction  of  turbulent  thermal  energy  flux 

Briggs  et  al  have  found  that  the  turbulent  thermal  energy  flux,  predicted  by  DNS  in  the  case  of  step 
function  of  mean  temperature  profile,  is  much  greater  than  that  calculated  by  phenomenological  modelling*61. 
We  have  found  the  same  results  in  the  case  of  a  plane  sheet  source  of  passive  scalar.  Figure  8  shows  the 
result. 
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Figure  8  The  turbulent  transportation  thermal  energy  in  shearless  mixing  layer  CGL — Craft  Graham  &  Launder1151 
The  underestimation  of  the  turbulent  thermal  flux  results  from  equilibrium  hypothesis  in  the 
phenomenological  modelling  in  which  the  intermittent  effects  are  ignored  as  we  have  mentioned  in  a 
previous  paper181  and  others.*141  In  fact  the  flatness  of  temperature  fluctuations  is  considerably  high  as 
demonstrated  in  Figure  9  and  10. 


Figure  9  Flatness  profile  F  verse  z  and  iso-contour  of  temperature  fluctuations  on  x-z  plane  in  homogeneous  turbulence 


Figure  10  Flatness  profile  F  verse  z  and  iso-contour  of  temperature  fluctuations  on  x-z  plane  in  inhomogeneous  turbulence 


High  flatness  indicates  the  great  intermittence  of  the  random  function.  The  typical  iso-contours  of 


temperature  fluctuation  are  also  shown  in  Figure  9  and  10  where  it  clearly  reveals  that  the  passive  scalar 
fluctuations  are  highly  non-uniform  and  the  high  flatness  occurs  at  the  border  between  large  and  small 
scales  of  temperature  fluctuation.  It  should  be  also  mentioned  that  the  higher  flatness  located  in  the  region 
where  both  turbulence  scale  and  energy  are  smaller  in  the  inhomogeneous  turbulence.  This  is  also  typical  of 
inhomogeneous  turbulence. 

4  CONCLUDING  REMARKS 

The  LES  of  the  turbulent  transportation  of  passive  scalar  in  shearless  mixing  layer  is  acceptable  with 
simple  subgrid  model.  The  results  of  LES  are  in  good  agreement  with  available  experimental  data,  including 
the  budgets  of  the  variance  of  temperature  fluctuations  and  turbulent  thermal  flux,  etc.  The 
phenomenological  model  underestimates  the  turbulent  thermal  flux  and  the  reason  is  the  high  intermittence 
in  temperature  fluctuations  when  they  are  transported  in  inhomogenous  turbulence.  To  well  understand  the 
turbulent  mixing  of  passive  scalar,  including  the  refined  subgrid  model  of  LES  and  simulation  by  DNS,  the 
investigation  of  intermittence  is  needed. 
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1.  Introduction 

This  paper  is  concerned  with  the  problem  of  leading-edge  receptivity  of 
3-D  hypersonic  boundary  layers  over  a  blunt  elliptical  cone.  The  receptiv¬ 
ity  of  boundary  layers  to  disturbances  is  the  process  of  converting  envi¬ 
ronmental  disturbances  into  instability  waves  in  the  boundary  layers.  It 
provides  important  initial  conditions  in  terms  of  amplitude,  frequency,  and 
phase  for  the  study  of  development  of  instability  waves  in  the  boundary 
layers  (Goldstein,  1989;  Saric,  1994).  Most  theoretical  results  on  boundary- 
layer  receptivity  have  been  obtained  from  the  asymptotic  analysis  of  in¬ 
compressible  flows.  The  asymptotic  analysis  explains  how  the  long  wave¬ 
length  freestream  acoustic  disturbances  enter  a  boundary  layer  and  generate 
short- wavelength  Tollmien-Schlichting  (T-S)  waves  downstream  of  the  lead¬ 
ing  edge.  Recently,  direct  numerical  simulation  (DNS)  of  the  Navier-Stokes 
equations  has  been  used  as  a  research  tool  in  the  studies  of  stability  and 
transition.  Examples  of  the  DNS  studies  on  the  receptivity  of  boundary  lay¬ 
ers  can  be  found  in  (Murdock,  1981;  Lin,  1992;  Buter,  1994;  Casalis,  1994; 
Corke,  1996).  Most  of  these  studies  have  been  for  incompressible  or  low- 
speed  compressible  boundary  layers. 

Not  much  work  has  been  done  on  the  receptivity  of  hypersonic  bound¬ 
ary  layers.  The  receptivity  of  3-D  hypersonic  flow  over  elliptical  cones  is 
affected  by  many  interacting  flow  mechanisms.  The  uneven  strength  of  the 
bow  shock  over  the  elliptical  cone  creates  a  circumferential  pressure  gradi¬ 
ent.  Such  a  pressure  gradient  generates  inflectional  cross  flow  velocity.  It  is 
expected  that  inviscid  inflectional  instability  will  have  an  important  effect 
on  such  flows.  In  addition,  the  receptivity  of  hypersonic  boundary  layers 
over  blunt  bodies  is  altered  considerably  by  the  presence  of  the  bow  shocks 
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which  are  located  very  close  to  body  surfaces  at  hypersonic  Mach  numbers. 
Stability  and  transition  of  hypersonic  boundary  layers  are  affected  by  nose 
bluntness  and  by  the  boundary-layer  swallowing  of  entropy  layers  created 
by  bow  shocks.  For  such  complex  unsteady  flows,  the  numerical  simulation 
of  the  full  Navier-Stokes  equations  are  able  to  generate  detailed  flow  field 
information  for  the  studies  of  the  receptivity  process. 

We  have  been  working  on  the  numerical  simulation  of  hypersonic  boundary- 
layer  receptivity  and  stability  (Zhong,  1997a;  Zhong,  1998).  We  developed 
and  validated  a  set  of  fifth  and  seventh-order  shock-fitting  schemes  for  the 
DNS  of  practical  hypersonic  flows  over  blunt  bodies  with  bow  shocks.  The 
use  of  the  shock-fitting  method  makes  it  possible  to  accurately  compute  the 
physical  transient  bow-shock  interactions,  and  the  development  of  instabil¬ 
ity  waves  in  the  boundary  layers.  Subsequently,  we  (Zhong,  1997b)  used 
the  new  schemes  to  conduct  DNS  studies  of  the  receptivity  of  a  hypersonic 
boundary  layer  to  freestream  acoustic  disturbances  for  a  Mach  15  flow  over 
a  parabolic  leading  edge.  Local  parallel  linear  stability  analysis  (LST)  of 
the  hypersonic  boundary  layer  over  the  blunt  wedge  was  also  conducted  to 
compare  with  DNS  results  and  to  identify  instability  modes  obtained  by 
the  DNS  studies. 

The  objective  of  this  paper  is  to  present  the  study  of  the  receptivity  of 
3-D  hypersonic  boundary  layers  over  2:1  elliptical  blunt  bodies  at  Mach  15. 
Some  of  the  preliminary  results  were  presented  in  an  AIAA  meeting  (Zhong, 
1999).  The  disturbances  are  freestream  weak  monochromatic  planar  acous¬ 
tic  waves.  Both  steady  and  unsteady  flow  fields  between  the  bow  shock  and 
the  boundary  layer  are  numerically  simulated  by  using  a  5th-order  shock¬ 
fitting  scheme.  The  wave  modes  in  the  boundary  layer  generated  by  the 
freestream  disturbances  are  studied  based  on  the  simulation  results.  Local 
parallel  linear  stability  analysis  is  conducted  to  compare  with  numerical 
results  in  order  to  gain  more  insight  on  perturbation  fields  obtained  by  the 
solutions  of  the  3-D  Navier-Stokes  equations. 


2.  Equations,  Numerical  Methods,  Code  Validation 


The  governing  equations  and  numerical  methods  are  briefly  summerized 
here.  Details  can  be  found  in  (Zhong,  1997a;  Zhong,  1997b).  The  governing 
equations  are  the  unsteady  3-D  Navier-Stokes  equations  written  for  the 
computation  in  the  conservation-law  form: 


dJT  6F*j  dF%j 

dt*  +  dx*  dx* 


(1) 


where  superscript  represents  dimensional  variables,  and 
U*  =  {/>*,  p*ul,  p*u*2 ,  p*u*3)  e*} 


(2) 
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The  gas  is  assumed  to  be  thermally  and  calorically  perfect.  The  viscosity 
and  heat  conductivity  coefficients  are  calculated  using  Sutherland’s  law  and 
the  assumption  of  constant  Prandtl  number.  To  compute  flow  over  a  blunt 
body  with  a  curved  surface,  the  Navier-Stokes  equations  are  transformed 
into  body-fitted  curvilinear  computational  coordinates  in  a  computational 
domain  bounded  by  the  bow  shock  and  the  body  surface.  The  location  and 
the  movement  of  the  bow  shock  is  not  known  in  advance  and  they  are  solved 
together  with  other  flow  variables. 

The  results  presented  in  this  paper  are  nondimensional  unless  stated 
otherwise.  We  nondimensionalize  the  velocities  with  respect  to  the  freestream 
velocity  U^,  length  scales  with  respect  to  a  reference  length  d*  given  by 
the  body  surface  equation,  density  with  respect  to  pressure  with  re¬ 
spect  to  temperature  with  respect  to  T^,  time  with  respect  to  d*/U£0, 
vorticity  with  respect  to  U^/d*,  entropy  with  respect  to  Cp,  wave  number 
with  respect  to  1/d*,  etc.  The  dimensionless  flow  variables  are  denoted  by 
the  same  dimensional  notation  but  without  the  superscript  “*  . 

The  numerical  methods  for  spatial  discretization  of  the  3-D  Navier- 
Stokes  equations  are  a  fifth-order  shock-fitting  scheme  in  streamwise  and 
wall-normal  directions,  and  a  Fourier  collocation  method  in  the  periodic 
spanwise  flow  direction,  i.e.,  the  azimuthal  direction  of  a  cone  geometry. 
The  spatially  discretized  equations  are  advanced  in  time  using  Low-Storage 
Runge-Kutta  schemes  of  up  to  third  order.  The  3-D  fifth-order  shock  fitting 
computer  codes  for  Navier-Stokes  equations  have  been  extensively  tested 
and  validated  for  many  steady  and  unsteady  flow  simulations.  Some  of  the 
validation  results  are  presented  in  (Zhong,  1998;  Zhong,  1999).  In  addition, 
numerical  accuracies  of  the  results  are  evaluated  by  grid  refinement  studies. 


3.  Receptivity  Simulations 

The  numerical  simulation  for  the  receptivity  of  3-D  hypersonic  flows  over 
a  blunt  elliptical  cone  is  carried  out  using  our  3-D  fifth-order  shock  fit¬ 
ting  scheme  where  the  outer  grid  line  is  the  bow  shock.  The  unsteady  bow 
shock  shape  and  shock  oscillations  are  solved  as  part  of  the  computational 
solution.  In  the  simulations,  steady  flow  solutions  are  first  obtained  by  ad¬ 
vancing  the  unsteady  flow  computations  for  the  case  of  no  freestream  wave. 
Subsequently,  unsteady  viscous  flows  are  computed  by  imposing  a  planar 
acoustic  single-frequency  disturbance  wave  on  the  steady  flow  variables  at 
the  freestream  side  of  the  bow  shock.  The  shock/disturbance  interactions 
and  generation  of  boundary  waves  are  solved  using  the  nonlinear  Rankine- 
Hugoniot  relations  at  the  shock  and  the  Navier-Stokes  equations  in  the  flow 
fields.  The  unsteady  calculations  are  carried  out  for  about  15  to  30  periods 
in  time  until  the  unsteady  solutions  reach  a  time  periodic  state.  Finally, 
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the  unsteady  computations  are  carried  out  for  additional  periods  in  time 
to  perform  FFT  on  the  perturbation  field  to  obtain  the  Fourier  amplitudes 
and  phase  angles  for  the  perturbations  of  the  unsteady  flow  variables  in  the 
flow  field. 

The  freestream  disturbances  are  assumed  to  be  weak  monochromatic 
planar  acoustic  waves  with  wave  front  normal  to  the  center  line  of  the 
body.  The  perturbations  of  flow  variables  in  the  freestream  introduced  by 
the  freestream  acoustic  wave  before  reaching  the  bow  shock  can  be  written 
in  the  following  form: 


<U  =  P) 

where  |g'|  represents  one  of  the  flow  variables,  |u'|,  |v'|,  u/|,  Ip'l  and 
\p'\.  The  freestream  perturbation  amplitudes  satisfy  the  following  rela¬ 
tions:  MooAfcc  =  b'loo/7  =  b'loo  =  «,  where  e  represents  the  freestream 
wave  magnitude.  The  parameter  k  is  the  dimensionless  freestream  wave 
number  which  is  related  to  the  dimensionless  circular  frequency  c^by: 
u  =  k  (1  +  The  dimensionless  frequency  F  is  defined  as:  F  =  jj%r- 


4.  Receptivity  of  Blunt  Elliptical  Cone  at  M  —  15 

This  paper  considers  a  2:1  blunt  elliptical  cone  with  a  Mach  15  freestream. 
The  specific  test  case  is  the  receptivity  to  weak  freestream  acoustic  distur¬ 
bance  waves  by  a  Mach  15  hypersonic  flow  past  an  elliptical  blunt  cone  at 
zero  angle  of  attack.  The  body  surface  is  specified  by: 


y 


*2 


,*2 


+ 


2r*  2  r 


-d* 


(4) 


where  r*  and  r*  are  the  major  and  minor  nose  radius  of  curvatures.  In  the 
present  simulations,  the  flow  conditions  are 

Moo  =  15  e  =  5  x  10~3  To*oo  =  5980  I< 

r*  =  1000  K  7  =  1-4  Pr  =  °-72 

Reference  length  d*  =  0.01m  Re oo  =  0.60266  x  10  /m 

Nose  Radius  r*  =  .0125m  and  r*  :r*  =  4:1 
The  body  surface  is  assumed  to  be  a  non-slip  wall  with  an  isothermal  wall 
temperature  T*.  So  far,  one  unsteady  case  with  freestream  dimensionless 
frequency  of  the  disturbance  wave  F  x  106  =  4274  has  been  computed  and 
presented  in  this  paper.  The  results  presented  in  this  paper  are  obtained 
using  two  sets  of  grids:  92  x  31  x  64  and  92  x  61  x  64  grids.  Theoretical 
results  on  the  stagnation  point  heating  rates  and  on  inviscid  vorticity  jump 
across  curved  bow  shock  are  used  to  compare  with  numerical  solutions. 
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Figure  1.  3-D  Mach  number  contours  and  streamwise  velocity  distributions  along  wall 

normal  directions  for  several  k  grid  lines  located  at  the  x  —  0.61289  gnd  station. 

5.  Steady  Flow  Solutions 

Figure  1  shows  3-D  steady  solutions  for  Mach  number  contours  and  the 
distribution  of  streamwise  velocity  along  wall  normal  directions.  The  wall- 
normal  distance  is  normalized  by  local  shock  standoff  distance.  The  uneven 
strength  of  the  bow  shock  in  the  major  ( k  =  1)  and  minor  (k  =  17)  axes 
creates  the  circumferential  pressure  gradient  and  cross  flow  velocity.  The 
cross  mass  flow  thickens  the  boundary  layer  and  enlarges  the  standoff  dis¬ 
tance  in  the  minor  k  =  17  axis.  On  the  other  hand,  the  streamwise  velocity 
is  not  affected  much  by  the  circumferential  pressure  gradient. 


Table  1 .  Comparison  of  Stagnation-Point  Heating  Coefficients 

Grid 

N-S  Calculations  Fay  &  Riddell 

92x31x32 

92x61x64 

.016804  .016324 

.016802  .016324 

The  numerical  results  on  the  heating  rate  at  the  stagnation  point  are 
compared  with  those  of  boundary  layer  theory  obtained  by  Fay  and  Riddell 
(Fay,  1958).  Fay  and  Riddell  showed  that  the  stagnation  point  heating 
coefficient  h  for  hypersonic  flow  over  an  axisymmetric  blunt  cone  is: 

h  =  qw/(Te  -  Tw)  =  0.763  Pr~0-6  cp  sf^K  (~^)  (5) 

where  K  is  the  streamwise  velocity  gradient  obtained  approximately  by  the 
Newtonian  theory  for  hypersonic  flow  at  the  stagnation  point.  In  this  paper, 
Fay  and  Riddle’s  result  is  used  based  on  the  nose  radius  of  the  minor  axis. 
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Figure  2.  The  distribution  of  vorticity  components  immediately  behind  the  bow  shock 
(inviscid  theoretical  results:  u»<;  numerical  solutions:  Q,)>  and  the  cross- flow  (circumfer¬ 
ential)  velocity  distributions  along  wall  normal  directions  for  several  k  grid  hnes  located 
at  the  x  =  0.61289  grid  station. 


Figure  3.  Contours  of  pdu $ /dn  and  distributions  of  pdu^j dn  along  wall  normal  directions 
for  several  k  grid  lines  located  at  the  x  —  0.61289  grid  station. 


The  computational  and  theoretical  results  are  summarized  in  Table  1.  The 
agreement  between  the  two  sets  of  results  is  reasonably  good. 

The  steady  cross  flow  is  examined  in  more  detail  by  studying  the  vortic¬ 
ity  and  velocity  distribution  in  the  circumferential  direction.  Local  body  fit¬ 
ted  coordinates  (s,  n,  </>)  with  unit  vectors  (ei ,  e2,  e3)  are  defined  to  compute 
velocity  and  vorticity  components,  where  e2  is  the  wall  normal  direction, 
e3  is  the  circumferential  direction  which  is  normal  to  a  fc  =  constant  grid 
surface,  and  ei  =  e2  x  e3  defines  the  streamwise  direction.  The  cross  flow 
generates  a  streamwise  vorticity  component  in  the  shock  layer.  According 
to  Crocco’s  theorem,  the  curved  bow  shock  generates  an  entropy  gradient 
and  inviscid  vorticity  behind  the  shock.  The  inviscid  vorticity  jump  across 
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the  bow  shock  can  be  derived  (Hayes,  1957)  using  the  Rankine-Hugoniot 
relation  and  CrocccPs  theorem  or  momentum  equation  in  the  direction  nor¬ 
mal  to  the  shock.  For  a  bow  shock  in  a  uniform  freestream  flow,  the  vorticity 
vector  behind  the  shock  depends  only  on  the  density  ratio  across  the  shock 
and  the  shock  curvature  tensor,  i.e., 

^-(1w£,£(*x*-k)  (6) 

where  K  =  Vlt,  u$  is  tangential  velocity  at  the  shock,  and  it  is  the 
shock  unit  normal  vector.  The  equation  above  can  be  used  to  compare  the 
vorticity  vector  behind  the  shock  using  numerically  obtained  shock  cur¬ 
vature.  Figure  2  shows  the  vorticity  components  immediately  behind  the 
bow  shock  and  the  cross-flow  velocity  distributions  along  wall  normal  di¬ 
rections  for  several  k  grid  lines  at  the  x  =  0.61289  grid  station.  The  figure 
shows  the  generation  of  streamwise  vorticity  by  the  cross  flow.  The  inviscid 
theoretical  results  computed  by  Eq.  (6)  agree  well  with  viscous  numeri¬ 
cal  solutions  for  the  streamwise  and  wall-normal  vorticity  component.  The 
small  differences  in  circumferential  vorticity  component  are  due  to  viscous 
effects  of  the  Navier-Stokes  solutions  which  are  not  accounted  for  in  the 
theoretical  formula  Eq.  (6).  It  is  found  that  the  two  results  agree  better 
when  the  shock  layer  is  separated  with  the  boundary  layer  as  the  shock  is 
moving  away  from  the  boundary  layer  farther  downstream. 

The  cross-flow  velocity  distributions  along  wall  normal  directions  for 
several  k  grid  lines  in  Fig.  2  shows  that  there  are  cross  flow  inflection  points 
which  are  located  outside  of  the  boundary  layer  and  are  in  the  middle  of 
the  flow  channel  bounded  by  the  bow  shock  and  the  wall.  For  compressible 
boundary  layers  over  flat  plates,  Lin  and  Lees  (Lees,  1946)  showed  that  in¬ 
viscid  instability  appears  when  there  is  a  generalized  inflection  point  defined 
by  the  zeros  of  d^pdu^/ dn)  / dy.  Figure  3  shows  the  contours  of  pdu^/dn  and 
distribution  of  pdu^jdu  along  wall  normal  directions  for  several  k  grid  lines 
located  at  the  x  =  0.61289  grid  station.  The  figure  shows  that  there  are 
generalized  inflection  points  in  the  middle  of  the  shock  layers,  outside  of 
the  boundary.  It  is  expected  there  is  inviscid  inflectional  instability  in  the 
inviscid  shock  layer  due  to  the  cross  flow  effect. 

6.  Unsteady  Flow  Solutions 

Having  obtained  the  steady  flow  solution,  the  generation  of  boundary-layer 
waves  by  freestream  acoustic  disturbances  is  simulated  for  3-D  hypersonic 
flow  over  a  blunt  elliptical  cone  with  a  freestream  disturbance  wave  of  di¬ 
mensionless  frequency  F  x  106  =  4247.9.  The  forcing  acoustic  wave  in  the 
freestream  has  a  dimensional  wave  number  of  a  =  240 m  1  in  the  x  direc- 
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Figure  JL.  Instantaneous  3-D  entropy  perturbations  and  contours  of  streamwise  velocity 
perturbation  amplitudes  induced  by  freestream  planar  acoustic  disturbances  in  two  cross 
sections  along  the  major  (fc  =  1)  and  minor  {k  —  17)  axes. 


Figure  5.  The  distribution  of  streamwise  velocity  perturbation  amplitudes  and  wave 
numbers  ot  along  the  major  (k  =  1)  and  minor  (k  =  17)  axes 


tion.  Figure  4  shows  3-D  contours  for  the  instantaneous  entropy  perturba¬ 
tion  s'  after  the  unsteady  computations  are  carried  out  for  enough  periods 
in  time  that  periodic  solutions  have  been  reached  in  the  entire  flow  field. 
The  instantaneous  contours  show  the  development  of  wave  modes  in  the 
boundary  layer  along  the  surface.  Figure  4  also  shows  contours  of  stream- 
wise  velocity  perturbation  amplitudes  in  two  cross  sections  along  the  major 
(k  =  1)  and  minor  ( k  -  17)  axes.  The  upper  and  lower  contours  are  those 
along  the  major  and  minor  axis  respectively.  The  amplitudes  (and  phase 
angles)  of  the  perturbations  are  obtained  by  performing  temporal  FFT  on 
perturbation  variables.  The  local  wave  number  can  be  obtained  from  the 
phase  angle  by  or  =  |g|,  where  <t>  is  the  phase  angle,  ar  is  wave  number, 
and  s  is  the  local  surface  length.  The  local  wave  speed  can  be  calculated 
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Figure  6.  Dimensional  eigenvalue  spectra  (in  m  )  of  the  complex  wave  number  a  m 
two  mean  flow  sections  at  the  major  (left  figure)  and  minor  (right  figure)  axis  at  the 
x  =  “0.36  grid  station. 


Figure  7.  Distribution  of  streamwise  velocity  perturbation  amplitudes  along  wall  normal 
direction  for  k  =  1  (left  figure,  line:  LST  first  mode,  circles:  N-S  results)  and  A:  =  17  (right 
figure,  line:  LST  second  mode,  circles:  N-S  results)  grid  lines  located  at  the  x  =  -0.36 
grid  station. 


by  c  =  -.  Figure  5  shows  the  distribution  of  \u'\  amplitudes  and  local 
wave  number  ct  along  the  major  and  minor  axes  at  a  wall-parallel  grid  line 
near  the  wall  surface  (j  =  10  grid  line).  Both  Figs.  4  and  5  show  that  the 
velocity  perturbation  in  the  boundary  layer  develops  a  peak  in  amplitudes 
near  the  leading  edge  region.  The  peaks  are  the  maximum  induced  strength 
of  the  first  mode  in  the  boundary  layer.  The  freestream  forcing  waves  enter 
the  boundary  layer  and  always  generate  first  modes  near  the  leading  edge, 
which  decay  rapidly  afterward  to  convert  to  second  modes.  The  figures  also 
show  that  the  peaks  of  the  first  mode  is  reached  earlier  in  the  minor  axis 
(k  =  17)  than  the  major  axis  (k  =  1).  This  is  due  to  the  fact  that  the  minor 
axis  has  a  thicker  boundary  layer  which  develops  a  peak  in  |u'|  perturba- 
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Figure  8.  Distribution  of  real  and  imaginary  part  of  the  dimensional  wave  number  a 
(in  m-1)  along  the  circumferential  k  direction  at  the  x  =  —0.36  grid  station. 


tions  faster  with  a  larger  wave  number.  The  larger  wave  number  means 
slower  wave  speed  in  the  minor  axis. 

The  preceding  picture  of  hypersonic  receptivity  near  the  leading  edge 
can  be  further  analyzed  by  comparisons  with  the  first  mode  and  second 
mode  structure  obtained  by  linear  stability  analysis  for  a  perturbation  in 
the  form  of  q'  =  \q'\e^a  5-u,t\  where  u  is  the  frequency  and  a  is  the  wave 
number.  The  mode  structure  induced  by  the  freestream  acoustic  wave  can 
be  identified  using  a  local  normal-mode  parallel  stability  analysis.  The  sta¬ 
bility  analysis  is  carried  out  at  each  local  mean  flow  section  using  local  par¬ 
allel  assumption.  Spatial  stability  analysis  is  used  by  specifying  the  same 
frequency  as  those  of  the  forcing  u>  using  a  global  LST  code.  The  stream- 
wise  wave  number  a  =  otr  4-  ioti  are  obtained  as  the  eigenvalues  in  the 
analysis.  The  disturbances  in  the  wall-normal  direction  are  obtained  as  an 
eigenfunction. 

Figure  6  shows  dimensional  eigenvalue  spectra  in  two  mean  flow  sections 
at  the  major  and  minor  axis  at  the  x  =  —0.36  grid  station.  The  first  and 
second  modes  are  marked  in  the  figure.  The  figure  shows  that  in  the  major 
axis,  the  first  modes  are  dominant  modes  with  real  part  of  wave  number 
close  to  the  freestream  forcing  wave  number  of  k  =  240m-1.  On  the  other 
hand,  as  the  station  moves  to  the  the  minor  axis,  the  first  modes  develop 
a  very  large  decay  rate  and  much  higher  wave  numbers  than  the  forcing 
wave  number  /c,  while  the  second  modes  become  less  stable  and  has  a  wave 
number  in  resonance  with  the  forcing  frequency.  Therefore,  in  the  minor 
axis,  the  flow  induced  perturbations  are  dominated  by  the  second  mode 
structure  while  the  first  modes  have  a  large  decay  rate.  Figure  7  compares 
the  perturbation  amplitudes  obtained  by  DNS  with  the  eigenfunctions  of 
the  first  modes  in  the  major  axis  and  the  second  modes  in  the  minor  axis. 
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The  numerical  solutions  agree  well  with  LST  results  in  the  boundary  layer. 
The  comparisons  show  indeed  that  the  induced  waves  in  the  boundary  layer 
are  dominated  by  the  first  modes  in  the  major  axis,  while  the  solutions  have 
already  developed  a  second  mode  structure  in  the  minor  axis.  The  compar¬ 
ison  also  shows  that  the  numerical  solutions  capture  the  mode  structure 
accurately  in  the  boundary  layer  region. 

Figure  8  shows  the  distribution  of  real  and  imaginary  parts  of  the  wave 
number  a  along  the  circumferential  k  direction  at  the  x  =  -0.36  grid 
station.  The  local  wave  numbers  of  the  numerical  solutions  compare  well 
with  linear  stability  results  at  the  major  axis  and  gradually  convert  to  that 
of  the  second  modes.  The  figure  shows  that  the  wave  modes  of  the  Navier- 
Stokes  solutions  develop  from  the  first  modes  to  the  second  modes  along 
the  wall  while  maintaining  a  relatively  constant  wave  number  and  wave 
speed.  The  wave  number  of  the  Navier-Stokes  solutions  are  roughly  equal 
to  that  of  the  forcing  wave  number.  Therefore,  in  the  receptivity  process, 
the  least  stable  boundary  layer  instability  modes  having  the  closest  wave 
number  to  the  forcing  wave  number  will  interact  with  the  forcing  waves 
and  be  excited.  The  receptivity  coefficient  can  be  defined  as  the  ratio  of 
freestream  perturbation  magnitude  versus  the  peak  first  mode  amplitude. 
In  this  case  it  is  found  that  the  receptivity  parameter  is  S  =  1.9%.  which 
is  very  small. 

7.  Summary  and  Discussions 

The  leading-edge  receptivity  of  3-D  hypersonic  boundary  layers  to  freestream 
acoustic  disturbances  has  been  studied  by  the  numerical  simulation  of  Mach 
15  mean  flows  over  a  blunt  2:1  elliptical  cone.  Steady  flow  solution  for  Mach 
15  flow  over  the  2:1  elliptical  cone  shows  the  secondary  flow  with  inflection 
points  created  by  the  uneven  strength  of  the  bow  shock. 

Unsteady  receptivity  solutions  are  generated  and  analyzed  for  one  test 
case  of  freestream  planar  acoustic  waves.  The  results  show  that  the  recep¬ 
tivity  of  hypersonic  boundary  layers  always  generate  first  modes  on  the  wall 
in  the  leading  edge  region.  As  the  waves  propagate  downstream,  the  first 
modes  reach  a  peak  and  decay  rapidly.  The  perturbations  then  develop  into 
second  modes.  The  dominant  modes,  both  first  and  second  modes,  excited 
in  the  boundary  layer  by  the  freestream  forcing  waves  maintain  relatively 
the  same  wave  number  ar  corresponding  to  that  of  the  freestream  forcing 
waves.  The  first  or  second  modes  are  selected  when  their  wave  numbers 
are  very  close  that  wave  number  corresponding  to  the  forcing  frequency 
due  to  a  resonance  interaction  between  the  forcing  wave  and  those  of  the 
instability  waves.  For  the  present  flow  conditions,  the  receptivity  is  weak 
with  a  receptivity  parameter  corresponding  to  the  maximum  first  mode  in 
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the  range  of  0.19  %  for  velocity  perturbations. 

Future  work  includes:  parametric  studies  on  the  effects  of  Mach  num¬ 
bers,  Reynolds  numbers,  wall  cooling,  nose  bluntness,  surface  curvature, 
and  the  entropy  layers  on  the  receptivity;  and  comparisons  of  receptivity 
results  with  3-D  PSE  calculations. 
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